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POROUS SETS THAT ARE HAAR NULL, AND NOWHERE
APPROXIMATELY DIFFERENTIABLE FUNCTIONS

JAN KOLÁŘ

(Communicated by David Preiss)

Abstract. We define a new notion of “HP-small” set A which implies that A
is both σ-porous and Haar null in the sense of Christensen. We show that the
set of all continuous functions on [0, 1] which have finite unilateral approximate
derivative at a point x ∈ [0, 1] is HP-small, as well as its projections onto
hyperplanes. As a corollary, the same is true for the set of all Besicovitch
functions. Also, the set of continuous functions on [0, 1] which are Hölder at
a point is HP-small.

By S. Banach [2] and S. Mazurkiewicz [8], the set of nowhere differentiable
functions is residual in C([0, 1]). P. M. Gandini and A. Zucco [5] and V. Anisiu
[1] have shown that its complement A is even σ-porous. V. Anisiu also considered
functions with finite unilateral approximate derivative at a point. A better porosity
constant was obtained by D. L. Renfro [9].

More recently, B. R. Hunt [6] proved that A is Haar null (in the sense of Chris-
tensen). The main aim of this paper is to define a new property stronger than both
σ-porosity and Haar nullness and to show that the set A has this property. We will
also extend Hunt’s result to functions with finite unilateral approximate derivative
at a point.

1. HP-small sets

Let A be a subset of a Banach space X and c ∈ [0, 1]. We say that A is c-globally
very porous if for every c′ ∈ (0, c), x ∈ X and r > 0 there is a ball B = B(y, c′r),
y ∈ B(x, r), such that B ∩ A = ∅. A set A is σ-c-globally very porous if it is
a countable union of c-globally very porous sets. The number c will be called the
porosity constant.

If A is (σ-)c-globally very porous, then it is easy to see that A is (σ-)globally
very porous in the sense of [10] and (σ-)α-globally very porous in the sense of [9]
with α = 2c/(1 + c).

A Borel subset A of a separable Banach space X is said to be Haar null [4] if
there is a Borel probability measure µ on X so that µ(A+ x) = 0 for every x ∈ X .
Let us extend this definition: a general A ⊂ X is called Haar null if it is a subset
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of a Borel set with the same property. The following characterization is due to
E. Matoušková.

Proposition 1 ([7]). Let X be a separable Banach space and A ⊂ X a Borel set.
Then A is Haar null if and only if for every δ > 0 and r > 0 there exists a Borel
probability measure µ with sptµ ⊂ B(0, r) such that µ(A+ x) ≤ δ for every x ∈ X.

Definition 2. Let A be a subset of a Banach space X and c ∈ (0, 1]. We say that
A has property HP(c) if for every c′ ∈ (0, c) and r > 0 there exists K > 0 and
a sequence of balls {Bi} = {B(yi, c′r)} with ‖yi‖ ≤ r, i ∈ N, such that for every
x ∈ X ,

card{i ∈ N : (x+ Bi) ∩A 6= ∅} ≤ K.
The set A is said to be HP-small if there is a porosity constant c ∈ (0, 1] such that
A is a countable union of sets with property HP(c).

HP-small sets obviously form a σ-ideal. When we say that the HP-typical x ∈ X
has certain property we mean that the set of x ∈ X without this property is HP-
small in X .

Proposition 3. Every HP-small subset of a Banach space is σ-c-globally very
porous (where c ∈ (0, 1] is the porosity constant) and hence meager.

Every HP-small subset of a separable Banach space is Haar null.

Proof. Let c ∈ (0, 1] and let A be a set with property HP(c). Since A also has
property HP(c), A may be assumed to be closed. Let c′ ∈ (0, c), r > 0 and δ > 0 be
given. Let {Bi} = {B(yi, c′r)} be a sequence of balls as in the Definition. Choose
n > K/δ and let µ = 1

n

∑n
i=1 δyi . Obviously sptµ ⊂ B(0, r) and µ(x+A) ≤ K/n <

δ for every x ∈ X . Thus A is a Haar null set (by Proposition 1) and so is every
HP-small set since the Haar null sets are closed under countable unions [4].

