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ABSTRACT. Given the disk algebra A(D) and an automorphism «, there is as-
sociated a non-self-adjoint operator algebra Z* x o A(D) called the semicrossed
product of A(D) with . Buske and Peters showed that there is a one-to-one
correspondence between the contractive Hilbert modules H over Z1 x o A(D)
and pairs of contractions S and T on H satisfying T'S = Sa(T). In this paper,
we show that the orthogonally projective and Shilov Hilbert modules H over
7+ xo A(D) correspond to pairs of isometries on H satisfying T'S = Sa(T).
The problem of commutant lifting for Z* x .A(D) is left open, but some related
results are presented.

1. INTRODUCTION

In an effort to develop for an n-tuple of commuting contractions a theory analo-
gous to the famous model theory of Sz. Nagy and Foias [Sz-NF| for a single contrac-
tion, Douglas and Paulsen [DP] reformulated much of dilation theory in the context
of Hilbert modules. A class of “nice” modules, the so-called Shilov modules, was
introduced and contractive Hilbert modules were studied via their Shilov resolu-
tions. These Shilov resolutions are tightly connected to Arveson’s dilation theorem
[Arv]. Douglas and Paulsen also related the notion of commutant lifting [Sz-NF]
to the concept of “hypoprojective” modules. However, it seemed that neither of
these types of modules was the proper operator algebraic analogue of a projective
module in homological algebra. Recently, Muhly and Solel [MS] have introduced
the concept of orthogonally projective Hilbert modules in an effort to better un-
derstand the concept of “hypoprojective” (henceforth called strongly orthogonally
projective as in [MS]) Hilbert modules. We study all of these Hilbert modules over
semicrossed products in the hope that it may aid in the development of the proper
operator algebraic analogue of projective modules.

A semicrossed product of the disk algebra, denoted Z* x,, A(D), is a non-self-
adjoint operator algebra associated to the pair (A(D),«) where « is an automor-
phism of the disk algebra A(D). Its construction is similar to that of its C*-
envelope-the full crossed product Z x, C(T) [BP]. Furthermore, the contractive
representations of Z* x, A(D) on a Hilbert space H are known to be completely
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contractive and to correspond to pairs of contractions S and T on H satisfying
TS = Sa(T). The main result of Section 2, Theorem [Z3] characterizes the Shilov
and orthogonally projective Hilbert modules P over Z* x, A(D) as those corre-
sponding to pairs of isometries S and T on P satisfying T'S = Sa(T'). Sections 3
and 4 investigate further these Shilov modules.

2. SHILOV MODULES

Let 2 be an operator algebra with C*-envelope C*(2). A Hilbert module H
for A is Shilov if there exists a C*(2)-module K such that H is isomorphic to a
submodule of I viewed as an 2f-module. A sequence of Hilbert modules over 2,

(1) 0-K2MEZH -0,

is a short exact isometric sequence if K is isomorphic to a submodule of M having
quotient isomorphic to H. A Hilbert module H over 2 admits a Shilov resolution
if £ and M are Shilov modules and ¥ and ® are bounded module maps in ([IJ).
If such a resolution ([IJ) exists, then (M, ®) is called a Shilov dominant for H. A
Shilov dominant (M, ®) for H is strongly minimal if there is no submodule N of
M such that ® maps N coisometrically onto H.

For the semicrossed products Z* x o A(D), every contractive Hilbert module H is
completely contractive [BP, Corollary III.14] so that H admits a Shilov resolution
[Arv]. The purpose of this section is to characterize the Shilov modules over Z* x,,
A(D). To this end, we utilize the notion of an orthogonally projective module first
introduced by Muhly and Solel [MS].

