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ABSTRACT. We prove the existence of invariant projections P from the Banach
space PMp(G) of p-pseudomeasures onto PM,;,(H) with supp P(T) C supp T’
for H closed neutral subgroup of a locally compact group G. As a main
application we obtain that every closed neutral subgroup is a set of p-synthesis
in G and in fact locally p-Ditkin in G. We also obtain an extension theorem
concerning the Fourier algebra.

1. INTRODUCTION

For a locally compact group G, let CV,(G) be the Banach algebra of all convo-
lution operators of LP(G) where 1 < p < oco. In 1974 Lohoué [10] proved, for an
amenable closed subgroup H of G (and G o-compact), the existence of a projection
of CV,(G) onto CV,(H). We obtain the existence of a projection P for the class
of closed neutral subgroups. This class includes the following situations: (i) the
normalizer of H in G is open in G; (ii) G € [SIN]y. We write G € [SIN]y if there
is a fundamental system of neighborhoods U of e in G such that hUh~! = U for
every h € H. The class [SIN]y has been thoroughly investigated by Henrichs [3].

The existence of such a P for H normal in G is already in [I]. In fact we are now
able to show that supp P(T") C suppT and P(uT) = (Resyg u)P(T) for u € A,(G)
and T € CV,(G). The existence of a P with these properties is new even for G
abelian and p # 2; if p = 2 and G is abelian the result is due to C. Herz [6]. As a
main application we prove that every closed neutral subgroup is a set of p-synthesis
in G and locally p-Ditkin in G. A closed subset F' of G is locally p-Ditkin in G
(see [3], p.102) if for every € > 0 and every u € A,(G) N Coo(G) with Respu =0
there is v € A,(G) N Coo(G) with suppv N F = 0 and |[u — wv|[a, @) < . Fis
p-Ditkin in G if for every ¢ > 0 and every u € A,(G) with Respu = 0 there is
v € Ap(G) N Coo(G) with suppv N F = § and [[u — uv||4, ) < €. The method
used in the construction of P gives the following extension theorem concerning the
Figa-Talamanca Herz algebra of G: given u € A,(H)NCyo(H), € > 0, and an open
subset  of G with suppu C Q, there exists v € A,(G) N Coo(G) with Resg v = u,
[vl]a,6) < llulla, ) + € and suppv C Q.
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2. DEFINITIONS AND PRELIMINARIES

For the precise definitions of CV,(G), PM,(G), Ap(G) and all the unexplained
notations we refer to [I], p. 38. Let H be an arbitrary closed subgroup of G: for
T € CV,(H), i(T) denotes the image of T under the inclusion ¢ of H in G, as

defined in [2], p. 76. We assume that G/H admits a G-invariant measure. For
k, ¢ € Coo(G) the relation

(Ao (T)ep, 1/’>LP(H),LP/(H) = (I'rp(k *u Tpp), T (L 51 Tp/w»LP(G),LP/(G)

defines a linear continuous map Ay, from CV,(G) into C'V,(H). We have ||Ag (||
< |[Tulkl [l T 1] |,y and Ay (PAL(G)) © PM,(H) ([T, pp. 38-39).

The following unpublished result is due to Roelcke. Let H be a closed neutral
subgroup of G ([12]). Then e admits a fundamental system of neighborhoods V/
with HV = V H. Indeed let U be an open neighborhood of e in G. There is an
open W with e €¢ W, W = W~ and HWH C UH. Then for V.= (HWH)NU
one has precisely HV = VH.

A one-sided version of the following lemma is already in [2], p. 71.

Lemma 1. Let G be a locally compact group, H an arbitrary closed subgroup, U
a neighborhood of e in G, and W a neighborhood of e in H. Then there exists
k € Ciy(G) with suppk C U, (suppk) N H C W and

/ k(h)dh =1, / k(zh)dh <1, / A (b Yk(hz)dh < 1
H H H
for every x € G.

Proof. There is an open neighborhood U; of e in G with U1 N H C W and an open
neighborhood Us of e in G with Uy = U{l and Uy C U NU;. Let K be a compact
neighborhood of e in G with K = K~! and K C Uz. We choose ¢’ € Cj(G) with
¢'(K) = {1} and supp¢ C Us. Consider also ¢/ € CJy(G/H) with ' < lg/m,
Y'(H) =1 and supp ¢’ C w(K). (w is the canonical map from G to G/H.) Let

= SO/—FT@, (" (@) =¢'(z7Y) and K (z)= ey (w@) for x € AH,
o(xzh)dh

where A = {y € G | p(y) > 0} and k' (x) = 0 if x € G\AH. Taking into account
that G = AH U (G\HK), we obtain that k' € Cgy(G), suppk’ C supp¢ and
Sy ¥ (xh)dh < 1 for every z € G.

