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SUBDIVISION SCHEMES
FOR ITERATED FUNCTION SYSTEMS

CHARLES A. MICCHELLI, THOMAS SAUER, AND YUESHENG XU

(Communicated by David R. Larson)

ABSTRACT. We identify iterated function systems ® and regular Borel mea-
sures p such that the matrix subdivision process relative to a finite family A
converges if and only if A satisfies certain spectral properties.

1. INTRODUCTION

Given any finite family of contractive mappings ® on a metric space X there is
a unique invariant subset 2 of X which is the union of all of its images under the
contractive mappings. We suppose that there is a regular Borel measure p on 2
such that the images of 2 under the contractive mappings partition 2 relative to
1. Repeated iterations of the contractions lead to a sequence of finer partitions of
Q. Moreover, the contractions partition any of the cells obtained at iteration level
r into subcells of level r + 1. This refinement structure on €2 can be used to create
vector fields on 2 with range in R™ in the following way. To this end, we require
a family A of n X n matrices of the same cardinality as ®. Each mapping in ® is
associated with a unique matrix in 4. We start with a constant vector field h on 2
and break it into a piecewise constant function whose value on the cell ¢(2) is Ah
where ¢ € ® and A € A are associated. We iterate this procedure to get a sequence
of piecewise constant functions on finer and finer partitions of 2. This process is
referred to as matriz subdivision and is important in both geometric modeling and
wavelet analysis [1, [4, [5 [6, [7, B]. If it converges, it produces a refinable function
relative to A and ®. Our purpose here is to study it in greater generality than
previously available. Our goal is to identify conditions on ® and the measure u
such that a useful characterization of the convergence of the subdivision process to
a function in L, (£2, 1) can be given in terms of the spectral properties of A.
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This paper is organized into four sections. Section 2 is devoted to a description of
subdivision schemes and the definition of convergence. A few simple observations
are also made on convergent subdivision schemes. In Section 3 we define and
discuss the concept of y—uniformity of a family of contractions for any py—measurable
set. Finally, in Section 4, we establish a characterization of convergent subdivision
schemes and prove that the subdivision scheme converges exponentially fast and
that its limit function enjoys Holder regularity.

2. CONTRACTIONS AND SUBDIVISION

For any integer n > 0 we denote the set {0,1,...,n — 1} by Z,, and use Zy, =
{0,1,...}. Let X be a complete metric space, and let & = {¢; : £ € Z,,,} be a finite
set of contractions on X. Recall the following facts from [2]. There exists a unique
closed and bounded set 2 such that

(2.1) Q= ¢(Q).
(€T,
To any vector j = (ji : k € Z,) € Z],, that is, jx € Zm, k € Z,, we associate the
composite mapping
(2:2) Gj = jo 0 0P,
and observe that

(2.3) 0= ¢ ©).

JEL,

m

Also, for any nonempty set I' C X we define the set—valued mapping

Sm) = |J (D)

€L,
and, for r € Zo, its iterates S"T1(T") = S (S™(T")). It is known that
(2.4) lim 8" (I') =Q

T—00

in the Hausdorff metric [2].
Let x; € X, 3 € Z;,, v € Zws, be the fixed point of the contraction ¢;. It is

mo
proved in [2] that Q is compact and is the closure of the set

(2.5) Fo={x;:j€Z,, 1€ %L}

For every (infinite) vector j = (jo : £ € Zoo) € ZS° and 1 € Zo, we form the (finite)
vectors j© = (j : £ € Z,) and recall that lim,_ o, zj~ exists. We shall denote this
limit by x;j. Moreover, for every z,y € ) there exists a j € Z such that x =

Suppose that p is a regular Borel measure on  with 0 < p(Q2) < oo; cf. [9]. For
I' C Q, we denote by L, (T',u), 1 < p < oo, the spaces of p-integrable functions

f: T — R for which
1/p
lyie00 = ([ V@ dut))

is finite. Mostly, we will write ||f]|, ) and in the case that I' = Q use | f]|,.
Moreover, we will use L;Xt (T, ) for all R®** matrix—valued functions on T, that
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is, F = (fog : ¥ € Zs, k € Zy), such that fo, € L, (T', ), £ € Zs, k € Z, and equip

it with the norm
e = 2 D Mellywm-
0ELs kETLy

I1F]

As above, we use the abbreviated notation || F||. (ry, [[F|l, and also L; (T, 1) for
the space LZ“ (T, p). In this way, the norm of a vector field f = (f;:j € Zs) €
Ly (T', p) is defined as the norm of f, interpreted as an s x 1 matrix—valued function.
For any two matrices A € R"*¢, B € R**™ it follows from Minkowski’s inequality
that

|AFB] < [lATI1B] || F]

