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DOUBLE EXPONENTIAL SUMS OVER THIN SETS
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Abstract. We estimate double exponential sums of the form

Sa(X , Y) =
∑
x∈X

∑
y∈Y

exp (2πiaϑxy/p) ,

where ϑ is of multiplicative order t modulo the prime p and X and Y are
arbitrary subsets of the residue ring modulo t. In the special case t = p − 1,
our bound is nontrivial for | X | ≥ | Y| ≥ p15/16+δ with any fixed δ > 0, while

if in addition we have | X | ≥ p1−δ/4 it is nontrivial for | Y| ≥ p3/4+δ.

1

Let p be a prime and let Fp be a finite field of p elements. For an integer m ≥ 1
we denote by Zm = {0, . . . ,m− 1} the residue ring modulo m. We also identify Fp
with the set {0, . . . , p− 1}.

Finally we define e(z) = exp(2πi/p) and use log z for the natural logarithm of z.
Throughout the paper the implied constants in symbols ‘O’, ‘�’ and ‘�’ may

occasionally, where obvious, depend on the small positive parameter ε and are
absolute otherwise (we recall that A� B and B � A are equivalent to A = O(B)).

We fix an element ϑ ∈ Fp of multiplicative order t, that is,

ϑs 6= 1, 1 ≤ s < t, ϑt = 1,

and consider double exponential sums

Sa(X , Y) =
∑
x∈X

∑
y∈Y

e (aϑxy) ,

where a ∈ Fp and X , Y ⊆ Zt. We also put Sa(X ) = Sa(X , X ).
These sums are close relatives of the sums

H∑
x=1

e (aϑx) and
H∑
x=1

χ(gx + a),
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where 1 ≤ H ≤ t and χ is a Dirichlet character of modulus p (see [7, 8, 9, 10]
and [4], respectively), and also of the sums∑

u∈U

∑
v∈V

e (uv) and
∑
u∈U

∑
v∈V

χ (u+ v) ,

where a ∈ Fp, U , V ⊆ Fp. Such sums are well known in the literature and have
proved to be useful in many applications; see [3, 5, 6, 11, 12] as well as Problem 14.a
to Chapter 6 of [13], and the references therein.

In the case X = Y = Zt it has been shown in [1, 2] that

max
a∈F∗p

|Sa(Zt)| � tp1/2τ(t),

where τ(t) is the number of integer divisors of t. In this paper we estimate sums
Sa(X , Y) for arbitrary sets X and Y.

In the special case that both sets are of the same cardinality | X | = | Y| = N
and t = p− 1, that is, ϑ is a primitive root of Fp, our estimates are nontrivial for
N ≥ p15/16+δ with any fixed δ > 0. Further examples are given below.

Our results rely on the following estimate for certain double exponential sums
from [1]; see the proof of Theorem 8 of that paper. Let λ ∈ Fp be of multiplicative
order T . For any a, b ∈ F∗p we have the bound

∑
u∈ZT

∣∣∣∣∣ ∑
v∈ZT

e (aλv + bλuv)

∣∣∣∣∣
4

� pT 11/3.(1)

We also recall the well known fact (see Problem 11.c to Chapter 2 of [13]) that the
number τ(m) of integer divisors of m ≥ 1 satisfies

τ(m) ≤ mo(1).(2)

2

Our main estimate is the following.

Theorem. For any sets X , Y ⊆ Zt, the bound

max
a∈F∗p

|Sa(X , Y)| � |X |1/2| Y|5/6t1/2p1/8+ε

holds.

Proof. For a divisor d|t we denote by Y(d) the subset of y ∈ Y with gcd(y, t) = d.
Then

|Sa(X , Y)| ≤
∑
d|t
|σd|,

where

σd =
∑
x∈X

∑
y∈Y(d)

e (aϑxy) .
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Using the Cauchy inequality, we derive

|σd|2 ≤ |X |
∑
x∈X

∣∣∣∣∣∣
∑

y∈Y(d)

e (aϑxy)

∣∣∣∣∣∣
2

≤
∑
x∈Zt

∣∣∣∣∣∣
∑

y∈Y(d)

e (aϑxy)

∣∣∣∣∣∣
2

= | X |
∑

y,z∈Y(d)

∑
x∈Zt

e (a (ϑxy − ϑxz)) .