Now let w’ be the canonical map from G onto H\G. We similarly choose ¢ €
Coo(H\G) with ¢ < 1yq, ¢ (H) =1, suppy” C w'(K) and

K (z) = p(x W’( (2)) for = € HA,
/ Ap(h=Yo(ha)dh

k" (x) =0 for x € G\ HA. We obtain that k = min{k’, k”'} satisfies all the required
properties.
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3. ProJecTIONS OF CV,(G) oNTO CV,(H)

According to Leischner and Roelcke [9] H is said to be locally neutral in G if
there is a compact neighborhood Uy of e such that for every neighborhood U of e
there is a neighborhood V of e with (HVH)NUy, C UH.

Proposition 2. Let G be a locally compact group and H a closed subgroup locally
neutral in G. We assume that G/H admits an invariant measure. Let (rﬁf));’ozl be

m sequences of LP(H) and (sg));’f’:l be m sequences of LP (H). We assume that

for every 1 < j < m, Z [rD o159 ],r < co. Then, for every € > 0 and every
n=1

open neighborhood U, there is k,{ € Cfy(G) with suppk, suppl C U, ||[Ax|| <1

and

<celllSlllp

LP(H),LP' (H) |

Z |<Ak,€(i(5))7'§zj)a sgzj)>LP(H),LP/(H) - <S7'$zj)a ngj)>
n=1

for every S € CV,(H) and every 1 < j < m.

Proof. To avoid unessential technical difficulties, we suppose m = 1 and rsll), 8511)

€ Coo(H) for every n € N. We put r, = r%l) and s, = s%l). There is N €

N such that Z 1m0 llplSnllpy < %1 where 0 < €7 < min{l,e}. We can find
n=1+N
a relatively compact neighborhood V' of e in H with ||r, — (7)1 Am(h™1)]|,,

|80, — (sn)n-1Ag (A~ Y|y < %2 for every h € V and every 1 < n < N. We have

chosen €5 such that

€1
2742(1 + |rjllp + [18511p)

O<€2<min{

1§j§N}.

Let Uy be a compact neighborhood of e in G with Uy = U ! which guarantees
the local neutrality of H in G: for every neighborhood U’ of e in G, there is a
neighborhood V' of e in G with UyN (HV'H) C U'H.
Let
€1

(1+ 220:1 ||7”n||p ||5n||p’).

There is a compact neighborhood Uy of e in G with Ag(z) < 1+ £3 for every
x € U;. We choose an open neighborhood Uz of e in G with U2 C U;. According
to Lemma 1, there is k' € Cgy(G) with [, k'(h)dh = 1, [, k' (hz)Ag(h~')dh < 1
for every € G, suppk’ C Uy N Uz NU~! and supp k' N H C V. This implies, for
every 1 <n < N, ||r, —Resg (rn *u k')||p < 6—22 and ||s, — Resg (sn *m k)| < 6—22
There is a relatively compact open neighborhood Us of e in G such that, for every
x € Us and every 1 < n < N, ||(rn x5 k')o.ir — Resp (1 x5 k)|, < 6—22 and

0<€3<40

[[(sn %1 k' )o. it — Resu (sp #m K|y < 6—22 (We recall that, for a function f on G
and for z € G, f, g denotes the function defined on H by f; m(h) = f(zh).)
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Now let A be an arbitrary open neighborhood of e in G with A C Us. Then, for
every S € CV,(H) and every 1 <n < N, we have

(@((S) am(rn*m k'), Lam (sn *5 K')) 1oy o' (c
@L@ (g ,
(w(A)) ns ) Lo (), L' (i)

1 , , |
- /G Lan (@)8() (8 a1 K (s %80 K Vo1 ooy a1
—(S7Tn, 57L>LP(H)7L])/(H)) dr,

where m(w(A)) = fw(A) dz and (3 is a Bruhat function for H, G.
Taking into account that we have, for x = uh with u € A, h € H,

<S(rn *H kl)x,H7 (Sn *H kl);c,H>Lp(H),Lp’(H)

= <S(Tn *H k,)u,H7 (Sn *H k,)u,H>LP(H)7L:D’(H)a
we obtain

() an(rn *m k'), Lag (o %1 ) po(ay, v (c
(CLLY(G) _ g, oy ,
m(w(A)) o on/Lr(H), L' (H)

< |[[Sllp e2( + [lrnllp + [snllp)

for every 1 <n < N.