Also, at least one of the balls x+B(yi, c′r) is disjoint with A and this is enough
to verify that A is c-globally very porous.

Theorem 4. Let A be an HP-small subset of a Banach space X and let B ⊂ X be
a σ-compact set. Then the set A+B = {a+ b : a ∈ A, b ∈ B} is HP-small.

Proof. This is a consequence of the following proposition.

Proposition 5. Let X be a Banach space, c ∈ (0, 1], A ⊂ X a set with property
HP(c) and B ⊂ X a compact set. Then A+B has property HP(c).

Proof. Let c′ ∈ (0, c) and r > 0 be given. Choose an arbitrary c′A ∈ (c′, c) and
let ε = r(c′A − c′). By compactness of B, there exist z1, . . . , zn ∈ X such that
B ⊂

⋃n
j=1 B(zj , ε). Since A has property HP(c), there is KA > 0 and y1, y2, . . . ∈ X ,

‖yi‖ ≤ r such that for every xA ∈ X ,

card{i ∈ N : (xA +B(yi, c′Ar)) ∩A 6= ∅} ≤ KA.(1)

Now if x ∈ X and (x + B(yi, c′r)) ∩ (A + B) 6= ∅, then there is z ∈ B such
that (x + B(yi, c′r)) ∩ (A + z) 6= ∅ and hence there is j ∈ {1, . . . , n} such that
(x − zj + B(yi, c′r + ε)) ∩ A 6= ∅. Using the identity c′r + ε = c′Ar and (1) with
xA = x− zj separately for each j ∈ {1, . . . , n}, we have

card{i ∈ N : (x+B(yi, c′r)) ∩ (A+B) 6= ∅} ≤ K(2)

where K = nKA.
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Examples. If X is an infinite dimensional Banach space and A = {0} is a singleton
in X , then A has property HP( 1

2 ). If moreover X = `2 or X = C([0, 1]), then A has
property HP(1). By Proposition 5, the same is true for any compact set A.

Obviously, if X and Y are Banach spaces, M is an HP-small subset of X and
p ∈ [1,∞], then M × Y is an HP-small subset of X ⊕p Y . Thus A = {0} × Y and
B = X × {0} are HP-small in X ⊕p Y provided dimX = dimY = ∞. However,
A+B = X×Y is not HP-small, so we cannot replace “σ-compact” by “HP-small”
in Theorem 4.

Corollary 6. Under the hypotheses of Theorem 4, there exists x ∈ X such that
A ∩ (x+B) = ∅. Moreover, this is true for the HP-typical x ∈ X.

Proof. {x ∈ X : A ∩ (x+B) 6= ∅} = A−B is HP-small.

Corollary 7. If X is an infinite dimensional Banach space and A ⊂ X is HP-
small and homogeneous (i.e. λA = A for every λ 6= 0), then there exist linearly
independent y1, y2, . . . ∈ X such that span{y1, y2, . . . } ⊂ (X \A) ∪ {0}.
Proof. By induction, when y1, y2, . . . , yn−1 with An−1 = span{y1, y2, . . . , yn−1} ⊂
(X \ A) ∪ {0} have been constructed, we use Corollary 6 and take an arbitrary
yn ∈ X \An−1 such that A ∩ (yn + span{y1, y2, . . . , yn−1}) = ∅.

Assume that there is a linear combination y =
∑n
i=1 aiyi ∈ An ∩A with an 6= 0.

Then yn +
∑n−1

i=1
ai
an
yi ∈ A ∩ (yn + span{y1, y2, . . . , yn−1}) = ∅, a contradiction.

Thus An ⊂ (X \A) ∪ {0} for every n ∈ N.

Remark. It is possible to proceed with induction over all ordinals n ∈ [1, ω1) to
obtain a linear subspace E ⊂ (X \A)∪{0} of uncountable dimension. Also, E can
be found dense in X provided X has a dense subset of cardinality ≤ ω1.

Proposition 8. Let A be a subset of a Banach space X. If P : X → X is a con-
tinuous linear projection with dim KerP <∞, then the following are equivalent:

(i) A is HP-small;
(ii) P (A) is HP-small in X;
(iii) P (A) is HP-small in P (X).

