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ABSTRACT. We characterize the almost periodic ultradistributions of Beurling
and of Roumieu type in terms of classical Bohr almost periodicity. Then we
study the Fourier series associated with such an ultradistribution.

1. INTRODUCTION AND NOTATION

An almost periodic function is a function which can be uniformly approximated
by trigonometric polynomials. The wide range of applications of the theory of
almost periodic functions (cf. [1]), for instance to the theory of functions of a com-
plex variable and to the theory of ordinary and partial differential equations, lead
Schwartz [14] to study the almost periodicity in the setting of classical distributions.
More recently almost periodic ultradistributions of Beurling type were studied by
Cioranescu [B], who characterized them in terms of classical Bohr almost period-
icity. She worked in the context of ultradistributions as they were introduced by
Komatsu [§]. For technical reasons she required the strong non-quasianalytic con-
dition on the defining sequence (the so-called (M3) condition). In this paper we
study almost periodic ultradistributions of Beurling and of Roumieu type in the
sense of Bjork [2] and Braun, Meise, Taylor [4]. Recent results of Braun [3] and
Langenbruch [9] concerning the existence of elliptic ultradifferential operators allow
us to give in Theorem 4.2 characterizations including those of Cioranescu; moreover
we also characterize the almost periodic ultradistributions of Roumieu type, a case
which was not covered in [5].

One of the most important properties of the almost periodic functions is the
possibility to associate to each such function a Fourier series which completely
determines the function. In the last section of the paper we restrict our attention
to the one variable case and we introduce the Fourier series of an almost periodic
ultradistribution following the approach of Schwartz. Then we extend the Féjer-
Bochner summation method, which permits us to construct an almost periodic
ultradistribution starting with the Fourier series associated to it. This is Theorem
4.6.
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We introduce the spaces of functions and ultradistributions and most of the
notation that will be used in the sequel.

Definition 1.1. Let w : [0, 00[— [0, 00[ be a non-decreasing continuous function.
w is called a (non-quasianalytic) weight if it satisfies:
(o) there exists L > 0 with w(2t) < L(w(t) + 1) for all ¢t > 0,
(B) [ “lat < oo,
(v) log(t) = o(w(t)) as t tends to oo,
(8) ¢ :t — w(e') is convex.

A strong weight is a weight w satisfying the following additional condition:

w(yt)
t2

(€) there exists C' > 1 such that for ally >0: / dt <Cuw(y) + C.
1

The Young conjugate ¢* : [0, 00[— R of ¢ is defined by
©*(s) == sup{st — p(t) : t > 0}.

There is no loss of generality in assuming that w vanishes on [0, 1]. Then ¢* has
only non-negative values and ¢** = ¢.

Definition 1.2 ([4]). Let w be a weight function. For a compact set K C RY and
A >0 we let

Eo(K,A) = {f € CF(EK) : || fllra< oo},

where | f [|iex= sub,ersubaeny | /() | exp(-2¢" ().

We define £,y (RY) as the set of all C* functions f such that || f || x,m< oo for
each K cC RY and each m € N, and &1 (RY) as the set of all C> functions such
that for each K CC RY there is m € N with || f Il 5,2 < o0.

The topology of E{W}(RN ) is given by first taking the inductive limit over all
m € N for each compact K, and then taking the projective limit of these, while
E(w)(RN) carries the locally convex topology given by the seminorms | f ||k, n
n € N, where K, is a fundamental sequence of compact subsets in R,

The elements of E,)(RY) (resp. €3 (RY)) are called ultradifferentiable func-
tions of Beurling (resp. Roumieu) type w. We write &,(RY) where * can be either
(w) or {w}. For a compact set K in RV we put

D.(K):={f € &(RY) : supp(f) C K}

endowed with the induced topology. For a fundamental sequence (K) en of com-
pact subsets of RY we let

D.(RY) :=ind;_, D.(Kj).

The elements of D;w)(RN) (resp. Di{w}(RN)) are called ultradistributions of Beurl-
ing (resp. Roumieu) type.