A contractive Hilbert module P over an operator algebra 2 is orthogonally pro-
jective if every short exact isometric sequence

(2) 0 K-M2P =0

ending at P is split by a contraction. That is, there exists a module map d:P— M
with ||&)|| <land ®od = 1p. A method of characterizing orthogonally projective
modules is given in Lemma 211

Let P and K be contractive Hilbert modules over an operator algebra 2. A
(P, K)-derivation is a continuous complex linear map D : 2 — B(P, K) such that
D(FG) = D(F)pp(G) + pc(F)D(G) for all F,G € 2A.

Lemma 2.1 ([MS], Proposition 2.6]). Let @) be a short exact isometric sequence
of contractive Hilbert modules. The representation paq is unitarily equivalent to

(F)  D(F)
®) b (p’CO PP(F))

for some (P, K)-derivation D. If the only (P, K)-derivation for which this occurs
is D =0, then P is orthogonally projective.

Recall that if P is a contractive Hilbert module over Z* x o A(D), where a(f)(z) =
f(e(2)) for some Mobius transformation ¢ of D, then Sp = pp(d; ® 1) and
Tp = pp(do ® z) are contractions satisfying the relation TpSp = Spo(Tp) [BP]
Theorem II1.10].

Lemma 2.2. Let P be a contractive Hilbert module over Z*+ xo A(D). If Sp =
pp(01 ® 1) and Tp = pp(do ® 2) are isomelries, then P is orthogonally projective.
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Proof. Let (@) be a short exact isometric sequence of contractive Hilbert modules
ending at P. Let D be a (P, K)-derivation such that paq is unitarily equivalent to
the representation p on K @ P given by (B). By Lemma 1], we need only show
that D = 0 for it to follow that P is orthogonally projective. Since P, M, and K
are contractive Hilbert modules and pa is unitarily equivalent to p, it follows that

(p;c(50®z) D(50®z)) and (p;c((51®1) D(51®1)>
0 pp(50 ® Z) 0 pp(51 ® 1)

are contractions. Since Tp is an isometry,

H( p;c((S(())@ z) (60®z )H

*
H( D6 ®4) Dl ®) 47575 )|
> ||D((50®Z) (50 ®Z) +I7DH >1

it D(dp ® z) # 0. Similarly,

p(d1®1) D(61@1) -
0 Sp
if D(61 ® 1) # 0. Hence, D(dp ® z) = 0 = D(6; ® 1). Since D is a derivation,
D(3"" 0; ® p;) = 0 for all polynomials p; and hence D = 0 by continuity. O

Theorem 2.3. Let P be a contractive Hilbert module over Z+ x o A(D) determined
by Sp = pp(01 ® 1) and Tp = pp(do ® ). Then, the following are equivalent:

(i) Sp and Tp are isometries satisfying TpSp = Spp(Tp).

(ii) P is an orthogonally projective Hilbert module for Z+ x . A(D).

(iii) P is a Shilov module for Z* x, A(D).

Proof. That (i) = (ii) follows from Lemma ZZ. For (ii) = (iii), since P is con-
tractive, it is completely contractive [BP|, Corollary III.14] so that P is Shilov [MS|
Proposition 3.2]. We show (iii) = (i). Since the C*-envelope of ZT x, A(D),
C*(Z* x4 A(D)), is the full crossed product Z x, C(T) [BP], Proposition III.13]
and P is Shilov, there exists a module M over Z x, C(T) such that P is isomor-
phic to a submodule of M where M is viewed as a module over Z* x, A(D). We
investigate the modules M over Z x, C(T); that is, the C*-representations pr of
Z x4 C(T) on M. But, the C*-representations paq of Z xo C(T) on M correspond
bijectively to the covariant representations of (C(T),Z,«) on M. These covariant
representations (m, U) of (C(T),Z, ) on M in turn correspond to pairs of unitaries
V =m(z) and U on M satisfying VU = Up(V). Hence, prq is determined by two
unitaries V = pa(do ® 2) and U = paq(61 @ 1) satistying VU = Up(V). Thus, pp
is determined by two isometries pp(dp ® 2) = V|p and pp(d @ 1) = U|p. O

Example 2.4. Let U be the unilateral shift on @, L*(T) and for f € A(D),
define Df(£07£17£2a ) = (f§0aa(f)£1aa2(f)£27 ) The map p : Z+ Xa A(D) -
B(@®, L*(T)) defined by p(d1 ® 1) = U and p(dp ® f) = Dy is then a contrac-
tive representation [BP), Theorem II1.10]. By Theorem 23, @, L*(T) is a Shilov
module.

