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ABSTRACT. Let a: ap,1,--- be a weight sequence of positive real numbers
and let W, be a subnormal weighted shift with a weight sequence . Consider
an extended weight sequence a(z) : z, a0, a1, -+ with 0 < z < ap and let
HE(a,k) := {& > 0 : Wy is k-hyponormal} for k& € N U {oo}, where
N is the set of natural numbers. We obtain a formula to find the interval
HE(o, k) \ HE(o, k + 1), which provides several examples to distinguish the
classes of k-hyponormal operators from one another.

1. INTRODUCTION AND PRELIMINARIES

Let H be a separable, infinite dimensional, complex Hilbert space and let £(H)
denote the algebra of all bounded linear operators on H. For A, B € L(H), let
[A, B] = AB — BA. We say that an n-tuple T' = (T, - -- ,T,) of operators in L(H)
is hyponormal if the operator matrix ([T, 7T;]);;_; is positive on the direct sum
of n copies of H. For arbitrary positive integer k, T' € L(H) is k-hyponormal if
(I,T,---,T*) is hyponormal. It is well known that T is subnormal if and only if T'
is co-hyponormal (cf. [Br], [Hall).

Let a : ag,aq,--- be a sequence of positive real numbers. Let z > 0 and let
alx) : x,ap,a1,-+- be an augmented weight sequence. For k € N U {co}, we
write HE(a,k) for the set of all positive real variable 2 such that Wy is k-

hyponormal (cf. [CuF2]). It follows from [Cul] that if a(z) : x, \/g, \/g, \/g, cee
then there exists a sequence {A;}72, of positive numbers with limy .o A = %

such that A\, > A1 (K > 1) and HE(a,k) = (0, ], where A\; = /2, Xy =

%,)\3 = Q/%,M = ,/%,'~ and HE(a,00) = (0, \/g ], which gives an example
that distinguishes the classes of k-hyponormal operators from one another. In this
paper, we obtain a formula that captures such examples.
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2344 I. JUNG AND C. LI

Note that for a unilateral weighted shift W, with «,, = ay41 for some n €
NU {0}, 2-hyponormality immediately forces the weight sequence « to be flat, that
is, oy = g = - -+ (cf. [Cull]). In [Sta], J. Stampfli had previously established this for
subnormal shifts, so if the subnormal weighted shift is not flat, its weight sequence
« satisfies ap < a1 < ag < -+ < ay, < - --. Throughout this paper we may assume
that the subnormal weighted shift W, satisfies ag < a1 < ag < -+ < ap < -+ to
escape the trivial case.

A weighted shift W, is said to be recursively generated if there exist an integer
r > 1 and a vector ¢ = (o, ,¢¥,—1) € C" such that v, = Yr_19n—1+--- +
Yo Yn—r (n > 1), where 7, (n > 0) is the moment of Wy, i.e., vo:=1, yp:=a3 - - a2 _,
(n > 1), equivalently,

1/%"72 1/)0
(1.1) a2 =1+ +ot > (n>7).
" ' 0‘%—1 0‘%—1 ) "a%—r+1

The smallest such integer r is called the rank of v. A weighted shift W, is non-
recursively gemerated if it is not recursively generated. Note that a subnormal
weighted shift is recursively generated if and only if the corresponding probability
measure has finite support (cf. [ShT], p. 6] or [CuF1]).

For the moment sequence {v,}22, of W, we denote

Yi Yi+1 Tt Yitj
. Yi+1 o Yiv2 0 Vit
Ai,j) = | . : : -
Yi+i  Yi+j+1 o 0 Yit2j

If a subnormal weighted shift W, is recursively generated and ranky = r, then
detA(i,7 — 1) # 0 and detA(i, j) = 0 for any ¢ > 1, j > r. Note that if a subnormal
weighted shift W, is non-recursively generated, then detA(7, j) > 0 for any positive
integers ¢ and j (cf. [CuE3]).

2. A FORMULA FOR k-HYPONORMALITY

2.1. Non-recursively generated type. Let a:aqp < a; <ag < - < ayp < ---
be a sequence of positive real numbers. Let © > 0 and let a(z) : z, a9, a1, be
an augmented weight sequence. Assume that W, is a non-recursively generated
subnormal weighted shift. For brevity, let us put ¢ := x% Then it follows from