Examples of weight functions with and without property (e) can be found in
[10] where it is shown that given a sequence (M, )pen, satisfying the conditions
(M1), (M2) and (M3) of Komatsu [8], there is a concave strong weight « such that
E(Mj)(RN) = &(w)(RY), where E(Mj)(RN) is the set of all functions f € C>(RY)

1) ()]
hloTM)q

K of RN Therefore our results below properly extend the case of almost periodic
ultradistributions in [5].

such that sup,eny Supge g < oo for each h > 0 and each compact subset
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2. PRELIMINARY RESULTS

Definition 2.1. For a weight function w, we denote
|
Driwa={f €Dpi(RY) : | fxi= sup | £ | exp <_ Ap (|—)\|)> ==
aeNY

We define DL17(w)(IRN) = proj_, D1, » and DLl,{w}(RN) = indx_ D1z

Then Dy () (RY) is a Fréchet space and D1 g3 (RY) is an (LB)-space. As
usual, we write Dp1 ,(RY) to denote Dp1 (o) (RY) or Dpr oy (RY).

The space D, (RY) is dense in Dy, (RY) and the inclusion D, (RY) C D1 (RY)

is continuous.
In what follows we will always consider D}, (RY) endowed with the strong

tOpOlOgy 6(D,[/1’*(RN)a DLl,*(RN))'
Proposition 2.2. Dy (RY) is continuously included in E,(RN).

Proof. We fix an open subset Q@ C RY and a compact set K C Q and we apply
Sobolev’s lemma [11], 3.5.12] to find a constant C' > 0 such that

sup | f(@) [<C sup /Q | fP) | dt Ve Q).

z€K IBI<N+1

For every A > 0, a € NYY, and each f € Dp1 , \(RY) we denote by

| f laa= aseul% </Q | F) | dt> exp (—A¢*<%>).

Then sup, e | f((@) [ C | f |ax exp [ Ap* m—%)) for every f € C*(Q).
It follows from the convexity of ¢* that there is D > 0 with

o N +1 A 2N+
exp()\ga (%))gDexp<W¢< \ |a|>> Va € NYY

2 <CD | flan- a

SNFI1

from where we conclude that || f || g

Let G € H(CY) be an entire function such that log | G(2) |= O(w(| 2 |))
(respect. log | G(2) |= o(w(| 2 ]))) as | z | tends to infinity. Then

Aol G0
Top):= 3 ()1 D)
aeNYY ’
defines an ultradistribution T¢; € &7, (RY) (respect. Tg € Eiw}(RN)). The operator
G(D): D.(RY) — DL (RN), G(D) :=Tg *v
is called an ultradifferential operator of class *. We note that, for every f € &£, (RY),
Alal G0 (a
@D = 3 @ @),
aeNY

Lemma 2.3 ([4, 1.4]). There exists L > 1 such that

4
Lgp*<z> +t<e*(t)+L Vt>0.
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Proposition 2.4. Let G(D) be an ultradifferential operator of class *. Then
G(D) : Dy o(RY) — Dy L(RY)

is a continuous linear mapping.

Proof. We first consider the Beurling case * = (w). Let f € Dp1 (,)(RY) and

m € N. There is £ > 0 such that

log | G(2) |< k(1 +w(|—\/'zﬁ|)) vz e CV.

Now we take h > max(kL, m), where L is as in Lemma 2.3. Since @ is increasing
on |0, +oo[ we get, for every a € NYY,

e Ll ol
. — ) < — | < —_— .
(2.1) |a|+h<p<h <|a|+kL ¢ T <kp . + kL

We put p = €, r > 0, to obtain, after applying the Cauchy inequalities and the
convexity of ¢*,

(2.2)

(a
LEZON [} gt at <1 1 b oo (e Lo ) g (L) )ttt
Since inf, g ef?(M=llm = exp < ( >) we get from (2.1) and (2.2)

s ([ e a) e (- ner (121))
§|f|2heexp( <T) (|>)

