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COTLAR-STEIN LEMMA AND THE 7t THEOREM
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(Communicated by Christopher D. Sogge)

ABSTRACT. In this note we give a generalization of the Cotlar-Stein lemma
and using this lemma we give a new proof of a special case of the T'b theorem
which, in general, was proved by David, Journé and Semmes.

1. INTRODUCTION

Let € denote the subset of R™ x R"™ defined by z # y for all z,y € R". A
continuous linear operator T' : CJ(R™) — (C¢)'(R™) for n > 0 is said to be a

singular integral if there exist an exponent ¢ € (0, 1], a constant C' and a function
K defined on 2, such that

(1.1) |K (z,y)| < Clz —y|™",
—n—e 1
(1.2)  |K(z,y) — K(z,y")| < Cly =yl — y| for [y — /| < Sz =yl

1
(13)  [K(z,y) - K@, y)l < Cle —2'[Fle —y| 7" for [z — 2| < S|z —yl,

and, finally,

(1.4) T(f)(x) = - K(z,y)f(y)dy
for every function f € CJ(R") and every x ¢ support of f.

Since the Fourier transform and Plancherel’s formula are strictly limited to con-
volution operators, a basic problem asked first by Zygmund was how should one
attack these nonconvolution operators? M. Cotlar provided an interesting approach
to such problems. This approach is the following lemma. The first version of this
lemma is due to M. Cotlar and the second version was found independently by
M. Cotlar and E. Stein. We now state the well-known Cotlar-Stein lemma.

Cotlar-Stein lemma. Let T; : L*(R") — L*(R"), j € Z, be bounded linear
operators with adjoints T7. Suppose that there exists a sequence w(j)>0,j5€Z,

such that Ziooo(w(j))% < 00, and
(1.5) |T; Tkl <w(i—k), foralljkeZ,
(1.6) ITTE) < w(j — k), for all j,k € Z.
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Then the series Y. _T; converges in L*(R™) and ||T|| < 3% (w(§))?, where
T = Ziooo T;.

Using the first version of this lemma, Cotlar first gave a new proof of the bound-
edness of the Hilbert transform on L?(R) without using the Fourier transform and
Plancherel’s formula ([C]). A second application of this lemma came in [KS| when
Knapp and Stein were studying singular integral operators on nilpotent Lie groups.
The Fourier method did not work but the Cotlar-Stein lemma was a successful tool.

A third application was obtained by A. Calderén and R. Vaillancourt ([CV]).
They studied pseudo-differential operators with the symbol o(z,&). They cut
o(z,§) into elementary blocks defined by o(x, €);(x,§), j € Z. The cut-off func-
tions ¢;(x,&) € CS°(R™ x R™) have the sharpest localization in the phase space.
Then the Cotlar-Stein lemma applies to the corresponding operators defined by
these elementary symbols o(z, §)p;(z,§).

The proof of the remarkable T'1 theorem of David and Journé was another appli-
cation of the Cotlar-Stein lemma ([DJ]). Using paraproduct operators, they reduced
the proof of the original T'1 theorem to the case where T satisfies the conditions of
the T'1 theorem and, moreover, T'1 = T*1 = 0. To be precise, let P; be operators
defined by convolution with the kernel 6;(z) = 2"70(2/x) where § € S(R™) and
J0(x)dx =1. Put Q; = Pj41 — Pj. They decomposed T into

oo oo o0 (o]
(1.7) T =) (Pjj1TPiy1 — PTP) => QTP+ > PTQ;+» Q;TQ;.
— 0o — 0o —0o0 —0o0
Now the Cotlar-Stein lemma applies to > Q;TP;, Y. P;TQ;and > _Q,TQ;,

respectively.

The T'1 theorem was generalized by the so-called Tb theorem ([MM], [DJS]).
However, the proof of the T'b theorem was very complicated. One does not know
how the Cotlar-Stein lemma can be applied to prove the Tb theorem, and one does
not even know if it is possible.

In this note, we first give a generalization of the Cotlar-Stein lemma. Using this
generalization of the Cotlar-Stein lemma, we give a new proof of a special case of
the T'b theorem.

2. A GENERALIZED COTLAR-STEIN LEMMA

The generalized Cotlar-Stein lemma. Suppose that b is a bounded real-valued
function and b > § > 0. Let T; : L>(R™) — L*(R"), j € Z, be bounded linear
operators with adjoints T, and let My be the multiplication operator by the function

b. Suppose that there exists a sequence w(j) > 0, j € Z, such that Ziooo(w(j))é <
00, and

(2.1) T MTk|| <w(j — k), forall j,k €Z,
(2:2) IT M| < w(i — k), for all juk € Z.
Then the series Y.°°._T; converges in L*(R™) and ||T|| < 6~ 32 (w(4))? where
T = Ziooo T;.
Proof. We first consider the finite sums S = Sy = EJXN T;. Since b is a real-valued
function and b > § > 0, it is easy to see that

I1S112 = [|5*S[| < 6~ 1|S* MyS|l.
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Since S*M,,S is a self-adjoint operator, for every integer n > 1,

(2.3) [S)12" < (6= 1)@ =D S* My SMyS* My,S - - - My, S* My, S M, S* MyS|.