Proof. Since A ⊂ P (A)+KerP , P (A) ⊂ A+KerP and KerP is σ-compact, (i) and
(ii) are equivalent by Theorem 4. The implication (iii)=⇒(ii) follows directly (with
porosity constant ‖P‖-times smaller) from the definition and from the inclusion
(x + B(yi, c′r)) ∩ P (X) ⊂ P (x) + B(yi, ‖P‖c′r) for x ∈ X and yi ∈ P (X). The
inclusion is valid since ‖z − (x+ yi)‖ ≤ c′r and z ∈ P (X) implies

‖z − (P (x) + P (yi))‖ ≤ ‖P‖c′r.
It remains to prove (ii)=⇒(iii). We may assume that A = P (A) ⊂ P (X) and

A has property HP(c) in X (c ∈ (0, 1]). Let c′ ∈ (0, c) and r0 > 0 be given. Let
r = r0/‖P‖ and B = KerP ∩ B(0, (1 + ‖P‖)r). In the same way as in the proof
of Proposition 5 we obtain y1, y2, . . . ∈ X , ‖yi‖ ≤ r and K such that (2) holds true
for every x ∈ X . Let ỹi = P (yi) for i ∈ N. Then for x̃ ∈ P (X),

B(x̃+ ỹi, c
′r) ∩A 6= ∅ =⇒ B(x̃ + yi, c

′r) ∩ (A+B) 6= ∅
because yi − ỹi ∈ KerP and ‖yi − ỹi‖ ≤ ‖yi‖ + ‖P (yi)‖ ≤ (1 + ‖P‖)r. Hence for
every x̃ ∈ P (X)

card{i ∈ N : B(x̃ + ỹi,
c′

‖P‖r0) ∩A 6= ∅} ≤ K.
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Since ỹi ∈ P (X) and ‖ỹi‖ ≤ ‖P‖r = r0, this shows that A has property HP(c/‖P‖)
in P (X).

Examples. By the proposition, no closed hyperplane is HP-small, although it is
both Haar null and 1-globally very porous. The only HP-small subset of Rd is the
empty set.

If X = Y ⊕t E, with dimE <∞, and F : Y → E is an arbitrary function, then
the graph of F is not HP-small in X .

2. HP-typical continuous functions

Recall that if λ denotes the Lebesgue measure in R and A ⊂ R is measurable,
then the right lower density of A at x ∈ R is defined as

d+(A, x) = lim inf
h→0+

λ(A ∩ (x, x+ h))
h

.

If f is a measurable function then the approximate right upper limit of f at x is
the number

lim sup ap
y→x+

f(y) = inf
{
a : d+({y : f(y) ≤ a}, x) = 1

}
.

The approximate right lower limit is defined similarly. If they are equal, then the
approximate right limit is the common value. The approximate left limit and the
unilateral approximate derivatives are defined in the standard manner.

We say that f : [0, 1]→ R is nowhere Hölder if for all x ∈ [0, 1] and α > 0

sup
y∈[0,1]

|f(y)− f(x)|
|y − x|α =∞.

Theorem 9. The HP-typical f ∈ C([0, 1]) is nowhere Hölder and has a finite uni-
lateral approximate derivative at no point.

The Theorem immediately follows when the following stronger result is applied
with φ(t) = 1/max(− ln t, 1).

Proposition 10. Let φ : (0,∞) → (0,∞) be a nondecreasing function such that
limt→0+ φ(t) = 0. Then the HP-typical f ∈ C([0, 1]) has

lim sup ap
y→x+

|f(y)− f(x)|
φ(|y − x|) =∞(3)

for each x ∈ [0, 1). (Moreover the porosity constant is 1.)

Proof. Choose arbitrary 1
16 < α < α′ < 1

8 (so that α′ < 2α). Assume that (3) does
not hold for an x ∈ [0, 1). Then its left-hand side is smaller than some K ∈ N and

d+

(
{y : |f(y)− f(x)| ≤ Kφ(|y − x|)}, x

)
= 1.