LpX(r) Ly ()

where
|A] == max Y " |Ajl.
JE€ZLn ez,

We assume that the measure p and the family ® of contractive mappings have the
following properties. There exist positive constants C, D such that for all ¢ € Z,,,
I CQand feL,(T,u),

(2.6) Clflln, oy SN odelln, @ < DL, o) -
Moreover, we require that
(2.7) ¢¢ is injective, LE DL,
and
(2.8) LGN O(Q) =0, k€L, L£E.
For T' C Q and ¢ € Z,,, equation ([2:6) implies that
(2.9) 71 ($6(1)) < (L) < DPu (94(T)).

In particular, we obtain that p (¢;(2)) >0, j € Z],,, r € Z. Moreover, from (2.8)
and (Z3) it follows that
p(@5(Q)Noe(€)) =0,  jkeZy,, j#k, r€Zlo.

We shall make use of the family of pushforward measures {j; : j € Z},, 7 € Zoo}
defined by setting, for any py—measurable set I' C Q,

pg (I) = p(65(I)).
Since for all f € L,() we have that

1F 0 @ill,0p) = 1Nz, 650000 -

condition ([Z6) says, for £ € Z,,, that on the set ¢¢(2) the L, (T', ) and Ly, (¢¢(T'), te)
norms are equivalent.

Let A= {Ay:{€Zy,} be a finite collection of n x n matrices. For every j =
(Jk 1k € Z,) € Z}, and r € Z, we define the matrices A; = A;,_, --- Aj, and the

piecewise constant matrix-valued function A e Lp~m (€2)

(2.10) AT =N A x0T E Lo,
jezr,

=

where, for I' C Q, we write xr for the characteristic function of I'. Note that
the order of the matrices in the product (ZIU) is the reverse of the order of the



1864 CHARLES A. MICCHELLI, THOMAS SAUER, AND YUESHENG XU

mappings in the composition (Z2). From the upper bound in equation (Z8) and
the injectivity of ¢¢, £ € Z,,, it follows, for r € Z, and k € Z,,, that

(2.11) Alrtlo g, = Al A, p-a.e.
Given any two vectors a, b € R™ we denote by a®b € R™*™ their tensor product
a®b= (aby: U,k €Zy,)
and use 1 for the vector in R™ whose entries are all 1.

Definition 2.1. A finite collection A of n x n matrices admits a L, (2, i) conver-
gent subdivision scheme if there exists a nontrivial vector field f € Ly (£, ) such
that

(2.12) lim A =10 f.

Whenever the subdivision scheme converges we call f its limit.

Later, we shall use the fact that the set of matrices
1
Ay=H :=-1®1, L€ Ly,
n
admit an L, (€, ) convergent subdivision scheme with limit h :=n~11.

Proposition 2.2. If A admits a convergent subdivision scheme with limit f, then,
for every 0 € Zyy,, we have that

(2.13) fod=ATf, [L-a.e.
Proof. We fix ¢ € Z,,. The inequalities

H1®fo¢g—1®(ATf>Hp=H1®fo¢e—(1®f)Aer

< fresos—artos| +|(1ef-a)al
< ofros-ai] +iafio st
p P
yield the result. O

We call any solution of equation (ZI3) a refinable vector field associated to the
refinement matrices A. Therefore, the limit of a convergent subdivision scheme is
always a refinable vector field.

We say that the measure pu is strictly positive on  if, for all z € Q and 6 > 0,
the measure of the ball B (z;d) = {y:y € Q, d(x,y) < ¢} is strictly positive, that
is, (B (x;0)) > 0. Observe that a strictly positive measure p satisfies, for any
continuous function f € C(Q) and x € Q, the inequality

ot [ 1) )~ £ < (559),

where woo denotes the modulus of continuity of f given by

Weo (f75) zmax{|f(x) _f(y)| HEANTIS Qv d(x’y) < 6}

Since lims_g weo (f;0) = 0 for any f € C(Q) we conclude that whenever f € C(Q)
vanishes p—a.e. on ) it must be identically zero on 2. This fact leads us to the
next result.
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Corollary 2.3. Suppose that p is strictly positive on Q and that A admits a con-
vergent subdivision scheme with limit f. If f is continuous on , then, for every
T €€,

F(z) #0.