We write

S*MySMpS™ MyS - - - MypS™ MypS My S™ MpS

N N N N N N
= Z Z Z Z Z Z Tj*1 MkaleTg'*z MyTy, My

Ji=—Nki=—=N jo=—Nko=—=N jon—1=—N kyn_1=—N

e T;;nfl Mkaz"Hl :
We now follow [S| and estimate ||T7, MyTy, MyTj, MyTi, My --- T MyTh,,_, ||

in two ways, and then take the geometric mean of the two estimates to get
(2.4) 1T My T, My T, MyTi, My -+~ T, MyT
< (@(0) 2 (@(ir = ka))? (w(ks — 52))*
o (ko1 _y = Gon=1))? (@(jzn—1 — kgn1))?.
Let 0 = 3% (w(j))?. Putting (Z3) and (ZF) together gives

7 <60 2N + 1) (w(0) 70" !

|

IS

or
I15]12" < 6@ "D @N +1)2 " (w(0)2 o2
Letting n tend to infinity, we obtain
1S < 5 to.

This proves the generalized Cotlar-Stein lemma.

3. A SPECIAL CASE OF THE 7'b THEOREM
A special case of the Tb theorem. Suppose thatb is a bounded real-valued func-
tion, b >8>0 and T : CJ (R™) — (C{)(R™) for n > 0 is a singular integral. Sup-
pose further that T'(b) = T*(b) = 0 and the operator MyT M, satisfies the following
weak boundedness property:

(3.1) (ML T My (f), 9)] < CE"F27| flnlgl

for all n > 0, all cubes Q with diameter at most t > 0 and all f,g € CJ(R")
supported in Q, where

[f(z) = f(y)l

| f[ly = sup
! ey T =yl

and Cil(R™) is a collection of all f with ||f|, < co and having compact support.

Then T is bounded on L*(R").

To prove the above special case of the T'b theorem, we follow [MC]| and first prove
the following lemma.



1700 Y.-S. HAN AND J. ZHANG

Lemma (3.2). Suppose that b is a bounded real-valued function and b > § > 0.
Let w(z,y) = C(1+|x—y|) "¢, for some C,e >0, and w;(z,y) = 2"w(2z, 27y).
We suppose that

T,(0)@) = [Ty

n

where

(33) Tj(z, )| < w;(z,y).

Furthermore, there is an exponent 0 < 3 < €, such that

(3.4) Ty (2, y) = Tj(z,y")] < 27y — y'|P{w;(@,y) + wj(z,y")},
(3.5) Ty(2,y) = Tj(2',y)| < 27°(w — 2/ | {w;j(z, y) + wi(=',9)},
and T;(z,y) also satisfy

(3.6) /Tj(x,y)b(y) dy=0 forallzeR",

(3.7) /Tj(x,y)b(x) de =0 forally e R™.

Then there exists a constant C(,€,n,b) such that
[e.e]
2.7

To prove Lemma (B.2), first, it is easy to see that the kernel of 77 MTj, is

(3.8) < C(B,e,n,b).

Ajalo) = [ Ty Tiery) d

while that of T; M, T} is

Bia(o.y) = [ Ty(o Ty 2) d,

We now claim that

(3.9) 1T M, T || < 02~ (=B)li—kl
and
(3.10) | T; M Ty || < 2= (E=Rli—kl,

Assuming (B.9)) and (3.10)) for the moment, the proof of Lemma (B-2) now follows
from the generalized Cotlar-Stein lemma with w(j) = C2=E=Alil for 0 < g < e.
We now prove (89) and (3I0). In fact, we have the following estimates:
9—(iAk)(=—B)
(20 1z — gt )
9—(iAk)(=—B)
(2=GAR) f |z — y[)nt =)
where a A b denotes the minimum of a and b.
Now (BH) and BIM) follow from BII)) and (BI2), respectively. The proofs of

(BII) and (3I12) are the same as the proofs given in Lemma 2.10 of [H| (see pages
66-67 of [H]).

