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Let (X,,)nen, denote a birth and death chain on the nonnegative integers {0, 1,
2,...} and let P govern (X, )nen, with one-step upward transition probabilities u;
(birth), one-step downward transition probabilities d; (death) and holding proba-
bilities h; (¢ > 0), where u; > 0, d;41 > 0 and u; +d; + h; <1 (i > 0). The case
u; +d; + h; <1 (i > 0) corresponds to a permanent absorbing state ¢*, which
can only be reached from state ¢ with probability 1 — u; — d; — h;. Let P, denote
the corresponding probability for the process started at Xy = x. It was shown by
Karlin and McGregor [12] that the n-step transition probabilities of the process can
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ABSTRACT. For a birth and death chain on the nonnegative integers, integral
representations for first return probabilities are derived. While the integral
representations for ordinary transition probabilities given by Karlin and Mc-
Gregor (1959) involve a system of random walk polynomials and the corre-
sponding measure of orthogonality, the formulas for the first return probabil-
ities are based on the corresponding systems of associated orthogonal poly-
nomials. Moreover, while the moments of the measure corresponding to the
random walk polynomials give the ordinary return probabilities to the origin,
the moments of the measure corresponding to the associated polynomials give
the first return probabilities to the origin.

As a by-product we obtain a new characterization in terms of canonical
moments for the measure of orthogonality corresponding to the first associated
orthogonal polynomials. The results are illustrated by several examples.

1. INTRODUCTION

be represented as

(1.1)
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(j > L;m9 = 1), ¥ is a probability measure on the interval [—1, 1], called spectral
measure of P, and R;(t) is a polynomial of degree j defined recursively by R_:(t) =
0, Ro(t) =1,

(1.3) 1R (t) = tn Ryt (t) + hn R (t) + dnRu_1(t)  (n > 0).

The polynomials R; are called random walk polynomials (see Whitehurst [21], van
Doorn and Schrijner [5] or Charris and Ismail [3]) and play a particular role in the
analysis of random walks on the nonnegative integers. Note that (I]) implies that
the polynomials R; are orthogonal with respect to the spectral measure, i.e.

1
(1.4) /1Ri(t)Rj (t)du(t) = bijm; "
where d;; denotes Kronecker’s symbol.

The natural meaning of the formula (ILTI) is a spectral representation of a linear
operator acting on an appropriate Hilbert space (see e.g. Kac [11] or Karlin and
McGregor [12]). To be precise let P denote the matrix of one-step transition proba-
bilities and consider the Hilbert space L?(7) of all complex sequences (f;)ien, such
that Z?io | fi|?m; is finite. The transformation (Pf)o = hofo + uof1,

(Pf)i =difi—1 + hifi +uifit1,

induces in L?(7) a bounded self-adjoint linear operator, say 7, with norm < 1. If
eo = (1,0,0,...) denotes the first unit vector in L?(7), it can be shown (see Karlin
and McGregor [12]) that

Pi(X,, = j) = 7, (T" Ri(T) Ry (T)eo, eo)

where (-,-) denotes the corresponding inner product on L?(m). Consequently the
representation ([LI]) is obtained by defining ¢ (x) = (E,eq, e9) where {E,} denotes
the spectral resolution of the self-adjoint operator T'. Uniqueness of v follows from
the fact that for i = j = 0 the identity (I.1]) determines all moments of the spectral
measure 1.