|Cull, Theorem 4] that Wy, is k-hyponormal if and only if

t % Mmoo Yk—1

Yo st 72 cee Yk

Dy (t) == ) } ) :
Ye—-1 Ve Ve+1 0 7V2k—1

is non-negative, where 7o := 1, 9,41 := @27, (n > 0). Note that di(t) := det D(t)
is a polynomial in ¢ of degree 1. Since W, is non-recursively generated subnormal,
the coefficient of ¢ in dg(t), det A(1,k — 1), is positive. Hence di(t) has a unique
zero. We write ¢, := t;(«) for the unique zero of di(t).
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Theorem 2.1. Let a:ap < a1 < ag < -+ < an < --- be a sequence of positive
real numbers. Assume that W, is a non-recursively generated subnormal weighted
shift. Let © > 0 and let a(x) : z,a0, a1, -+ be the associated augmented weight
sequence. Let ty, := ty(a) be the unique zero of det Dy (t), where t := —. Then

x2

[det A(0, k)]
detA(1,k — 1) -detA(1,k)

(2.1) trir(a) = te(a) +

forallk=1,2,---.

For an n x n matrix A = [a;;]1<i j<n, We write

Qi ky Ay ko to Ay kp
Z.l Z‘Q . ip aigkl aiQkQ e aigkp
A = . . .
ki ke o Ky L
aipkl aipkz to aipkp

for a minor of A of order p. We recall a fundamental result from [Ganl, p. 22] as
follows.

Lemma 2.2. Let A = [ai;]i1<ij<n be an n x n matriz. Then

detA= 3 A(’?l I ’?I’) (1) ot S b
o . 2 o p
(2.2) 1<i <ig < <ip<n, / / ,
. A<k';,1 k/2 o ]?,np>7
Zl Z2 e anp
where i1 < i < -+ < iy and zll < 1/2 < - < i/n_p form a complete system of indices
1,2,---,n,as doky <ky <--- <k and ky < ky < --- <k;kp.

Proof of Theorem 2.1. Let M,gi) be the k x k matrix obtained by removing the
(i 4+ 1)-th column from the matrix

Yo a! 72 e Vi
g4l V2 3 o Yk+1
Ye—-1 V& Vk+1 0 Y2k-1

and let d,(j) := det M,gi) for i =0,1,2,--- k. Let us expand di(t) = det Dy (¢) by
the first row to obtain

di(t) = td](co) — ’yod](cl) + 'Yld;(f) -+ (—1)k’yk_1d](€k).

Let ¢y := tx(a) be the zero of di(t). Since dgco) >0 for k=1,2,---, we have

av o d® e,y
tk:’yow—’ylw'f""(_l) ’kalw (k‘EN)
k k k



2346 I. JUNG AND C. LI

Hence

0) 4(0 0 1 1 0 0) 4(2 2) 40
0 s 1) =2~ P 2) - a0 2~ AP
- k k
@9 o U 0 AP

+ (_1)k,ykd](€0)d](£_+11).

We first denote

()
A(2k+1)><(2k+1)
Y0 Y1 T Yi+1 cee V& V41
Y1 Y2 s Yi+2 T Vk+1 O(k+1)><(k—1) Vk+2
Yk Ye4+1 0 Vk+itl T Y2k Y2k+1
= ;
Yo Yi+1
i+1
71 Okxi Yitz  Okx(k—i-1) B;(cfl )
_'Yk—l Yi+k ]
where O;y; is the 7 x j zero matrix and B,(i:ll) is the k£ x k submatrix obtained by

removing the (i + 1)-column from the matrix
r}/l e r}/k+1
Voo Y2k

(i=0,1,--- k). Let v(i,j) = [Vi,Vit1, "+ »Vi+j]. . Since the k + 2 columns of the
submatrix

Yo oo Vi Vk+1
Yeoo ot 2k V2k+1
in the upper half submatrix of the matrix gg)k )X (2kt1) A€ linearly dependent,

there exist real numbers ¢;, ¢ = 0,1,--- , k, such that v(k + 1,k) = ¢ov(0,k) +
-+ ¢rv(k, k), which proves easily that the columns of AE;)k+1)><(2k+1) are linearly
dependent. Hence

70 . .
(2.4) det A(;k+1)><(2k+1) =0 for i=0,1,--- k.
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For brevity we write A= ZEQI@H)X(%H)' Then, applying Lemma 2.2 (using A and

the last k rows of A), we have that

~ ~(k+2 - 2k+1
det A = 3 A( r - )
Zl ... Zk
1<i <t < <ip <2k+1
(=1) Ln#Zi%iw.j(_l, e b 1)
LS B ]
where i1 < iy < -+ < i andill <i/2<---<i;€+1
form a complete system of indices 1,2,--- 2k + 1,

i+1) d(O)

2k 2k+1
— (1) Ik I v g0

+ (—1)Toskie V2 v det BT det A(0, k)