§| f |2h ekekL—\od

and consequently

o S L] 10 10) o (1) 11

«

for some constant C' > 0, which yields | G(D)f |m< C'| f |2n -
We now discuss the Roumieu case. Let f € D1 (3 (RY) and X > 0 such that

| f ]ax< +00. We take k := 2 and A > 0 such that log | G(2) |< kw(ﬂ) +A

for each z € CN. We proceed as in the Beurling case with m := X and h :=
A(> max(kL,m)) to get a constant C > 0 (independent of f) satisfying

|G(a) ( (a+8) 4 dt) x( A <|ﬁ|)><c
a3 [ 15 dt)exp (3 £l

The strong non-quasianalyticity condition allowed Cioranescu [5] to find ultra-
differential operators admitting a fundamental solution with analytic extension to
C\ {0}. We now show how an argument of Langenbruch [9] can be adapted to

O
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get ultradifferential operators with a fundamental solution which is real-analytic
on RV \ {0} and satisfying good enough estimates around the origin. This will
permit us to construct “good” parametrices even in the case where the weight does
not satisfy the strong non-quasianalytic condition.

Proposition 2.5. Let w be a weight function. For every m € N, there are an
ultradifferential operator G(D) of class (w) and a function F € C*(RY) such that

sup sup | F(a)(m) | exp < - mgp*<m>) <40 ,
z€RN aeNYY m

F is real-analytic on RN \ {0} and G(D)F = 4.

Proof. Let L > 1 be a constant satisfying w(t) < L(1 4+ w(%)) for every t > 0. We
apply [9, 1.3] as in the proof of [9 1.4] to the weight function o(t) := (1+mL)w(L)
to find an even entire function f € H(CY) and constants C; > 0 such that

log | f(2) |< Cio(| 2|)+Cy  for each z € CV
and
log | f(2) |> Cao(| 2 |) for every z € CV

satisfying | Imz |< Cs(] Rez | +1).
We take k € N such that kC5 > 1 and we consider the ultradifferential operator
G(D) of class (w) defined by the entire function G(z) := (f(2))*. We define

1 ei(x,t}

P = Gow | a0

dt, zeRV.

The function F is in C®°(RY) and | F(®)(z) |< WI]RN 101 gt Since logt =

o (T
o(w(t)) we get, for some constant C' > 0,

| F@ () | < (2;)N/RN ¢ |l exp(— (1+mL)(@ - 1))dt

< Cexp(swp (lallog|t]-mu(l 1))

- e (me (121))

and consequently sup,cp~ Supeny | F@)(z) | exp < — myp* <%)> < +o00.
The same argument of Langenbruch [9, 1.4] now shows that F' is real-analytic
on RV \ {0} and G(D)F = 6. a

We denote by B. the closed ball with radius € > 0 centered at the origin.

Corollary 2.6. For every m € N and € > 0, there exist an ultradifferential opera-
tor G(D) of class (w) and two functions x € D) (RY) and T' € D(B:) NE,(B:, m)
such that G(D)T + x = 4.
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Proof. Let n be a natural number, n > Lm, with L the constant of Lemma 2.3.
We choose 1) € D (B:) such that ¢» = 1 near 0 and we set I' := o F and x :=
G(D)(F — ¢F) with G(D) and F from Proposition 2.5 (but replacing m by n).
Compare with the proof of [4, 4.4]. O

3. BOUNDED ULTRADISTRIBUTIONS

The aim of this section is to characterize the elements of D},  (RY), known
as bounded ultradistributions. Once we have established in Pr0p7osition 2.5 the
existence of ultradifferential operators with “very good” fundamental solutions,
the proof of the main theorem for the Beurling case follows the steps of [5]. The
following result will permit us to reduce the study of bounded ultradistributions of
Roumieu type to the Beurling case. It should by compared with [4l 7.6].

Proposition 3.1. Let T € Df{w}(RN). Then the following conditions are equiva-
lent:

(1) Te D'Ll’{w}(RN),
(2) there is a weight function o with o = o(w) such that T € Dy, (RM).