The corresponding first associated orthogonal polynomials are defined by

(15) = [ IO RinClye) (zo)

and satisfy the recurrence relation R(_li (t) =0, R(()l)(t) = 1/uy,
(1.6) Rt = wya RS, (8) + by RS (1) + dy RS (8) (> 0)

(see Szego [20]). Associated polynomials already appear in Stieltjes’ [I8] fundamen-
tal work and are very natural because they are the numerators for the convergents of
certain continued fractions. More precisely, the generating function of the common
return probabilities can be represented as the Stieltjes transform of the spectral
measure ¢ with a corresponding continued fraction expansion, i.e.

o0 o0 1
TRo(1) = Y R(Xn =0t =2 Z/ E)rdu()
n=0 n=0""1

z

_ /1 dip(x) L | wodi | wida |

12— :|z—h0 _|z—h1 |2 — ho
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(see Dette and Studden [4]). The continued fraction on the right-hand side con-
verges for |z| > 1. The random walk and the first associated orthogonal polynomials
appear in the representation of the nth convergent, i.e.

RSL(Z) _ L) wd | un2de
R, (2) lz—ho |lz=h1 7 |z=hp_1

It follows from Favard’s theorem (see Chihara [2]) and the arguments of Karlin
and McGregor [12] that there exists a probability measure 1) on the interval
[—1,1] such that the first associated polynomials are orthogonal with respect to a
measure )| ie.

(1.7) / 11 RV R (H)dy ™ (1) = 535

Our main results show that the associated polynomials and the corresponding
measure of orthogonality play a similar role for the analysis of first return probabil-
ities to the origin as the random walk polynomials R;(t) and the spectral measure
for the analysis of the ordinary transition probabilities.

1 1
Tit1 uody

Theorem 1.1. Let Ty = inf{n > 0|X,, = 0} denote the time of the first return to
the origin of the birth and death chain (X,,)nen,. Then the first return probabilities
to the origin can be represented as

1

(18) Lo = Puo =) =wds [ "R, (0200 (0)

-1
whenever x > 1,n > 1. Moreover, if n > 2,

1
(1.9) f&o = P()(TO = n) = uodl/ tn—de(l) (t)

-1
The kth associated orthogonal polynomials defined by the recursive relation
R (t) = 1/ug—1, R¥) (1) = 0,

k k k k
(1.10) ERS (1) = wj kRS () + hysw R (8) + djn R, (1)

and the corresponding probability measure )(*) of orthogonality play a similar role
for the analysis of the first return probabilities f;' ;z > y.

Corollary 1.2. For all n > 1,y > 0 and * > y we have for the time T, =
inf{n > 0|X,, = y} of first return to the state y

1
(1.11) vy = Pe(Ty = 1) = wydyis [ RS a0

where R;yﬂ)(t) denotes the (y+1)th associated orthogonal random walk polynomial
and YWY the corresponding probability measure of orthogonality.

Note that these results give an interesting and important characterization of the
first return probabilities to the origin. While the moments of the spectral measure
1 give the common return probabilities to the origin, Theorem 1.1 shows that the
moments of the measures uod;¢™") and di9)(V) give the first return probabilities
fdo(n > 2) and f'g(n > 1), respectively. Similarly, Corollary 1.2 shows that the
return probabilities f,? x_1 are obtained as the moments of the measure dpp®)
corresponding to the kth associated orthogonal polynomials.
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A proof of Theorem 1.1 is given in Section 2. The proofs are based on a new
relation between the spectral measure i corresponding to the random walk polyno-
mials R, (t) and the measure 1V corresponding to the first associated polynomials
R%l)(t). More precisely, it is shown that uodidyy (M (t) = (1 — 2)dep(t) where ¥
is the dual of the spectral measure 1 which is obtained from % by applying the
transformation £ — 1 — x to the canonical moments of the probability measure ).

2. THE SPECTRAL MEASURE OF THE FIRST ASSOCIATED ORTHOGONAL
POLYNOMIALS AND THE PROOF OF THEOREM 1.1

The proof of Theorem 1.1 requires some basic facts about the theory of canonical
moments. For a more detailed treatment of this theory we refer to the work of Dette
and Studden [4]. Some basic facts are mentioned here for the sake of completeness.
Let & denote a probability measure on the interval [—1, 1] with ordinary moments
c1,C2,.... For a given set of moments let c:r denote the maximum of the ith

moment fil x'du(z) over the set of all probability measures p having the given
moments ¢, Ca, ... ,c;—1. Similary let ¢; denote the corresponding minimum value.
The canonical moments are defined by

;i — ¢y

(2.1) pi= et i=1,2,....