Let K be a compact subset of H with e € K and suppr, Usupp s, C K for every
1 < n < N. There is an open neighborhood Uy of e in G such that U4_1 = U, and
U, C UyNUs. There is an open neighborhood Us of e in G such that kUsk~ C Uy
for every k € K. By assumption we can find an open neighborhood Ug of ¢ in G
such that (HUgH) N Uy C UsH. This implies (HUsH) N KUyH C UsH. Consider
Us = (HU;H) N Uy where Uy is an open neighborhood of e in G with U;l = Uy
and U; C Us. Roelcke’s argument gives (KUgK ~Y)NUsH = (KUgK ') N HUg. If
we take into account that supp(ry, *g k'), supp(s, xg k') C KUgK~! (1 <n < N),
we obtain, for 1 <n < N,

]-USH(Tn X k/) = ]-HUg (Tn *H k/) and ]-UgH(Sn *H k/) = ]-HUg (Sn X k/)
Let

"_ Tp(lHUskl) an " _ Tp’(lHUskl)
1 (w(Us)) /P i (w(Us)) /7"

Then, for 1 <n < N,

(Awrr o (i(S))rn, 5n>Lp(H),Lp/(H)
(S ugr (rn *m k'), Luga (sn 81 k) 1o (6,10 ()
m(w(Us)) '
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From the inequality

Z Srn,sn LP(H) v’ (H) <Ak;//’é//(i(s))rn7Sn>LP(H)7Lp/(H)‘
n=1

oo

N
Z 1S1llpe2(1 + [Irallp + ||snllp) + Z |<Srna 3n>LP(H),LP’(H)

n=N+1

+ Z Ak”é“ ))rn;5n>Lp(H)’Lp’(H)|7
n=N+1

we get

(o)
Z |<S7”m SH>LP(H),LP’(H) — (A o (i(S))Tm5n>Lp(H),Lp/(H)‘

n=1
< SelliSllle  edlllSMp | Ta Aol e 71l
- 8 8
To estimate ||Tuk”||p||Tul" ||y, observe that, for x = uh’ with u € Ug, b’ € H,
[y (mok)(h)dh = [ K (hu™")Ag(hu')YPAg(h~1)dh. But u~! € Uy implies

/ (k) (@h)dh < (14 £5)!/7 / K (hu=1) Aq ()7 A gy (h=1)dh.
H

From [, k' (hu™")Aq(h)/?Ap(h=1)dh = [,y K (hu™1)Ag(h)/PAg (h=1)dh, we
therefore get ||[Tyk”||, < (14 63)2/” and similarly ||Tg¢”||, < (1 + 3)?/?". This
gives, for every S € CV, ( ),

. 761
Z‘ S’I"rusn L»(H Lp (H) — <Ak”7€"(z(s>)rn75”>LP(H),LP'(H)‘ < _|||S|||p
Consider now f,g € Cf (G/H) with ||f — ﬂ g-— Loy
o )7 ||, 117 )7 ||,
both smaller than 4 where

A+ Tampk loo) (1 + [ THTp K [lo0)”
€3

— .
(1+ 22/p + 22/1)/) (1 + Z ||7"n||p||5n||p’>
n=1

Putting k"' = (f ow) 7pk" and £ = (g ow) 7,y k’, we have successively

I Te (1K = K" ]) [l [T (|67 = €7]) |l < €4

O0<ey <

| Tuk" ||, < es+ (14 €3)2/? and ||[Tel" ||,y < s+ (1 +3)%/?". Finally it suffices
k/// i
to choose k = —————— and { = ——————— to obtain
es+ (1 +e3)2/P ea+ (1+e3)2/P

(o)
Z |<S7'na 3n>LP(H),LP'(H) = (A (2(5))rn, 3n>LP(H),LP'(H)| <elllSlllp

n=1

with ||[Ag || <1 and suppk, supp? C U.
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We are now ready to prove our first result concerning projections of CV,(G) onto

CV,(H).

Theorem 3. Let G be a locally compact group and H a closed subgroup, locally
neutral in G. We assume that G/H admits an invariant measure. Then there is a
linear contraction Q from L(LP(G)) (the Banach space of all bounded operators of
LP(@)) into L(LP(H)) such that:

(1) Q(T) € CV,(H) for every T € CV,(G),

(2) supp Q(T) Csupp T for every T € CV,(G),

(3) Qi(S)) = S for every S € CV,(H),

(4) Q(T) € PM,y(H) for every T € PM,(QG).

