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ABSTRACT. Let Th,...,Tn € B(H) be bounded operators on a Hilbert space

‘H such that T3T7 + --- + TTy < Iy. Given a symmetry j on H, i.e.,
2

j? = j*j = Iy, we define the j-symmetric commutant of {T4,...,Tn} to
be the operator space
{A € B(H) H ,I'ZAA:]AA’TZ7 = 1,...,7’1}.

In this paper we obtain lifting theorems for symmetric commutants. The
result extends the Sz.-Nagy—Foiag commutant lifting theorem (n = 1,j = Iy(),
the anticommutant lifting theorem of Sebestyén (n = 1,5 = —I3), and the
noncommutative commutant lifting theorem (5 = I5¢). Sarason’s interpolation
theorem for H* is extended to symmetric commutants on Fock spaces.

1. LIFTING THEOREM FOR SYMMETRIC COMMUTANTS

Let F,} be the unital free semigroup on n generators si, ..., sy, and let e be its
neutral element. For any o := s;, ---s;, € F,, we define its length |o| := k, and
le] = 0. On the other hand, if T; € B(H), ¢ =1,...,n, we denote T, :=T;, --- T,
and T, := Iy.

Let us recall from [PoT], [Po2], and [Pod] a few results concerning the non-
commutative dilation theory for n-tuples of operators. A sequence of operators
T :=[T1,...,T,], T; € B(H),i=1,...,n, is called contractive (or row contraction)
it Ty + -+ T, T < Iy. We say that a sequence of isometries V := [Vi,..., V]
on a Hilbert space K D H is a minimal isometric dilation of 7 if the following
properties are satisfied:

(i) ivi* + -+ V, V¥ < Ix;

) V¥ =17 i=1,...,m
(iil) K=V epr VaH.
Consider the full Fock space on n generators
F*(H,):=Clo @ HF™,

m>1
where H, is an n-dimensional complex Hilbert space with orthonormal basis
{e1,ea,...,e,} if n is finite, and {ej,eq,...} if n = co. For each i = 1,2,...,
let S; be the left creation operator with e;, i.e.,

2
Si=e;®E, &€ F(Hy).
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As in [Pol], let us define D7 : @?:1 H— 69?:1 Hby Dy := (169;‘:1 w—T*T)/?
and set D := D7 (@)_, H). Let D; : H — F?(H,) @ D be defined by
D;h:=1® D7(0,...,0,h,0,...,0) ®0®0---.
——
i—1 times
Consider the Hilbert space K := H @ (F?(H,) ® D) and define V; : K — K by
Vi(h® (£ ®d)) :=T;h ® (Dih + (S; @ Ip) (€ ® d))

for any h € H, ¢ € F?(H,,),d € D. Notice that
T 0
Vi= [Di Si® ID}

with respect to the decomposition K = H & (F?(H,) ® D). It was proved in [Pol]
that the sequence V := [V4,...,V,,] is the minimal isometric dilation of 7, and it is
uniquely determined up to an isomorphism. Let Hg := H and

(1.1) MHi:=He1 V() VaHror) ifk>1
|a|=1

Notice that K = \/Z’;O Hi, Hi € Hgt1, and all subspaces Hj are invariant to
each V;*,i=1,...,n. On the other hand, we have H; = H & D and

(1.2) Hi=H& P ea®D ifk>2,
la|<k—1
where {€q}, cp+ is the canonical basis of F?(H,) generated by ey, ..., ey, i.e., eq =

ei, @ - Qe if :=s; -5, €F' and e, =1 if @ = e. Denote by Py, the

n?

orthogonal projection from X onto Hj, and notice that
Py, Vi=ViPy, forany i=1,...,n,

and k=0,1,....
Let us recall from [Se] the following consequence of Krein’s self-adjoint extension
theorem [K].