+ —
G — G

Note that 0 < p; <1 and that the canonical moments are in one-to-one correspon-
dence with the ordinary moments. For this reason a probability measure £ on the
interval [—1, 1] is uniquely determined by its sequence of canonical moments. More-
over, every sequence with elements in [0, 1] determines a probability measure on the
interval [—1,1] in this sense. The canonical moments are left undefined whenever
¢t = c;. If ig is the first index for which this equality holds, then 0 < p; < 1
(k=1,...,ip —2) and p;,—1 must have the value 0 or 1. In this case £ has finite
support (see Skibinsky [17]). If ¢ > ¢; for all i € N, we formally put ig = co and
the canonical moments are defined for all i € N. The following theorem relates the
spectral measures of the random walk polynomials and first associated polynomials

in terms of canonical moments.

Theorem 2.1. Letpi,ps,... denote the canonical moments of the spectral measure
¥ in the representation (LT)), ¢; = 1 — p; and define ¢ as the probability measure
with canonical moments q1,qz,qs, . ... Then the first associated polynomials are or-

thogonal with respect to the measure (1 —t2)di)(t); more precisely the corresponding
probability measure is given by

(2.2) Ap () = ——(1 — )i (1)

Uoay
Proof. Define ¢; = gj—1p; (j > 1);q0 = 1,¢{o = 0, by Corollary 2.3.5 in Dette and
Studden [4] the monic orthogonal polynomials with respect to the measures di)(t)
and (1 — 2)dy(t) satisfy the recursive relation [Py(t) = 1, P_1(t) = O,Po(l)(t) =
1, PY (1) =],

(2.3) Pja(t) = (t+1—2¢;5 —2¢;+1)P5(t) — 4¢-10; Pi-1(1),

(24) P () (t+1 = 2Gaj12 — 2Cay43) PV (1) — 4Caj41Goj2 P2, (8),
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respectively. Because the random walk polynomials R;(t) are also orthogonal with
respect to the measure di(t), we have from the monic form of (IC3)

(2.5) — 142G + 2041 = h; (0<7 <io),

4Coj-1C2; = wujd; (1 <j <ig).
Inserting these identities into (2:4) and comparing the resulting recursion with the
monic form of (I.6) shows that the polynomials Pj(l)(t) are the monic version of

the first associated polynomials R;l)(t), ie.
dpM () = ¢- (1 —t2)dy(t).

For the determination of the remaining constant we use Remark 2.3.7 in Dette and
Studden [H] and obtain from (25

1
= / () = ¢~ 4G1Ge = cuody,
-1
which completes the proof of Theorem 2.1. O

Remark 2.2. Note that Theorem 2.1 gives a new characterization of the measure of
orthogonality corresponding to the first associated orthogonal polynomials, which
is different from the representations commonly used in the literature (see e.g. Sher-
man [15] or Grosjean [4]). For example, it is shown in Van Assche [19] that the
Stieltjes transform of the orthogonality measure corresponding to the first associ-
ated orthogonal polynomials is given by the equation

(2.6) /dw“)(y) / dy(y) _ 1 /y—hodw(y),

T—Yy r—y updy r—Yy

and 1) could be determined from 1) by the Stieltjes inversion formula. If the
measure 1 is supported on a compact interval, the measure 1)(!) can be alternatively
characterized by simply switching the canonical moments of 1) and an application

of (22)).