Therefore there exists n ∈ N such that x ∈ [0, 1− 1/n] and

λ
(
{t ∈ (0, h) : |f(x+ t)− f(x)| > Kφ(t)}

)
≤ αh for every h ∈ (0, 1/n).(4)

Let us denote by An,K the set of all continuous functions satisfying (4) for an
x ∈ [0, 1 − 1/n]. To prove the Proposition, it is enough to show that for each
K,n ∈ N the set An,K has property HP(1) in C([0, 1]).

Fix n,K ∈ N, c′ ∈ (0, 1), r > 0. Choose an l = 2−i0 , i0 ∈ N, such that l < 1
2n

and Kφ(2l) < r(1−c′). For i ∈ N let f̃i = r sgn(sin 2iπx) and find an fi ∈ C([0, 1]),



POROUS SETS AND DIFFERENTIABILITY OF FUNCTIONS 1407

‖fi‖ ≤ r so that λ({fi 6= f̃i}) ≤ (1
4 − 2α′)l. For each interval I ⊂ [0, 1] of length l

and for i, j > i0, i 6= j we have

λ
(
{y1 ∈ I : fi(y1) = r = −fj(y1)}

)
≥ 2α′l,

λ
(
{y2 ∈ I : −fi(y2) = r = fj(y2)}

)
≥ 2α′l.

(5)

The proof will be finished as soon as we show that for every f ∈ C([0, 1])

card{i ∈ N : B(f + fi, c
′r) ∩An,K 6= ∅} ≤ i0 +

α

α′ − α
1
l

+ 1.(6)

Assume that f is such that this is not true. Let M be the set of all i > i0 such that
there exists gi ∈ B(f + fi, c

′r) ∩An,K . For i ∈M let xi ∈ [0, 1− 1/n] be such that
(cf. (4))

λ
(
{t ∈ (0, h) : |gi(xi + t)− gi(xi)| > Kφ(t)}

)
≤ αh ∀h ∈ (0, 1/n).(7)

Since (6) is assumed to be false, cardM > α
α′−α

1
l + 1 and there exist i, j ∈ M ,

i 6= j, such that |xi − xj | ≤ α′−α
α l. Assume xi ≤ xj and let I = [xj , xj + l].

Relations (5) provide us with y1, y2 ∈ I satisfying fi(y1) = r = −fj(y1),
−fi(y2) = r = fj(y2) and

|gi(ym)− gi(xi)| ≤ Kφ(ym − xi) ≤ Kφ(2l),(8)

|gj(ym)− gj(xj)| ≤ Kφ(ym − xj) ≤ Kφ(l),(9)

for m = 1, 2. To make this more precise, let us fix m ∈ {1, 2}. By (7) with
h = (xj + l) − xi = l + |xj − xi| ≤ l

(
1 + α′−α

α

)
= α′

α l ≤ 1/n, the set {ym ∈ I :
(8) is not true} has measure at most αh ≤ α′l. Similarly (with h = l and i replaced
by j), {ym ∈ I : (9) is not true} has measure at most αl < α′l. Together these two
sets have measure less than 2α′l and we can apply the m-th row of (5) to obtain
ym.

By (8), |gi(y1) − gi(y2)| ≤ 2Kφ(2l) and by (9), |gj(y1) − gj(y2)| ≤ 2Kφ(l) ≤
2Kφ(2l). Hence

|(gi − gj)(y1)− (gi − gj)(y2)| ≤ 4Kφ(2l) < 4r(1 − c′).
Since ‖gi − (f + fi)‖ ≤ c′r and ‖gj − (f + fj)‖ ≤ c′r, we have

4r = |(fi − fj)(y1)− (fi − fj)(y2)| < 4r(1 − c′) + 4rc′ = 4r.

Thus (6) must be true.

We have the following corollary for Besicovitch functions, that is, for functions
with no finite or infinite unilateral derivative at any point.

Corollary 11. The HP-typical f ∈ C([0, 1]) has an infinite unilateral derivative
on a set having cardinality of the continuum. Thus Besicovitch functions form an
HP-small subset of C([0, 1]).

The proof of the Corollary is exactly the same as Preiss’ simple proof of Saks’
theorem (see [3, Ch. 15, 3.2.1 and 3.2.2]). (We use Theorem 9 as well as the
fact that the set of nondecreasing functions is HP-small in C([0, 1]) since they are
differentiable almost everywhere.)
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