Proof. Since f and ¢y, { € Zy,, are continuous we have, for any y € Q and j € Z;,,
r € Zoso, that

(2.14) £ (85(v) = A] f(y).

Suppose that there exists a y € Q such that f(y) = 0. For any x € Q we choose a
sequence j" € Z!', 1 € L, such that lim, . ¢j-(y) = x. Since f(y) = 0 equation
(B:14) and the continuity of f imply that

fla) = lim_f(¢5-(y)) = A5 f(y) =0,

which violates the assumption that A admits a convergent subdivision scheme. This
contradiction proves the result. O

Corollary 2.4. Suppose that A admits a convergent subdivision scheme with limit
f. If at least two of the matrices in A are nonsingular, then f # 0, u—a.e.

Proof. Let Ay and Ay, ¢ # k € Z,, be two nonsingular matrices in A and set
I'={z€Q: f(x) =0}. From the refinement equation ([ZI3) and the invertibility
of Ay and A, we conclude that

I'= ¢y(I') = ¢ (T)
and therefore, by (Z8) we obtain
w(I) < 1 (9e(I) N @r (D)) < pa(e(€2) N i (€2)) = 0.

3. pU~UNIFORMITY

For ¢ € Z,, we define the set
(3.1) O =J{¢5 () :5 =0k €Zryr) €2}, jr =}

and note that
o= .

€L,
From (Z4) it follows that
lim Q) = Q, L€ Ly,

T—00

in the Hausdorff metric on X. We require an additional property.

Definition 3.1. We say that the family ® of contractions is pu—uniform if for any
p—measurable set I' C Q, p(I") > 0 and ¢ € Zj, the condition

(3.2) liminf 4 (T'NQ;) >0

T—00

is satisfied.

Let us first provide sufficient conditions on the family of contractions ® and the
measure p so that @ is pg—uniform.
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Lemma 3.2. If there exist positive constants pg, £ € Zp,, such that pe = pep,
0 € Ly, then, for any f € L, () and £ € Zy,, we have that

. 1
(3.3) Jim 111z, (ap) = 22" 171, o -

Choosing any p—measurable I' C © and the function f = xr in Z3) yields the
following result.

Corollary 3.3. If there exist positive constants pg, £ € Zp,, such that pe = pep,
L€ L, then @ is p—uniform.

A change of variables arguments implies the following result.

Corollary 3.4. If X = R®, ® consists of affine mappings and p is the Lebesgue
measure on R®, then ® is p—uniform.

To prove Lemma, we need another ancillary fact.

Lemma 3.5. For any f € C(Q) there exists a sequence ¢", r € Zoo, of piecewise
constant functions of the form

(3.4) "= Z CiX; () c;ER, jez,
JELY,
such that
Jim [f =", @) =0
Proof. We choose some y € € and set

()= (Fobi) W) Xy

JELT

m

Let 6, = max{d(z,y): z,y € ¢;(Q),j € Z,} and note that, since Q is bounded
and ® is a family of contractions, lim,_,. &, = 0. Note that, for any r € Z,, we
can write

Zf )Xy, (@) (T), x € Q,

JEZLy,
and therefore
D 1/p
I = Ty = | [ |3 ((26:)0) ~ f)syo@)| du)
@ \jezr,
1/p
- | X [ eow - r@F du)
3L g5 (02)
< woo (f36,) (m()M?.
Thus, the result follows. O

Proof of Lemmal3.2 For r € Zu let ¢ be a function of the form ([B.3). Associated
to any j = (jx : k € Z,) we introduce the constant p; = [[,cz pj, and note that

pj = % For ¢ € Z,, we have that
71, (e = > leilPpipe () = pe D 1eil” s Q) = pe @715 (-
JEL, JEL,

m m
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Next, we choose g € C(€2). By Lemma B3, given any € > 0 there is an g € Z
such that for all 7 > ro we have that [¢"(9) — gl o) < €/2 and therefore, since
Pe < 17 Le Zma

A

1 g
9l 0y = 197D, p) + 19 =" (@l < o e (@)l e + 3

IN

1
P llgll, 0y + &
In exactly the same way we also obtain
1/
||g||Lp(Q,_;,,,.) > " ”g”Lp(Q) —€

which proves (B3]) for continuous functions. For f € L,(2) we let ¢ > 0 and pick
g € C(Q) such that ||f —gllr, ) < /3. By what we just proved, we can also
choose an 1y € Zy, such that, for any r > rg and ¢ € Z,,,

1
lgllz, az) = pe’" Nollz,m| < /3

Hence, for r > rq and ¢ € Z,, we obtain

€ 1 2 1
1711z, () < 9l (op) + 5 < 267 N9l + 5 < 22 1l 2

and likewise
1
17112, (07) = o2 19l 0 =&
which proves the lemma. O

Based on property (32]) we have the following result.