Proof. (2) = (1) is easy. We now prove (1) = (2). Let function ¢ € D(,)(RY) be
such that ), cpn d(z—v) = 1for allz € RY. We define S, f := (T, f(z—v)p(z—v))
for f € Dy,3(RY) and v € ZN. Then S, € D’{w}(RN) and suppS, C supp¢
Vv € ZN.

We claim that (S, : v € ZN) is equicontinuous in Eiw}(RN). In fact, since
Ewy(RY) is a projective limit of (DFN)-spaces (hence barrelled) [4, 4.5,3.6] and
suppS, C supp ¢ Vv € ZN, it suffices to show that {S,f : v € ZN} is a bounded
set for every f € D{w}(RN). To this aim we fix f € D{w}(RN) and we observe
that (f,¢, : v € ZN} is a bounded set in DL17{W}(RN), where we denote by ¢y, the
function ¢p(t) := @(t + h). Since T € D’Ll’{w}(RN) we conclude that {S,f : v €
ZN} is bounded and the claim is proved.

We can apply [4, 7.6] to find a weight function o such that ¢ = o(w) and
{S, : v € ZN} is an equicontinuous set in Ely) (RY). We now define

(TS0, f) = (Su, f(x+v)), [ €Dy RY).

Our next aim is to show that ZVEZN 7_,S, defines an element of D}, (@) (RN).
To do this we note that there are constants C' > 0, k& € N such that for every
f €D (o) (RY) and for each v € ZN we have

| {780, f) [ C sup sup If(“’(w+V)|eXP(_k¢§<%)>'

a€ENY [|z]|oo <k

We put @ = {z:]|  ||oo< k+ 1} and we proceed as in the proof of Proposition 2.2
to get, for some constant C' > 0 which is not the same at each ocurrence and some
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Z | <T—uSwf> |

vezZN

o 5 5 ()l (2
aeNy veZ

<o % 1 e (- er (L)
aeNY

(@) ~ ot (e

<Csup || f* [l1exp | —mp; :

aeNY m

Moreover, for every f € Dy, (RY) since 3, .y f(z)d(x — v) = f(z), we obtain
DTS )= D (S fla+w) = D (T f@)é(z —v)) = (T, ),

vezZN vezZN vezZN

showing that » _,~ 7,5, is an extension of T' to D}, () (RM). O

From now on we denote by Cy(RY) the Banach space of bounded and continuous
functions on RY.

Theorem 3.2. Letw be a weight function and let T € D, (RYN). Then, the following
conditions are equivalent:
(1) T e D, ,(RY),
(2) there exist an ultradifferential operator G(D) of class * and two bounded and
continuous functions f,g such that T = G(D)f + g,
(3) T % p € Co(RY) for every p € D.(RY).

Proof. The Beurling case * = (w) follows as in Cioranescu [5, Theorem 1] after
replacing [5l, Lemma 2] by Corollary 2.6.

We sketch the argument.

(1) = (3). We observe that for each ¢ € Dy,)(RY) the set of translates {¢y, :
h € RN} is bounded in Dy () (RY). Now the continuity of T gives the conclusion.

(2) = (1). Forevery ¢ € D1 (y(RY), (T, ¢) = [ fG(=D)p+ [ gep. Since G(—D)
is a continuous linear operator on D1 . (RY), we conclude that T' € Dj:17(w)(RN).

(3) = (2). We note that for all compact subsets K of RY there is m € N such
that T x ¢ € Cy(RY) for each ¢ € &,(K,m) N D(K). Now take G(D), x and T as
in Corollary 2.6 and put f:=T T, g:=T x x.

We now consider the Roumieu case * = {w}.

(1) = (2). There exists a weight function ¢ such that ¢ = o(w) and T €
D’L17(U)(RN ). Consequently there exist an ultradifferential operator G(D) of class

(o) and two functions f, g € Cp(RY) satisfying T = G(D)f + g on DEU)(RN). Since
o = o(w) it follows that G(D) is an ultradifferential operator of class {w} and
T =G(D)f + g on Dy, (RY).

(2) = (1). Since every bounded and continuous function is a bounded ultradis-
tribution and G(D) is a continuous linear operator on D7, {w}(RN ) we conclude
that T" is a bounded ultradistribution.