Lemma 1.1. Let M, M’ be Hilbert spaces, N C M, N’ C M’ be subspaces,
and X € BN, M), X" € B(N", M) be bounded operators. Then there exists
Y € B(M, M) such that Y|y = X and Y*|n» = X' if and only if

(1.3) (Xh,h'y = (h,X'D)
for any h e N, b/ € N. Moreover, Y can be chosen of norm max{|| X]||, | X"||}

Proof. Let A: N @& N' — M @ M’ be defined by

0 X’

X 0
and notice that ||A|] = max{||X]|[,||X’||}. Since (1.3) holds, A is a symmetric
operator, i.e., (Az,y) = (x, Ay) for any z,y € N & N’. According to Krein’s self-
adjoint extension theorem [K], there exists B € B(M & M’) such that B = B*,
Blyen' = A, and |B|| = ||A]|. The operator Y € B(M, M) defined by YV :=

Py Bl am, where Pay is the orthogonal projection from M @ M’ to M’; has the
required properties. ([l
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Let T :=[T4,...,T,], T; € B(H), be a row contraction, V := [V1,...,V,] be its
minimal isometric dilation on L O H, and Hx C K, kK = 0,1,..., be defined by
(1.1). Let j € B(H) be a symmetry on H, i.e., j2 = j*j = Ip.

We say that A € B(H) is in the j-commutant of {T1,...,T,} if and only if

T;A=jAT; foranyi=1,...,n
The main result of this paper is the following lifting theorem for j-commutants.

Theorem 1.2. Let T :=[T4,...,Ty,] be a row contraction with T; € B(H) and let
V= [V1,..., V4] be its minimal isometric dilation on K 2 H. Let j be a symmetry
on H and let J € B(K) be a contraction such that each Hy, k =0,1,..., reduces J
and Jly =j. If A € B(H) is in the j-commutant of {T1,...,T,}, then there exists
Ay € B(K) in the J-commutant of {V1,...,V,} such that

gl = A" and [|A;] = [|A]l.

Proof. We use the notation and preliminaries preceding the theorem. Our goal is
to construct a sequence Ay, € B(Hy), k=1,2,..., with the following properties:

(1) Aplr, . =451 .

(i) Arlyr vir, = Qlizy Pr JVidAk—1 Vi) v vt o5
(111) P’Hk J‘/;Akflka_l = AkPHkV;‘, 1= ]., ey Ny
(iv) [|[Akll = [[Ax—1] = [ Al.

Once this is established, since I = \/;o=O Hy, it will be easy to see that the
limit A% := SOT — limp—oo A} Py, exists and A has the stated properties in the
theorem.

Our first step is to show that A; exists with the above-mentioned properties,
when k = 1. Since PyJ = JPy, J|n = j, A € B(H) is in the j-commutant of

{Ty,...,T,}, 7> =1, and V is the minimal isometric dilation of 7, we have
(O P, JViAV) (> Vihi), ) ZPHJVAh“ h) Z]T Ah;, h)
i=1 i=1 i=1 i=1
Z]QAT hi, h) = ZPHT hi, A*h)
i=1 i=1

= <z": Vihi, A*h)
i—1

for any h;, h € H. On the other hand, since ||J|| < 1, Py, J = JPy,, and V4,...,V,
have orthogonal ranges, we have

n

I Pra JVAV) (Y- Vi) [P = 1| - TVidhs

=1 =1 =1
< - Vidh|? =" || Ahg)?
i=1 i=1

< 1A Vihl .

i=1
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Therefore,

n
1 P, JViAV;)

i=1

ve_virll < A
Now, we apply Lemma 1.1 in the particular case when

M:=M =H,; :z’H\/\/Vi')'(7

i=1

J\/::\n/ViH, N =

i=1

and X € BN, M) is defined by X := (33iL; Py, JV;AV")|yn vi3, and X' €
BN, M) by X’ := A*. Therefore, we find A; € B(H;) such that Af|y = A
ALl = |A]l, and Aslyr  vir = (300, Py JV;AVY)
since V; Py = Py, V; and VJV; = 61, we infer that