Proof of the identity (L9) in Theorem 1.1. From the identity (Z86) and Theorem
2.1 we obtain for all |z] < 1

(2.7) z2/ -y / B (t) =—1+(1—hoz)/ dy(t)

1 1—-1tz 11—tz 11—tz

or equivalently

1 2 7 -1 1
Powesf ) - L
= Y Po(Xn=0)2" = Ryol2)
n=0

where Pyo(z) denotes the generating function of the return probabilities to the
origin and the second equality follows from the integral representation ([ITJ). If

_ 1
P()o (Z)

FQ()(Z) = Z P()(T() = n)z" =1
n=0
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denotes the generating function of the first return probabilities to the origin, we
obtain

o1 2\
Foo(z) = hoz+22/ (11157)55}@)
-1 -

and an expansion of the right-hand side yields for n > 2 the representation (L9) in
Theorem 1.1, i.e.

1 1
fo = Po(To = n) = / =2(1 — 2)dp () = uody / =24 (1),

—1 —1

Proof of the identity ([L8) in Theorem 1.1. The proof of the remaining identity now
follows by induction. For z =1 we have from (L.9)

o= n+1_d/ - ldwl()—uOdl[ e RV )y ().

Similary, we have from the orthogonality relation (1)
fo = 0=ud [ BDO@OW,
1

1
f20 = dids = uods / tR (£)dyp ™D (1),

Conditioning on X3 now implies

fzn,o = _{JmH h1f1n,o}

ugdy

- / 7Y (= b)Y (0dy D () = wody / RO (e

U1

where the last identity follows by the recursive relation (LB). The general step for
x4+ 1 > 2 follows by exactly the same argument, i.e.

1
;l+1,0 = { n+ dxf;?—l,o - hzf;l,o}

_ o / (= ho) R, (1) — do RO, (6) D (1)
-1

Uy
- uOdl/ LR (5 (1),
This completes the proof of Theorem 1.1. O

Proof of Corollary 1.2. Let PY govern the birth and death chain (Xn)nen, with
one-step transition probabilities (y € Np)

u; Ujtys
(28) ) deryv
h] - hj+y7
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for birth, death and no transition, respectively. From Theorem 1.1 we have for
z>yn>1

1
(2.9) n = P,(T,=n)=PY (T =n)=iod / e RY (4)dg(t)

-1

Ty T—y r—y—1

where R;l)(t) are the first associated orthogonal polynomials defined by the recur-
rence relation R(fi (t) =0, Rél)(t) =1,
5(1 - 50 ¢! i a0
tRO(t) = a1 R (8) + byt RO () + dja R, (2)
(1 (1 (1
= Uj+y+1R§-+)1 (t) + hj+y+1R§' )(t) + dj+1+yR§'_)1(t)
and ¢ is the corresponding probability measure of orthogonality. The assertion

of the Corollary now follows from (2.8), ([2.9) and the recursive relation for the
(y + 1)th associated orthogonal polynomials. O

3. EXAMPLES

In general the calculation of the associated orthogonal polynomials and the cor-
responding measure of orthogonality is difficult and can only be done in very special
cases (see e.g. Nevai [14], Grosjean [8] @]). The following examples demonstrate
that in some cases the results of Sections 1 and 2 can be useful for the identification
of associated orthogonal polynomials and for the calculation of first return proba-
bilities. The examples illustrate some applications of Theorem 2.1 in the context
of orthogonal polynomials and demonstrate potential applications in the context of
birth and death chains.

Example 3.1. Let ¢ denote the Beta distribution on the interval [—1,1] with
parameters —1 < a < 0,8 =—-1—aq, ie.
dip 1 1
e (1—0)*(1 47, te(=1,1).
T B(a7_1_a)( )*(L+1) (-1,1)
The corresponding orthogonal polynomials are proportional to the Jacobi polyno-
(a,—1—a)

mials Pp (x) and the canonical moments of 1 are given by
1 j-1-a
1 P e N R
D2j 27 P2j—1 2j_1 (‘7* )
(see Skibinsky [16]). From Theorem 8.2.5 in Dette and Studden [4] it follows easily
that 1) is the spectral measure of a random walk if and only if &« = —1/2. This case

yields p; = 1/2 (j € N), uwp = 1,u; = dj = 1/2 (j € N) and some probabilistic
aspects of the corresponding birth and death chain will be discussed in Example
3.2.