By the Hölder inequality we have

|σd|8 ≤ |X |4| Y(d)|6
∑

y,z∈Y(d)

∣∣∣∣∣∑
x∈Zt

e (a (ϑxy − ϑxz))
∣∣∣∣∣
4

≤ |X |4| Y(d)|6
∑

y∈Y(d)

∑
u∈Zt/d

∣∣∣∣∣∑
x∈Zt

e
(
a
(
ϑxy − ϑxud

))∣∣∣∣∣
4

.

Because each element y ∈ Y(d) can be represented in the form y = dv with
gcd(v, t/d) = 1 and ϑd = ϑd is of multiplicative order t/d, we see that the double
sum over u and x does not depend on y. Therefore,

|σd|8 ≤ |X |4| Y(d)|7
∑

u∈Zt/d

∣∣∣∣∣∑
x∈Zt

e (a (ϑxd − ϑxud ))

∣∣∣∣∣
4

= | X |4| Y(d)|7d4
∑

u∈Zt/d

∣∣∣∣∣∣
∑

v∈Zt/d

e (a (ϑvd − ϑvud ))

∣∣∣∣∣∣
4

.

By (1) we obtain

|σd|8 � |X|4| Y(d)|7pt11/3d1/3.(3)

Using the bound | Y(d)| ≤ | Y| for d ≤ t/| Y| and the bound | Y(d)| ≤ t/d for
d > t/| Y|, we obtain that

|σd| � |X |1/2| Y|5/6t1/2p1/8

for any divisor d|t. Applying the bound (2), we derive the desired result.

Of course the sets X and Y can be interchanged in the above estimate. Com-
bining those two bounds we obtain the following symmetric estimate:

max
a∈F∗p

|Sa(X , Y)| � (| X |−1/3 + | Y|−1/3)−1| X |1/2| Y|1/2t1/2p1/8

or, more simply, multiplying the two bounds and taking the square root we obtain
the somewhat weaker result

max
a∈F∗p

|Sa(X , Y)| � |X |2/3| Y|2/3t1/2p1/8.

In particular, if | X | = | Y| = N and t = p− 1, then the bound takes the form

max
a∈F∗p

|Sa(X , Y)| � N4/3p5/8+ε.
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3

We remark that if some nontrivial information about the size of Y(d) is available,
then the result can be improved. On the other hand if t does not have small proper
divisors, then we obtain an improvement as well. For example, assume that t does
not have proper divisors d in the interval 1 < d < t7/5p−21/20. Then using the
inequalities | Y(1)| ≤ | Y| and | Y(d)| ≤ t/d for d ≥ t7/5p−21/20 we obtain

max
a∈F∗p

|Sa(X , Y)| � |X |1/2| Y|7/8t11/24p1/8+ε

(and this is the best that can be obtained by our method even for sets satisfying
| Y(d)| ≤ | Y|/d or even with gcd(y, p− 1) = 1 for y ∈ Y).

It is of interest to remark that if t = p− 1 our result can be reformulated as the
bound

max
a∈F∗p

∣∣∣∣∣∑
x∈X

∑
u∈U

e (aux)

∣∣∣∣∣� min
{
| X |1/2| U|5/6, | X |5/6| U|1/2

}
p5/8+ε

and hence

max
a∈F∗p

∣∣∣∣∣∑
x∈X

∑
u∈U

e (aux)

∣∣∣∣∣� |X|2/3| U|2/3p5/8+ε

for sets X ⊆ Zp−1 and U ⊆ Fp. Thus the powers ux, where X ⊆ Zp−1 and U ⊆ Fp,
are uniformly distributed modulo p, provided that | X | and | U| are large enough.
For example it suffices for each of the two sets to have at least p15/16+δ elements
with some δ > 0 or alternatively for one of them to be almost of positive density,
say to have at least p1−δ/4 elements in which case the other one is required only to
have density exceeding p3/4+δ.

If the sets X and Y are dense in the sense | X | � t1−ε and | Y| � t1−ε, then
our trivial estimate Y(d) ≤ t/d becomes almost optimal and we obtain the bound

Sa (X , Y)� t11/6p1/8+ε,

which is nontrivial for t ≥ p3/4+δ with any fixed δ > 0.
It would be interesting to extend these results to modular exponentiation modulo

arbitrary integers m. In some cases, for example when m contains a large prime
divisor, this can be done within the framework of this paper. Other moduli may
require some new ideas.

Finally, it is clear that the arguments of the Theorem give the identical bound
for the larger sum

Ta(X , Y) =
∑
x∈X

∣∣∣∣∣∣
∑
y∈Y

exp (2πiaϑxy/p)

∣∣∣∣∣∣
but then the roles of X and Y cannot be interchanged and the symmetrized bounds
do not apply.
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