)

vr_, vin- On the other hand,

(1.4) P, JV; APy = (D Pr, JV, AV, Vi Py
p=1
= A1ViPy = A1 P, Vi

foranyi=1,...,n.
Our second step is to apply again Lemma 1.1 in order to to find Ay € B(H2) such
that A3y, = A7, [[A2]l = |Aull, A2lyr vin, = oty Pro JVidiVio)lye  virys

and, moreover,

(1.5) Py, JV,APy = A1 Py, V,

forany ¢ = 1,...,n. Let k,k;,;i = 1,...,n, be in H;. Taking into account that
JPy, = Py, J, Py, Vi = V;Py, PyA; = APy, and the relation (1.4), we infer the
following

n

<(zn: P, TV A V) (Y Viks), Z Py, JV; Arks k) Z JPy Vi Ak, k)

=1 =1 =1 =1

Z JV; Py Ak, k) Z Py, JV; APk k)

=1 =1
= APy Viki, k) = (O Viki, Atk)
i=1 ]

On the other hand, since ||J|| <1, Py,J = JPy,, and V1, ..., V, have orthogonal
ranges, we infer that

1O Pr, JViALV)Y)

i=1

» Vit || S ||A1 H

(see the first step for similar computations).
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Using Lemma 1.1, we find A with the above-mentioned properties. On the other
hand, since V; Py, = Py, V; and V,JV; = 6, we infer that

n
Py, JViA1 Py, = (Y Pr, JV, AV )V Py,
p=1

= AViPy, = A1Pn,V;

foranyi=1,...,n.
Iterating the process, we obtain at the kth step an operator Ay € B(Hj) satis-
fying the properties (i), (ii), (iii), (iv). The proof is complete. O

Let us remark that in the particular case when n = 1,5 = Iy, and J = I, we
find again the Sz.-Nagy-Foiag commutant lifting theorem [SzET], [SzE2] (see also
[S], [DMP]). The anticommutant lifting theorem of Sebestyén [Se] is obtained when
n=17j=—Iy,and J = —Ix. When j = Iy and J = Ix, we obtain a new proof
of the noncommutative commutant lifting theorem [Pod]. We refer to [Pob], [PaT],
[Po8], [Pa9], and |APal, for applications of this theorem to interpolation in several
variables.

2. SYMMETRIC COMMUTANTS ON FOCK SPACES

For each i = 1,2,..., let S; be the left creation operator with e;, i.e.,
Si€ = e; @&, £ € F?(Hy).

We shall denote by P the set of all p € F?(H,,) which are sums of finite number of
tensor monomials, i.e., p = ap+Y @iy ...i, €5, @ - -@e;, , where ag, a;, .., € C. The set
P may be viewed as the algebra of polynomials in n noncommuting indeterminates,
with p ® ¢, p,q € P, as multiplication. Define F>° as the set of all g € F?(H,,)
such that

9lloc :=sup{llg@pll2 : p € P, |pll2 < 1} < o0

where || - ||2 := || - | p2(#,,)- The Banach algebra F° can be viewed as a noncommu-
tative analogue of the Hardy space H®; when n = 1 they coincide. It follows from
[Po6] that the noncommutative analytic Toeplitz algebra F2° can be identified with
the WOT-closed algebra generated by the left creation operators Si, ... Sy, and the
identity. The algebra F2° was introduced by the author in [Po3] in connection with
a noncommutative von Neumann type inequality in several variables. In particular,
we proved that there is a completely contractive homomorphism

O:FX° — H®B,), [, ) =Ff(A1,..., ),

where f := f(S1,...,S,) € F° and (A1,...,A,) € B, the open unit ball of C™.
This homomorphism established a strong connection between the algebra F° and
the function theory of the open unit ball B™ (see [APd], [PoT]).

We recall from [Po5| the characterization of the commutant of {Si,...,S,}.
Define the flipping operator U : F%(H,,) — F?(H,,) by

U(eil®ei2®.”®eik):eik®'”®ei2 ®e’i17

and let ¢ := Up. It is easy to see that U is a unitary operator, which satisfies
Ulp®v) =1 ® @, and U? = I. According to Theorem 1.2 from [Pof|, an operator
A € B(F?(H,)) commutes with {Si,...,S,} if and only if there exists ¢ € F°
such that Ah = h® ¢, h € F?(H,). Notice that A = U*¢(S4,...,S,)U, where
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#(S1,...,S,) is the left multiplication operator by ¢ on the Fock space F?(H,).
In what follows we use the natural identification of ¢ with ¢(S1,...,Sy).