By Theorem 2.1 the measure corresponding to the first associated orthogonal
polynomials is given by diy(V)(t) = (1 — t2)dip(t), where ¢ has canonical moments
ﬁj =1 _pj7 i.e.

I YRR

57 DP2j—1 = 27 — 1

The measure corresponding to the canonical moments p; is again a Beta distribution
with density

ﬁ2j =

dl; _ 1 —1l—a [e%
EE_EFIiEIEO_ﬂ (L+1)*, te(-1,1)
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(see [16]). Consequently (1) has a density proportional to (1 —¢)~*(1 + t)!+e
l—a)®

and the first associated Jacobi polynomials P,(fy’ 1=a) (x) are proportional to the

Jacobi polynomials piette) (z). This relation was already found by Grosjean [9]

using a special structure of the corresponding weight function and by Wimp [22]

[formula (40)] as a special case of a representation for the c-th associated Jacobi
polynomial in terms of generalized hypergeometric functions.

Example 3.2. A simple example of a birth and death chain is the symmetric ran-
dom walk with reflecting barrier for which the transition probabilities are given by
up=1,u; =dj =3 (j > 1) and h; = 0 (j > 0). It follows from Karlin and McGre-
gor [12] that the corresponding spectral measure is the arcsine distribution on the
interval [—1, 1] and the random walk polynomials are the Chebyshev polynomials
of the first kind, i.e. R,(t) = T,(t) = cos(narccost). It is well known (see e.g.
Wimp [22]) that the corresponding associated orthogonal polynomials of order y

are given by the Chebyshev polynomials of the second kind, i.e. Rgll)(t) =U,(t),

i 1) arccost]
@ (4) — 9 _ 2sm[(n + > 9
B (1) Un(t) sin[arccost (v=2)

with corresponding probability measure di(¥) (t) = %\/1 — t2dt. Now Corollary 1.2
implies for the first return probabilities f;', =0 if x +y +n is odd (z > y) and for
x +y+n even (x > y) we obtain

1
no= uydy / LR, (00

1
= l/ t" Uy (1)1 — t2dt

- - / (05" (s) cos((z — 4)s) — cos"(s) cos((z — y + 1)s)}ds
0
1

- n 1 n—1 Ty n
~ on n*;’ﬂ/ T on-1 n*§+y —1) npon n*;’ﬂ/

where the third equality follows from the trigonometric representation of the Cheby-
shev polynomials of the second kind and the last identity is a consequence of a
standard formula (see Jolley [10], eq. 55) for trigonometric functions.

Example 3.3. Consider the polynomials defined by Py(x) =1, P_1(z) =0,
(3.1) Py (x) =2V ""[T () — aTy—2(z)] (n>2)

where a € (—1,1) and T, (x) = cos[n arccosz| denotes the Chebyshev polynomial
of the first kind. Grifispun [7] obtained the three term recurrence relation

(3.2) P, (z) =xPy_1(x) — Ay Pr_2(z) (n>2)
where
1+a 1—a 1
. = — \q = VAR = — 2 .
(3 3) )\2 9 ) >\3 4 ) A 4 (n 4)

He also found the corresponding probability measure of orthogonality which is given
by
dp 1 1—a? 1

3.4 = —
(3:4) dr 7 (1+a)?—4ax? /1 — 22’

x € (-1,1).
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Comparing the recurrence relation (3.2) with the general form (23) we obtain for
the canonical moments of the probability measure 9 : paj_1 = % j>1
_1+a 1

3.5 = L= — j > 2).
() b2 27292;2(3_)