(3.11) |Aj o (z,y)| < 027 A=k

(3.12) |Bj i (2, y)| < €27 Al=H
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We return to the proof of a special case of the T theorem. To establish the
L? boundedness of T, we must expand T appropriately as T = ZC:OOO T; and then
Lemma (32)) can be applied to T;. To do this, we follow Coifman’s idea (see [D.IS]).
Let O(x), x € R™, be a positive C* function depending only on |z|, whose support
is contained in |z| < 1 and [@(z)dz = 1. Let S; be the operators defined by
convolution with 0;(z) = 29"0(27z). Put P; = S;{S;M,}~'S; and Q; = Pj4+1 — P;.
It is easy to check that P; — %I as j — oo and P; — 0 as j — —oo in the strong
operator topology, where [ is the identity operator. Now the weak boundedness
property implies that

o0
(3.13) T = Z(PjHMbTMijJrl — P; My T M, P;)

= ZQijTMij + ZPijTMij + Z QijTMij.
—oo —oo —oo

Now Lemma (B.2) applies to each of the above three series as the same line given
in [MC]. In fact, a more precise result is valid: the condition T'(b) = 0 together
with the weak boundedness property of T is enough to deal with the first series;
T*(b) = 0 and the weak boundedness property of T are needed for the second; the
final series requires only the weak boundedness property of T

We now consider the first series. Let P;j(z,y) be the kernel of P; and Q,(x,y) =
Piii(z,y) — Pj(z,y). The kernel T}(x,y) of the operator Q;M,TMyP; can be
calculated by

(3.14)
Ty(,y) = / / Q; (2, Wb () K (u, 0)b(0) Py (0, ) du do = (Q; (), MyT My Py (- )

where K (u,v) is the distribution kernel of T'.
Notice that P;(x,y) satisfies the following conditions:

3.15) Pj(z,y) =0 if |z —y| > 27 and || Pj|| < C27™,
3.16) |Pj(a,y) = Pj(z,y")] < C270 D]y —y/|,
17)
18)

3.17 |Pj(z,y) = Pi(a’,y)| < C2 D)z — o],

(
(
(
(3.18 [ Py = [ Pz do =1

We first check that Tj(z,y) satisfies (B3). In fact, if |z —y| < 8277, then by the
weak boundedness property of MyT M, we obtain

Ty (z, )| = (Qj(x, ), MyT MyP;(-,y))| < C277" Qs (@, )|Lip, |1 P, 1) l|Lip,
< C02~1(n+2)9i(14n)9j(1+n) _ r9jn < wj (z,y)

since |z — y| < 8277, If [z — y| > 8277, then by the condition that Q;(b) = 0,

T (2, )| = ‘// Qj (@, u)b(u)[K (u,v) — K(z,v)]b(v) P;(v,y) dudv

T —ul®
<c [[1a@ol S P el dudo
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since |z —y| > 8277 |z —u| <2277 and |v — y| < 2277 imply |z — y| ~ |u — ]

277
S CW <wj(,y).

We now check that T} (z,y) satisfies B4). If |y —y'| > 277, then ) follows
from (33). So we only consider the case where |y —y/| < 277, If |z — y| < 8277,
then by the weak boundedness property of MT M, we obtain for 0 < § < ¢,

T3, ) — T ()| = \ / / Q; (ar, w)b(u) K (1, 0)b(0) [Py (0, ) — Py (v, ")) dus

< C2770 ) Qj(, wip, 1P5 (-, y) = P (9 lLip,
< szj(n+2)2j(n+1)2j(n+2)|y _ y/|

<2V y —y| < 2P|y — o/ |Pw; (=, y).
If |z — y| > 8277, then by the condition that Q;(b) = 0,

Ty(x,y) — Tj(x,y')|

‘/ Qj(z,uw)b(u)[K (u,v) — K(z,v)]b(v)[P;(v,y) —Pj(v,y’)] dudv
/ 234”7@_71'E 210+ |y — /| du dv
|z—u|<21=3 J|v—y|<21—J |x_y|n+e
. —je
< C2y — yl T e
| lw—yW“

<28y — o/ 1Puwj(z, y).

The proof of (3H) is the same. ([BE) follows from the fact that P;(b) = 1 and
T(b) = 0, and ([BX) follows from the fact that Q}(b) = 0. All other proofs are
similar. We leave all these simple calculations to the reader.

The proof of a special case of the T'b theorem now follows from Lemma (B2).

4. SOME REMARKS

Using paraproduct operators and the proofs given in section Bl one can prove
the following T'b theorem.

The Tb theorem. Suppose that b is a bounded real-valued function, b > 6 > 0 and
T : CJR"™) — (CJ)(R™) forn > 0 is a singular integral. Suppose further that
T(b) € BMO and T*(b) € BMO, and the operator MyT M, satisfies the following
weak boundedness property:

(3.1) [(MTMy(f), 9)| < CE 27| flyllglly

for all n > 0, all cubes Q with diameter at most t > 0 and all f,g € CJ(R")
supported in Q.
Then T is bounded on L*(R™).

We leave these details to the reader.
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