As in [Po2|, we say that an element ¢ € FS° is inner if ¢ is an isometry, and outer
if it has dense range. A family of inner elements {(; : ¢ € J} is called orthogonal if
¢; and ¢; have orthogonal ranges, whenever i # j. A complete description of the
invariant subspace structure of F2° was obtained in [Po2] (even in a more general
setting), using a noncommutative version of the Wold decomposition (see [Pol]). It
follows from Theorem 2.2 of [Po2] that a subspace N of F2(H,) is invariant under
S1,-..,5y if and only if

N =P U U[F*(H,)]
ic€J
for some family {¢; : i € J} of orthogonal inner elements (see also [Pof]).
In what follows we extend Sarason’s result [S| to symmetric commutants on Fock

spaces. Let K be a Hilbert space and let F°®B(K) be the WOT-closed algebra
generated by the spatial tensor product of the two algebras.

Theorem 2.1. Let j € B(K) be a symmetry on a Hilbert space K and let N' C
F?(H,) be an invariant subspace for each Si,...,S:. If X € BIN @ K) is in
the In ® j-commutant of {Pnxer(Si ® Ix)|vek, ¢ = 1,...,n}, then there exists
® € FPRB(K) such that

(2.1) PnekE(U* @ 1)®(U @ 1) = XPyok, [ =[X]],

where E € B(F?(H,) ® K) is the symmetry defined by

(2.2) E(Y ea®ka) =Y ea®jl(ka),

gl a€FL
U is the flipping operator on F?(H,), and Pygx is the orthogonal projection of
F%(H,) ® K onto N @ K.

Proof. Since [PnSi|ary- .., ParSn|a] is a Cp-contraction, according to [Poll, its
minimal isometric dilation is [S1, ..., Sy]. Therefore, the minimal isometric dilation
of [PySily ® Iy ..., PyvSnly @ Ic] is [S1 ® I, ..., Sn ® Ix]. Since Iy ® j is a
symmetry on N ® K, its extension J := Iy, ) ®j is a contraction on F?(H,)®K
satisfying the conditions of Theorem 1.2. Therefore, there exists

A€ B(F*(H,)® K)
in the Ip2(g,) ® j-commutant of {S; ® Ik, ..., S, ® Ik}, ie.,

(2.3) A(S; ®1I) = (Ip2(m,) ® J)(Si ® I)A,
such that
(2.4) PyoxA = XPygx and [|A]| = [ X].

Notice that the operator E defined by (2.2) is a symmetry on F2(H,,) ® K and
(2.5) E(S; ® Ix) = (Ir2(m,,) ® j)(Si @ I)E.
Using (2.3) and (2.5), we infer that
EA(S; ® Ix) = E(Ip2(m,) ® j)(S; ® I)A
= FE*(S; ® )EA = (S; ® ) EA.



LIFTING FOR SYMMETRIC COMMUTANTS 1711

Therefore EA is in the commutant of {S1 ® Ix,...,S, ® Ix}. According to [Po7],
there exists ® € F*°(H,)®B(K) such that FA = (U*® I)®(U ® I). Since E is a
symmetry, and using (2.4), the result follows. O

Corollary 2.2. Let j € B(K) be a symmetry on a Hilbert space K. Then the
Ip2(p,) ® j-commutant of {S1 ® I, ..., S, ® Ik} is

{EU*@DPUI): ®c FreB(K)},
where E is the symmetry defined by (2.2).

Let us remark that Theorem 2.1 can be used to obtain versions of Nevanlinna-
Pick type interpolation for F,>°. Since the approach is similar to [APd], [Po8§|, we
leave this task to the reader. All the results of this paper hold true if we allow
n = oo.
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