(1) = (3). The proof is as in the Beurling case.
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(3) = (1). We define (S, : v € ZN) as in the proof of Proposition 3.1. For every
f € Dy (RY) we have (S, f) = (T * (f$))(v). Consequently (S, : v € ZN) is a
bounded set in Sf{w}(]RN) and we proceed as in Proposition 3.1 to find a weight o
such that 0 = o(w) and }, .y~ 7-S, belongs to D, () (RM). O

For a distribution 7' € D, (RY) and h € RY, Ty, is defined by
(Th, ) :=T(pn),  @-n(t) := @(t = h).

The condition (3) in the theorem above is equivalent to being {T}, : h € RN}, a
bounded set in D (RY).

The arguments of Theorem 3.2 also show the following result, which will be used
to extend the Bochner-Féjer summation method to almost periodic ultradistribu-
tions.

Corollary 3.3. Let (T}) be a sequence of bounded ultradistributions T; € D}, (RY).
Then the following conditions are equivalent:

(1) The sequence (T;) converges to zero in D'Ll’*(RN),

(2) (T * @) converges to zero in Cp(RN) for every p € D (RY),

(3) there exist an ultradifferential operator G(D) of class * and two null sequences
(f;) and (g;) in Co(RYN) such that Tj = G(D)fj + g;.

4. ALMOST PERIODIC ULTRADISTRIBUTIONS

We recall that a funcion f € Cy(RY) is said to be almost periodic if f is the
uniform limit of a sequence of trigonometric polynomials. This is equivalent to
being the set of translates {f; : h € RV}, a relatively compact set in Cy(RY) ([7]).
The set of the almost periodic functions will be denoted by Cap(RY).

Definition 4.1. We say that T € D}, _(RY) is almost periodic if T is the limit in

D', ,(RN) of a sequence of trigonometric polynomials.

5k

Theorem 4.2. For T € Dj:17*(RN), the following conditions are equivalent:
(1) T is almost periodic,
(2) there exist an ultradifferential operator G(D) of class * and two almost peri-
odic continuous functions f,g € Cop(RY) such that T = G(D)f + g,
(3) T ¢ € Cap(RY) for every ¢ € D.(RY),
(4) the set of translates (Ty, : h € RYN) is relatively compact in D’Ll!*(RN).
In the Roumieu case, x = {w}, the above conditions are equivalent to:

(5) there exists a weight function o with o = o(w) such that T is almost periodic
in Dp1 () (RN).

Proof. (2) implies (4) follows from the fact that (f, : h € RY) and (g5, : h € RY)

are relatively compact subsets of C,(RY) and G(D) : D}, ,(RN) — D}, (RV) is

a continuous and linear operator. To prove that (4) implies (3) we fix ¢ € D.(RY)
and we observe that the map

1 4RY) — GRY), R+ Rxg

*

is continuous. Therefore {(T * )y : h € RN} = {T}, x o : h € RN} is relatively
compact in Cy(RY) and hence T * ¢ is an almost periodic function.
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To prove the rest of the equivalences we treat the Beurling and the Roumieu
cases separately. In the Beurling case, the equivalence between conditions (1), (2)
and (3) can be obtained as in [5] Theorem 2].

We now consider the Roumieu case * = {w}.

(3) = (5). We apply Proposition 3.1 to find a weight o with ¢ = o(w) such
that '€ D}, ) (RYN). This means that the set of translates of T, {T}, : h € RV},
is bounded in DEU) (RY) and consequently the map D, (RY) — C,(RY) given
by ¢ — T % ¢ is continuous. Since Dy, 3(RY) is dense in D, (RY) ([ 3.9])
and T 1 can be uniformly approximated by trigonometric polynomials for each
(NS D{w}(RN) we obtain that T % ¢ is an almost periodic function for every ¢ €
D) (RY). Consequently T is almost periodic in Dii o) (RM). Clearly (5) implies
all the other conditions, while (1) = (3) and (2) = (1) can be obtained as in the
Beurling case. [l

We recall that the Fourier coefficients of an almost periodic function f: R — C
are defined as c(\) := M(f(x)e=%), X\ € R, where M(g) denotes the mean value
M(g) = limy o0 5= ffx g(t)dt. It is well known that ¢(\) = 0 except for at most a
countable set of values of A, which is called the spectrum of f. Let f be an almost
periodic function with spectrum A = {)\,, : n € N} and we put ¢, = ¢(A,). Then
> | cpen® is the Fourier series of f. We refer to [7].