+ (_1)(i+2)+25ik+2 “+Ziiﬁ+2 v

Yitl Y1 e Vi Yivz o Tk
. Yit2 V2 Vit Yits o Vet gD
. . . . . . k—+1
Ve4i Ve Vkti-1 VkHiF1 0 V2k-1
=di VY| + det BT det A(0, k)
Yitr Y1 Vi Yit2 Tk
_ (_1)(i+2) Yit2 2 v Vil Yits o Ykt (i+1)
: . . . : : k1
Ve+2 Ve Vk+i—1 0 Vetitl 0 V2k-1
=d{dY) |+ det By det A(0,k) — dVd Y.
Hence by (2.4) we have
25  dPdl D —dltVdl)| = det A0, k) -det B (i=0,--- k- 1).
Since d,gf:_ll) = det A(0, k), by (2.3) and (2.5) we have
k—1 ‘ .
AP A (trer — 1) = [det A0, )] - [D (— 1)y det B + (=1)*yd)”)
i=0
= [det A(0, k)],
which proves the theorem. O

Since det A(1,k — 1) > 0 for &k = 1,2,---, di(t) > 0 < ¢ > ti(«a) for all
2
k =1,2,---. Since det A(0,k) > 0 for k = 1,2,--- and t;1(a) = %, by (2.1),
0 < t1() < to(a) < ---. Hence we have the following corollary.

Corollary 2.3. Let a:apg < a; < ag < -+ < ay < --- be a sequence of positive

real numbers. Let x > 0 and let a(x) : x, a0, a1, be the associated augmented
weight sequence. Assume that W, is a mon-recursively subnormal weighted shift.
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Let ty, := tr(a) be the unique zero of det Dy(t), where t := xiz Then for any k € N,
(—— |
Vi) V/tr(a)

(2.6) HE(a,k)\ HE(o,k+1) =

In particular, HE (o, 00) = m;‘;l(o, \/tl(—)]
k(a

2.2. Recursively generated type. Let W, be a recursively generated subnormal
weighted shift and let ranky = r. Then det A(1,4) > 0 for i =1,---,r — 1 and
det A(1,7) =0 for ¢ > r. According to the proof of Theorem 2.1,

[detA(0, k))?
detA(1,k —1) - detA(1, k)
for all k =1,2,--- ,r — 1. Since rank Dy41(t) = rank Dy (t) (k > r) by [CuF1], we

have that Dy41(t) > 0 <= Dg(t) > 0 (k > 7). So tg+1(a) = tp() for all k > 7.
Hence we have the following proposition.

(2.7) tr1(a) = te(@) +

Proposition 2.4. Assume W, is a recursively generated subnormal weighted shift
and let rank v =r. Let x > 0 and let a(z) : x, a9, a1, -+ be an augmented weight
sequence. Let ty, :=t(a) be the unique zero of det Dy (t), where t := 2. Then we
have

G) forp<r—1,
1 1

HE(a,p) \ HE(a,p+1) = ( o) t(a)L

(ii) for any p > r, HE(a,p) = HE(a, 0).

3. EXAMPLES

3.1. Non-recursively generated type. Given any non-recursively generated
subnormal weighted shift W, by Theorem 2.1 and Corollary 2.3 the one step ex-
tension of W, provides several examples to distinguish the classes of k-hyponormal
operators. For example, we may recapture Curto’s example [Cull Proposition 7] as
follows.

Example 3.1. Let o, := Z—j‘_g (n > 0). It follows from [Cul] (or Example

3.2) that Wy, is subnormal if and only if 0 < 2 < \/g Since the support of

Berger measure corresponded by W, is not finite, W, is non-recursively generated.

Applying Theorem 2.1, we have t; = % ty = %, t3 = %, ty = %, ls = %,"'

Hence HE(a, k) \ HE(a, k + 1) = (Agy1, Ak, where Ay = \/g, Ao =3, N3 =

VB h= B s = B and HE(a,00) = (0.4/3]

Let W, be a weighted shift whose restriction to V{ey, ez, - - - } is subnormal, with
associated Berger measure p. Then it follows from [Cull Proposition 8] that W, is
subnormal iff

1 1
(3.1) EéLl(u) and a%"’;‘

L) =
In particular, W, is never subnormal when p({0}) > 0. The following example is
useful when considering the behavior of Bergman shift extensions.
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Example 3.2. Let

oz )i m m+k—1
7..., : ,...7x7 —7..., 77....
1 n n 1 m+1 m+k

(')If1<n<m—1 then

HE(a, ) )| Wa(z,,... 2,) 18 subnormal}

.1317'
\/m—l\/m \/m—n—l—l )
—n+2’

(ii) If n > m, then HE(«, c0) = 0.