Proof. Let A be the set of all pairs ((rn)32y, (sn)22;) where (r,)22, is a sequence
of LP(H) and (s,)%2, is a sequence of LP' (H) with Sl rnllpllsnlly < co. We
denote by € the set of all maps F from L(LP(G)) x LP(H) x L (H) to C, linear
in the first two variables, conjugate linear in the third one, and for which there
is a positive real number C with |F(T,¢,v)| < C|||T|||pll¢llpll®||p. For F € &
we put [|F]| = sup{IF(T, e, 0)] | TNy < Llelly < L I1élly < 1} For k¢
Coo(G), Fiee (T, 0,0) = (Ake(T) 0. %) oy, 1o’ (1) 18 an element of € with |[Fy¢|| <
Tl ll Tl ]

Let A be a finite subset of A, B a finite subset of CV,(H), U an open neighbor-
hood of e in G and ¢ > 0. Proposition 2 implies precisely that the set

KaBue _{Fk’g NS C(;B(G) || Frell <1, suppk, supp? C U,

Z ‘Fk’g(i(S),Tn,Sn) - <S7"n75n>LP(H),LP’(H)‘ <e¢
n=1

for every ((rn)pZy, (sn)pzy) € A and every S € B}

is nonempty. Let FA}B,U,E be the closure of K4 gy, with respect to the topology
o(&,L(LP(G)) x LP(H) x LP (H)). The set "{Kap . | A finite subset of A,
B finite subset of CV,,(H), 0 < € < 1, U open neighborhood of e in G} is not
empty. Choose J in this set. There is a linear map @ from L(LP(G)) to L(LP(H))
with J(T',¢,v) = <Q(T)<Pa¢>Lp(H),Lp’(H) for T € L(LP(G)), ¢ € LP(H), ¥ €
LV (H). Clearly Q satisfies conditions (1) to (4).

Let H be a closed subgroup of G for which there is a linear map @ from CV,(G)
onto CV,(H) satisfying conditions (3) and (4) of Theorem 3. Then H is a set of
p-synthesis in G. Indeed let T' € PM,(G) with suppT C H and u € A,(G) with
Resgu = 0. According to Lohoué ([I1], Théoreme 5, p. 190), there is an S €
CV,(H) with i(S) = T. From Q(i(S)) € PM,(H) we deduce that S € PM,(H)
and therefore (u,T) 4, (@),Pum, () = (Resm u, S) 4, (m), P, (i) = 0-

Corollary 4. Let G be a locally compact group and H a closed subgroup, locally
neutral in G, for which G/H admits an invariant measure. Then H is a set of
p-synthesis of G.

The following extension theorem was proved by C. Herz for G second countable
and H normal in G ([7], p. 115).



INVARIANT PROJECTIONS AND CONVOLUTION OPERATORS 1433

Corollary 5. Let G be a locally compact group and H a closed subgroup as in The-
orem 3. Givenu € A,(H)NCoo(H), € > 0 and an open subset ) of G with suppu C
Q, there exists v € Ap(G) N Coo(G) with Resg v = u, ||v|[a, @) < ||ulla, @) +¢ and
suppv C €.

Proof. According to [7], p. 115, it suffices to find v € A,(G)NCyo(G) with suppv C
Q, ||v||Ap(G) < ||u||Ap(H) and ||u — Resy v||Ap(H) < e.

o0
There is (r, )52, and (s5,)22;, two sequences of Coo(H ), such that u = Z T * 3,

n=1
o0

and Z [[7n Loyl ISnl| Lo gy < 00 There also exists an open neighborhood U of e
n=1

in G such that Usuppu U~ C Q. There is k, £ € Cy(G) with supp k, supp¥ C U,

[|Akl] <1 and

<ellSlll

LP(H),LP' (H) ‘

Z ‘<Ak,é(i(5))7p7'na Tp’5n>Lp(G),Lp’(G) = (STpTn, Tprsn)
n=1

for every S € CV,(H). There exists a unique v € A,(G) such that

(0,1(S)) A, (@), PM,(c) = (U, Ak i(9)) 4, (1), P, (H)
for every S € PM,(H). From

‘<U73>AP(H),PM,,(H) — (Resy 'U75>A,,(H),PMZ,(H)|
oo
< Z ‘<ST;0T7L7TP'S">LP(H),LP’(H) - <Ak7l(i(‘s))7_prmTp’5n>LP(G),LP/(G)} < elllSlp
n=1

we get ||[u — Resy v|[4, () < € with suppv C supp k suppu (supp £)~1L.