Lemma 3.6. If ® is p-uniform in Q, then, for any f € L, (Q) for which there
exists { € Z,, such that

(35) T [1£1l, 0) = O
it follows that f =0, u—a.e.

Proof. Let f € L,(Q) satisfy (BH) and suppose that f # 0. Then there exists a
constant 6 > 0 such that u (F5) > 0, where

Fs:={xz:|f(x)] > d}.
Therefore, we obtain
111z, o) = 8 (1 (Fs n2))'77.
Since ® is p—uniform, this yields the contradiction

0= liminf |||, (q;) > 6 liminf (u (F5 N QNP > 0.
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4. CONVERGENCE OF SUBDIVISION SCHEMES

Our first result in this section provides a necessary condition for the convergence
of the matrix subdivision scheme.

Proposition 4.1. If ® is py—uniform and A admits a convergent subdivision scheme,
then

(4.1) Al =1, L€ L.

Proof. For any j € ZI't! and p-a.e. x € ¢;(Q) we conclude from the definition
(Z10) that AT+ (z) = A;. Hence, for ¢ € Z,,, and r € Zo, we get that

(4.2) Alr+1)

= A, A [—a.e.,

9 9

and consequently we obtain

11— A1) & fllp (o) =110 F — A1 @ P, (o)

< Jror-a] +fa -
< f ) (1@ f) L()
= e —A[””H +HA Al 1 ‘
H f p e( f) Lp(9)
< Jros-ary] +|af][res-a”
p p

Since the upper bound in the last inequality converges to zero for r — oo, Lemma 3.
proves the result. O

To state the next result we use (-,-) for the standard inner product on R™.

Corollary 4.2. If the hypothesis of Proposition[{.1] is satisfied and f is the limit
of the subdivision scheme A, then

(4.3) (f,1) =1, H—a.e.
Proof. By Proposition 1] for r € Zoo, A1 =1, p-a.e., and therefore
1= lim A1 = (10 f)1,

T—00

which proves equation (E3). O

For the next corollary we introduce, for p-a.e. y € Q, f € L,(Q) and r € Z,

the following function on 2 which acts like a modulus of continuity,

1/p
(4.4) wr (N ={ > / [f(@) = (fodi) W) du(z) |

jle" ¢J(Q)
and extend it to vector fields f = (fx : k € Z,,) by setting
e ()= 3w (fi).
kE€ZLn

Corollary 4.3. If A admits a convergent subdivision scheme with limit f, then

lim w, (f) =0, [—a.e.

T—00
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Proof. We have p—a.e. y € Q) such that
@5 e =|fw(rer-a)| =|f- (4w .

p

The first identity follows readily from the fact that f is the limit function of a
convergent subdivision scheme and thus satisfies (Z.13) and ({3). For the second
identity we compute that

- @), - % (- () i)
1/p
- S| E [ 1@ - @l dade
k€Zn \FE€L 4 ()
= wr ()W)
(|

This fact is a consequence of Theorem [4.8, however, we put it here since it has
a partial converse which we state next.

Proposition 4.4. Suppose that f € L,(QY) is a nontrivial vector field which is
refinable relative to a family A of matrices, which satisfies the equation (1, f) =1
p—a.e. and the conditions

lim w, (f) =0, n—a.e.,

T—00

and
R™ =span {f(y) : p-a.e. y € Q}.
Then A admits a convergent subdivision scheme with limit f.

Proof. This fact follows conveniently from equation (ZI). O

Now we will characterize the convergence of matrix subdivision schemes. For
this purpose we define the difference operator D : R® — R™~! by setting, for any
c=(ci: L €Ly,

Dc=(cpy1—co: L ELp_1).
Its representation as an (n — 1) X n matrix is

-1 1
D:

Observe the following fact.

Lemma 4.5. Let A € R™"*",

1. A1 =0 if and only if there is a matriz B € R"*("=1 sych that A = BD.
2. If A1 = 1, then there is a matric B € R®=DX(=1) sych that DA = BD.

We pattern the following notion after Jia [3].
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Definition 4.6. Let A be a finite collection of n X n matrices of cardinality m.
The p—joint spectral radius of A relative to ® and p is defined as

1/rp

(4.6) pp (A) =limsup | D p5(Q) || 45"

rT—00 .
JEL,

Theorem 4.7. Let ® be p—uniform. Then A admits an Ly, (Q, i) convergent sub-
division scheme if and only if the following two conditions hold:
1.