Example 2.5. Suppose a(f)(z) = f(puz) where |pu| = 1 is irrational. Let Cx
denote the composition operator defined by Cz(g(%)) = g(fiz). Define a contractive
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representation p of Z* x, A(D) on H3(D) by p(61 ® 1) = C5 and p(6p @ f) = T},
the Toeplitz operator [BP, Theorem I11.10]. By Theorem 23 H?(D) is Shilov.

Example 2.6. Suppose « is an irrational rotation as in Example Let
{e;; :1>0and j >0} be an orthonormal basis for a Hilbert space H. Define
isometries S and 17" on H by Se; ; = e;i+1,; and Te;; = uiei’jﬂ. Defining a con-
tractive representation p of ZT x, A(D) on H by p(dy ® 1) = S and p(dy ® z2) =T
makes H into a Shilov module.

3. A STRONGLY MINIMAL SHILOV DOMINANT

It is not known whether commutant lifting in the sense of Muhly and Solel [MS]
holds for Z* x o A(D) even in the case where « is a nonperiodic rotation. We assume
henceforth that a(f)(z) = f(uz) where |p| = 1 is irrational. As a starting point
in determining whether commutant lifting holds for this algebra, one would like
examples of strongly minimal Shilov dominants. The following exhibits one such
example.

Define B, to be the norm closed subalgebra of B(H?(D)) generated by the
Toeplitz operators Ty (f € A(D)) and the composition operator C. Recall from
Buske and Peters [BP] Proposition IV.2] that Z* x, A(D) is completely isometri-
cally isomorphic to B,.

Lemma 3.1. For an integer N > 0, the nontrivial invariant subspaces M of
2N H?(D) under B, are precisely those of the form M = 2™ H?(D) for mg > N.

Proof. Note that B, is the norm closed subalgebra of B(H?(D)) generated by the
Toeplitz operator T, and composition operator Cz. Denote by B,. the strongly
closed algebra generated by the Toeplitz operator 7', and composition operator Cf.
Let (0) # M C zNH?(D) be a closed invariant subspace under B,. Then M is
also invariant under Bg.. To see this, note that if f € M and A € B, then there
exists a sequence {A,},~; C B, such that ||A,f — Af|| — 0. But, A, f € M for
n > 0 and M closed show that Af € M.

As in Nordgren, Rosenthal, and Wintrobe [NRW], we show that 9B, contains the
projections Py, : H?(D) — H?(D) defined by Y ° a,2" — an,z™ for each m € N.
Define Cy, = =™ Cy and Ay, = %Z?zl CJ, for k> 1. Let

S:{feH%D):klirgo(Ak—Pm)f:o}.

By the ergodic theorem, limy_, o (Ax — P )z* = 0 for all i > 0. Hence, S = H?(D).
It follows that P, M # (0) for some m > N and hence that M contains z™ for
some m > N. Define mg = inf,,,>y {m: 2™ € M}. Note that z™ € M and
zmtk ¢ MV k € N by the invariance of M under T,. Since M is a closed
subspace of 2V H2(D) invariant under T, and mg > N, it is clear that z™° H?(D) C
M. Let f(z) = 2V Y 7anz” € M. Then Pi(f(2)) = ar—nz" € MV k >
N. Hence a, = 0 for 0 < n < myg — N by the definition of mg and f(z) =
2N N @2 = 2T g, N2" € 2™ H?(D). Thus M C 2™ H?*(D
yielding M = z™ H?(D).