Definition 4.3. Let S € D},  (R) be an almost periodic ultradistribution. Then
the mean value of S is defined as

M
M(s) = M5 x2)
¢(0)
where ¢ is a fixed test function ¢ € D, (R) such that ¢(0) # 0.

The above definition does not depend of the fixed function ¢. This easily fol-
lows from the fact that M(f * ¢) = M(f)@(0) whenever f is an almost periodic
continuous function and ¢ is a test function.

Definition 4.4. The Fourier coefficients of an almost periodic ultradistribution
S € D}, ,(R) are defined as Cg(\) := M(e"***S), X € R.

Proposition 4.5. (1) Let S € D, (R) be an almost periodic ultradistribution.
Then, the spectrum of S, Ag :={X € R: Cg(A) # 0} is a countable set.
(2) Two almost periodic ultradistributions with the same Fourier coefficients are
equal.

Proof. We put vy(z) = e~* and we fix a test function ¢ € D,(R) satisfying
that dB(O) = 1. We now take an arbitrary non-null test function ¢ and we observe
that M(va(S * ) = M(vaS *x vap) = M(v)S * ¢)vap(0) = M (vxS)P(N). Since
the spectrum of the almost periodic function S * ¢ is a countable set and ¢ is
an entire function it follows that the spectrum of S is countable and the proof
of (1) is finished. To prove (2) let us assume that S;,S2 € D, (R) satisfies that
Cs,(A\) = Cg, () for every A € R. Then for S := 51 — Sa, we have M (v (S *¢)) =
M (vxS)p(A) = 0 for every test function ¢. We apply [7} 1.19] to get S * ¢ = 0 for
every test function ¢ and consequently S = 0. |
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We now discuss the Bochner-Féjer summation method for ultradistributions.

Theorem 4.6. Let S € D), (R) be an almost periodic ultradistribution with spec-
trum A = {\r} and Fourier coefficients ay, := Cs(A). Then, there exists a sequence
of trigonometric polynomials

om(x) := Z rk,makei)‘kx
k=1

such that (0y,) converges to S in the strong topology of D} 1 (R). The numbers i m,
are rational and depend on A\ and m, but not on a.

Proof. In fact, we apply [7, theorem 1.24] to find a sequence n(m) of natural num-
bers and rational numbers 7y, 1 < k < n(m), such that every almost periodic
function f with spectrum contained in {Ax} and with Fourier coefficients ¢y is the
uniform limit of the sequence of trigonometric polynomials ZZ(:";) Tkmcke . In
order to show that (o.,) converges to S in the strong topology of D7, (R) we fix
a test function ¢ € D,(R) and we observe that the spectrum of S % ¢ is contained
in (A\g), while the Fourier coefficients are given by M (v, (S * ¢)) = ar@(Ax). Since
(om *)(z) = EZ(:T) Te.makP(Ak)e*® we deduce that S * ¢ is the uniform limit
of the sequence of trigonometric polynomials o,, * ¢. An application of Corollary
3.3 gives the conclusion. O

A similar argument permits us to deduce from [7, 1.22;1.25] the following con-
vergence criteria for the Fourier series of an almost periodic ultradistribution.

Proposition 4.7. Let T' € D}, ,(R) be an almost periodic ultradistribution with
spectrum A = (A, : k € N). Then the Fourier series of T converges to T in the
strong topology of D1  (R) if one of the following two conditions holds:

(1) the Fourier exponents Ay are linearly independent over the field of the rational
numbers,
(2) there exists a constant a > 1 such that ’\’;\—:1 > a for every k € N.
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