Remark. Suppose G is abelian. According to J. Inoue [8] for every neighborhood U
of e in G there is a linear isometric map 2 of A2(H) into A2(G) with Resy o Q =
ida,(p) (such a map is called a linear lifting) and supp Q(u) C (suppu)U. By
duality we easily derive the existence of a projection of PMs(G) onto PMy(H) as
in Theorem 3. On the other hand B. Forrest [4] has shown that for G amenable
and H closed abelian normal subgroup of G a linear lifting does not always exist.
Consequently the map @ of Theorem 3 can be considered as a substitute, for G
nonabelian, to the nonexistence of linear liftings of As(H) into A2(G).

4. INVARIANT PROJECTIONS

In [1] we proved for H normal in G the existence of a projection P of C'V,(G)
onto C'V,(H) satistying the condition P(uT") = (Resg u)P(T'); howewer condition
(2) of Theorem 3 was out of our reach. A projection P with P(uT) = (Resg u)P(T)
will be called an invariant projection.

Theorem 6. Let G be a locally compact group and H a closed neutral subgroup of
G. There is an invariant projection P of CV,(G) onto CVp(H) which also satisfies
all conditions of Theorem 3.

Proof. Let X be the set of all maps f from £(LP(G)) x LP(G) x L? (G) to C which
are linear in the first two variables and conjugate linear in the third one and for
which there is a positive real number C with | f(T,¢,%) |< C|||T|||pllellp||¢]]p-
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For a,b € S(G/H) (S(G/H) is the set of all bounded mesurable functions on G/H
with compact support), T € L(LP(G)), ¢, ¢ € Coo(G) we define

Gup(T, 0, ) = /G B0, B0 )1l

with B(p,a)(t)(z) = ¢(z)a(z~f) for x,t € G. Let K be a compact subset of
G with KN H =0 and € > 0. At first we show that the set Dy = {ga,b a,b e
S(G/H), a,b >0, ||a||p||b||pr < 14¢, there is an open neighborhood U of e in G with

Respyy v = 1, suppv N KU = ) where v(z) = fG/H a(xy)b(y)dy} is nonempty. We

indeed choose an open neighborhood U; of e in G with Uy = Ul_1 and KUlﬁHUl2 =
(). There is an open neighborhood U, of e in G with U{l = U,, Uy C Uy and
UsH = HU,. Let Us be an open neighborhood of e in G relatively compact with
Us C Uy and UsH = HUs. This implies that UsH = HU3. There is an open subset
Uy of G/H with Uy D w(Us) and m(Us — w(Us)) < (14 &) — 1)i(w(Us)). Let
Us = w‘l(U4) NU,. We consider an open neighborhood Ug of e with Ugl = Ug and

1 .
- . . . . w(Us)
UsUs C Us. Let = b(y)d tha= —2—"2_andb=1 -
T © Us. Lot v(e) = [y alaibi)dy with o = — =0 and b = 1,7,
We have
m(w(U5))>#
all,|bl]y < | ——=%% <1l+e.
lell bl < (S

Suppose v(x) # 0; there is y € G/H with 2y € w(U3) and § € w(UsU3). This
implies z € U3 HU; ' and consequently x € HU}. Let € HUg for every § € w(Us3)
r71y € w(UgHU3) but w(UgHU3) = w(UsU3); this implies precisely v(z) = 1.
Let g be an element of N{Dg . | K compact subset of G with K N H = (), 0 <
e < 1} where 5;(,5 is the closure of Dk . in X with respect to the topology
o(X,L(LP(G)) x LP(G) x L (G)). Let P be the corresponding map of £(LP(G))
to itself. It suffices to consider @) o P where @ is the map of Theorem 3.

Corollary 7. Let G be a locally compact group, H a closed neutral subgroup of G
and F a closed subset of H. If F is locally p-Ditkin (1 < p < o0) with respect to
H, then F is locally p-Ditkin with respect to G.

Proof. Let u € Ap(G), T € CV,(G) with Respu = 0 and supp(uT) C F. It
suffices to show that wT" = 0. There is S € CV,(H) such that uT = i(S). Let
P be the invariant projection of Theorem 6. From suppP(uTl’) C suppuT and
PuT) = (Resg u)P(T) = S we deduce that S = 0 and therefore uT" = 0.

Remark. For H normal in G, this corollary is already in [3], p. 103. Our proof
there was completely different: it was based on the use of A,(G/H). The present
approach is not only more conceptual but permits us to treat the case of certain
interesting nonnormal subgroups: H compact or G € [SIN]y.
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