o=

Example 3.2. It is easy to verify that if |20 < 1 and & = 0 or if [§] < 1 and
zo = 0, then 7§§°) : B, — C defined by Cp +— & and T(.y — f(z0) is a character.
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In fact, the character space I' of B, is given by
I'= {ngw )20 < 1,1&] < 1, and either zp =0 or & = O}

and coincides with the maximal ideal space [BP| Corollary III.11].
Consider then the Shilov resolution of B, given by

0 — H{(D) — H?*(D) = Ci,00 —0

where HZ(D) = {£ € H?(D) : £(0) =0}, ®(&) = £(0), and C(g ) is the one dimen-
sional Hilbert module C determined by the character 7(()0). That this is a Shilov
resolution follows since H 2(D) is seen to be a Shilov module for B, by Theorem 23]

By Lemma 3]t follows that H?(D) is strongly minimal for C(g,g).

For the bidisk algebra A(D?), Example 3.20 of Douglas and Paulsen [DP] gives
two strongly minimal Shilov resolutions of C which are not isomorphic (proving
that commutant lifting does not hold for A(D?)). This should be compared to
Example [3.2)

4. AN INVARIANT SUBSPACE PROBLEM

Classifying all the Shilov modules for Z* X, A(D) is quite difficult. This is closely
tied to finding a model for a pair of commuting isometries. However, Lemma [B.1]
does classify the Hilbert submodules of H?(D) for Z* x, A(D) (when « is an
irrational rotation). Onme is tempted to ask about generalizations of Lemma B1]
Theorem is one such possible generalization.

Lemma 4.1. The algebra Bs. of LemmalZdl contains the projection Py, of L*(T)
onto the subspace spanned by z™ ¥ m € Z.

Proof. We first show P_; € B,.. Define C_y = iCy and A, = 1/k Zle C7 | for
k>1. Let

S = {feLQ(T):klim (Ak—Pl)f—O}.

Note that limg .o (Ar — P_1)271 = 0. Also, if i # —1, then

k
. 1 . .
: _ i : - —(i+1)j i
. 4 DL
= /zidm(z)
T
fr— O

by the ergodic theorem. Since S is a closed subspace of L?(T) containing 2% Vi € Z,
it follows that S = L?(T) and P_; € B..
We now show that P, € B, for m # —1. Fix m # —1. Define C,,, = g~ "Cx

and Ay = 1/k2§:1 CJ, for k> 1. Let

S = {feLQ(T):klirgo(Ak(I—P_l)—Pm)fz }



1726 DALE R. BUSKE

Since m # —1, (Ag(I —P-1)— Py)z™ =1/k Z?zl Iy =0, If i = —1
(so that i # m), then (Ax(I — P_1) — Pp,)2* = 0. If i # —1 and i # m, then

k
Zﬁ(i—m)jz’i
j=1

R /T Sldm(z)

(Ap(I — P_y) — Pp)s' =

x| =

= 0
by the ergodic theorem. Hence, since S is a closed subspace of L?(T) containing
2'Vi€Z, S=L*T)and P, € By as A,(I — P_1) € B Vk>1. |

Theorem 4.2. Consider B, as an operator algebra on L?(T). The nontrivial
invariant subspaces M of L*(T) under B, are of the form M = z™ H?*(D) for
mo € 7.

Proof. Let (0) # M C L*(T) be a closed invariant subspace under B,, and hence
under B,.. Then P, M # (0) for some m € Z and M contains z™ for some
m € Z. Define mg = inf {m € Z : 2™ € M}. Note that if mg = —oo, then the
invariance of M under M, yields M = L?(T). If my # —oo, we claim that M =
2™ [{2(D). The invariance of M under M, yields 2™ H?(D) C M. Then, let
f(z) = 3% anz™ € M so that Py(f(2)) = arz® € MV k € Z by Lemma 1]
But then aj, = 0 for k < mg by the definition of mg. Hence, f(z) = > 2

n
n=mg WnZ" =

2™ N Angme 2" € 2™ HA(D). O
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