(4.7) Al =1, b E L.
2. The matrices B, € RP=1*n=1 ¢ c 7, defined by DA; = B,D, satisfy
(4.8) pp (B) < 1.

Proof. Let us assume that (1) and (£8) are satisfied and show that A admits a
convergent subdivision scheme. To this end, we consider a sequence of vector fields
h,, r € Zs, on Q2 defined as

1
(4.9) hl = —17 Al
n

with the convention that A = I , the identity matrix. Now, for r € Z,, and
c € R", using the vector j" = (ji : k € Z,), we obtain the equation

e hrsr =Bl ) = D IHeshorr =Bl 00

jezit

= Y IHehiodi —hiodi)llf .
jezit

= AT A, —mT 1)
je%;:fl H<c Ir (45, ) > Lp(Q,p15)

= > Ay, -H) Ajrcvl>\’2p<g,uj>
jezt

= > nP[{(A;, - H)Aj e, 1) 1 ().
jezt

Observe for any k € Z,, that (A — H)1 = 0. Thus, there exists a matrix C}, €
R™*"=1 such that Ay, — H = CD and we conclude, for j € Z", and k € Z,,, that

(fik ——_EI) flj = C7k1)14j = C7k13j_[).
Consequently there exists a positive constant a such that
(e, hrsr = ho)ll} < allell” D u;(2)1B;]”
JELY,
Thus, for any o such that p, (B) < o < 1 there exists an 1y € Z and a positive
constant § such that
(4.10) [hrt1 — hell, < Bo", r>ro.

Therefore, hy, r € Zs, is a Cauchy sequence in Ly (©) which necessarily converges
to some function f € Ly (€2).
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It remains to verify that f is indeed the limit of the subdivision scheme. For
this purpose, we observe that, for r € Z,

1/p

(4.11) HDAW

=[[57p], <1015
p p

, =PI > 1 () 11B;])”

JELy,
Hence, we conclude that

(4.12) lim ’DA[”"]

T—00

=0.

p

In other words, we have shown, for any y € R™ such that (y,1) = 0, that
(4.13) lim_ yTAll =yT (12 ).

Moreover, ([{9) yields for all 7 € Z, that equation ([@I13) holds with y replaced by
1 and therefore we have confirmed that f is the limit of the subdivision scheme A.

For the converse, we assume that 4 admits a convergent subdivision scheme with
limit f. Then, for any j € Z, and k, ¢ € Z,,, we have that

p
Q ‘DA ‘ *H A,
ﬂ( ) |( )ke k+1e —( J)k,z Lo (63(), )
p
< 2 ay +| )
( e =t ooy T A -1, L (63(2)

p
p(H<AM>w—fz o O |

Therefore, there exists a positive constant v such that

L (4)](9)))
Lp(95(Q)

Consequently, summing both sides of this inequality over j and taking into account
the fact that D is surjective, we conclude that there is a positive constant 7 such
that

p
1s(@) |B; DI <7 A" 16 1]

(4.14) > 15(Q) 1B DI <Al
jezr,
which proves the claim. O

We finally show that a convergent subdivision scheme converges exponentially
fast and that its limit enjoys Holder regularity.

Theorem 4.8. If A admits a convergent subdivision scheme with limit f, then
Tim Wl (f) < pp(B).  pac.

Proof. For any ¢ with p,(B) < o < 1 there exist, by (LI0), numbers ry € Z and

a > 0 such that, for r > rq,

(4.15) 1f = hel, =

Let P := H — I and observe that P1 = 0. Hence, there exists a matrix Q €
R™*("=1) such that P = QD. Using @EY) and (EII) we find an 7, € Zo, and
B > 0 such that, for r > rq,

(4.16) Hl ® h, — Al

[ra
p

oo
p

< Ba"(B).
p
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Thus, there is a constant v > 0 such that, for r > max{rg,r},

H1®f—A[’“l éH1®f—1®hr||p+Hl@hr—A[’“]
p

<~o".
P
Hence, we have, for r > max{rg, 1}, that

o) = [ w (e -a)| <q 3 Inwlon
kEZ

n

Since f € L,(Q), it is finite p—a.e. and hence, for p—a.e. y € 2 we conclude that
lim w\/"(f)(y) < o.
However, o was chosen arbitrarily greater than p,(B). This proves the result. O
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