By Theorem 8.3.1 in Dette and Studden [4] there exists a unique birth and death
chain corresponding to v with transition probabilities given by ug = 1,u; = 1-d; =
(1 —a)/2 (j € N). The dual spectral measure ) belongs to the same class and is
given by

dp 1 1-a? 1
de 7 (1 —a)?+4ar? /1 — 22’

By Theorem 2.1 the first associated orthogonal polynomials are orthogonal with
respect to the probability measure

dyp™) 2 1—a?
= V1-a2.
dx (14 a) (1 —a)? + 4ax? v

Now results of Geronimus [6] show that the monic version of the first associated
polynomials corresponding to (3:1) is given by

(3.6)

z € (—1,1).

1+a

P (x) = 27" [T () + Un—2(2)]

where U,,(x) denotes the Chebyshev polynomial of the second kind.

Example 3.4. Consider a birth and death chain with reflecting barrier at the
origin (i.e. ugp = 1) and
o= —J_ g It
T2 Y 2541
The first associated orthogonal polynomial are given by the recursive relation
RV (1) =t,RY (1) =0,

(2 + 3RS (1) = G+ DR () + (G + 2R (0 (G2 0)
and can be identified as ultraspherical polynomials, i.e.
(3.7) RV () = 2 (1) = Py (1)

where Pj;1(t) denotes the (j + 1)th Legendre polynomial orthogonal with respect
to the Lebesgue measure (see Szegé [20], pp. 80-83). The corresponding probability
measure of orthogonality has density 3(1 — ¢)I|_; 1)(¢). By Theorem 1.1 the first
return probabilities to the origin are obtained as f;'q = 0 if 2 + n is odd and as

(j eN).

1 1
7o = 5/ Pt (1 — t?)dt

- 3 / P(t)t" 2 {n— 1~ (n+ 1)¢2}dt

LT

F(n;z T 1)F(n+;’+3)

1
= Zx(x +1)

if x + n is even. Here the last equality follows by straightforward algebra using
formulae (22.13.8) and (22.13.9) in Abramowitz and Stegun [1].
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Example 3.5. Our final example illustrates how the results of Sections 1 and 2
can be used for the investigation of the long term behaviour of the first return
probabilities of a random walk with a finite state space and reflecting barriers.
Consider for A > 0 the birth and death chain with finite state space {0,..., N},
with one step transition probabilities ug = 1,

J .
uj = ———=1-—4d; 1<j<N
J 2(] 4 )\) J ( > )
and uy = 0,dy = 1. We will show that the first return probabilities to the origin
converge to 0 with a geometric rate bounded by

(3.8) f20 = O((cos Nx)")
(n + x even) where
Ja—1/2

{(N+2)2 + (1 —4/72)A1 = N)}/2

Ia—1/2
{(N +X)2+ X1 —)\)/3}1/2
and jy_1/2 denotes the minimal positive zero of the Bessel function Jy_;/2(z). To
this end note that by (23] the canonical moments of the spectral measure v are
given by pa;j—1 =1/2 (1 <j < N),ps; =d; (1 <j< N-1)and psy = 1. Therefore
the measure ¢ has canonical moments poj_1 = 1/2 (1 < j < N), pon =0 and

~ J .
=u; = ———, 1<j<N.
p2] u] 2(] =+ )\) ) =]
By Theorem 2.5.1 and 4.3.1 of Dette and Studden [4] the support of 1 is finite and
given by

if 0<A<1,

Ny
it A>1,

supp(¥) = {2|C{’ (x) = 0}

where C,ia) (x) denotes the kth ultraspherical polynomial (see Szego [20], p. 80). If
xn A denotes the largest zero of CJ(\?‘) (x), then Theorems 1.1 and 2.1 show that

. T+2) [ o . .
20l < gy [ T R O10 = £)6(0) = Ok,
Now the assertion (B8] follows by an application of bounds for the zeros of ultras-
pherical polynomials (see e.g. Laforgia [13], p. 216).
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