m-—n
< f-momy
“Vm—-n+1

Proof. (i) First we will find the range of 1 needed for the subnormality of W)
Let pu1 be the probability measure corresponding to the subnormal weighted shift

Withtheweights'/mLH"/z—i%""a\/%,~~.Then
k-1 1
/ t dp (1) = — SPils == =/mt’“+m—1dt.
[0,1] m+1 m+k m+k o

- _m_ [m—1
iy T by (3.1) we have z; < —. Let

12 be the probability measure corresponding to the weighted shift with the weights

_m_ .. mtk—1 | 1
T, et . Since

s m m+k—2 /1k
: = [ ¢4
1 T mtk—1 o K2,

So du; = mt™~1dt. Since Hl/t‘

using a method similar to that described above, we have dus = x2mt™~2dt. Further-
more, since 2[0,1] = 1, we have z; = y/Z=1. Hence dus = (m—1)t™~2dt. In gen-
eral, let u; be the probability measure corresponding to the weighted shift with the

weights z;—1, -+, @1, /07 0/ mf:f_gl, -+« . Then it follows easily from math-

ematical induction that du; = (m —i + 1)t™~dt, x; = 1<i<n-1)

m— z+1

m—n
m—n+1"-

(ii) Let p, be the probability measure corresponding to the weighted shift with

the weights 2,1, , @1, /757, ,,/mgf;1,~-~ . Then

diy, = (m —n+ 1)t "dt.

1 1
/ —dun:(m—n—i—l)'/ tmonel g =
ot 0

and z,, <

Since n > m,

which implies that + ¢ L'(p,). Hence HE(a, 00) = 0. O
Example 3.3. Let W, be the weighted shift whose weight sequence is given by
Q= Z—i‘; (n > 0). By (ii) of Example 3.2, W,(,) is not subnormal for any
x > 0. By Theorem 2.1, we have t; = 2, to = 3, t3 = %, ty = %, ts = %,~-~

Hence HE(a k) \ HE(ak +1) = (vepr, M, where A = /5, o = /1, A =

Vi M=4/2, As =4/5F, -+, and HE(a,00) = 0.
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In addition, we consider an example of non-Bergman shift type.

Example 3.4. Let W, be the weighted shift whose weight sequence is given by
\/ n+1 1 2n2—1

n+2 2 2ntl—1
Let du := 2x3 ydt. Since 7y, = 2]%1 thdt = n%rl -5+ (2" —1), p is the probability
measure corresponding to the weighted shift with a weight sequence o := {a, }5%.

(n>0).

Qp =

Hence W, is subnormal and, by (3.1), W) is subnormal if and only if x? fol %du <
1, which is equivalent to 0 < z < \/ﬁ By Theorem 2.1, we have t; = %, ty =
13 ts = T8 ta = a1, ts = 3558, -+, and HE(a, k) \ HE(o, k + 1) = (A1, Ael,

where \; = \/g ~ 0.866025, Ay = (/13 ~ 0.849837, A3 = /252 ~ 0.849337, Ay =

321 ~0.849322, A5 = 1/ 25215 x5 (.849322, - - - , and HE(a, 00) = (0, —=t—], with

445 ~ 34997 V2In2
1 ~
NV 0.849322.

3.2. Recursively generated type. Using Proposition 2.4, we can recapture a
well-known result (cf. [CuF1], [CuF2] or [Cull]).

Example 3.5. We consider a: (a, b, ¢)”, where 0 < a < b < ¢. Since ranky = 2,
by (2.7) t1 = % and t, = %. Hence

(i) HE(o,1) ={z: 0 < x < a},
(i) HE(,2) = -+ = HE(a,00) = {2 : 0 < < aby/ c—fmtpmr }-

We close the paper with the following example.

Example 3.6. Let a: (a, b, ¢, d, e)" with 0 < a <b < ¢ <d < e satisfying

b2 4_2 2.2 2b2 2 d4_2b2d2 b2 2
(3.2) —2'6 @ ta <d® and <. +oe <e
c b2 — a? d? -2
Then by [Lil Corollary 2.12], W, is subnormal. Assume that ranky = 3. Then by

aZ =y + of?fl -+ ailw-oocig (n>3)
with
a’?b?c?(b?ct — 2b2c?d? + c2d* + b2d?e? — c*d%e?)
Yo = a?b* — 2a2b%c? + b2t + a?c?d? — b2c2d? ’
b2c2(a?b?c® — a’b?d? — a®cPd? + 2d* + a’d?e? — c*d%e?)
V1= a?b* — 2a2b%c? + b2t + a?c?d? — b2c2d? ’
by = c2(ab* — a®b%c? — a?b?d? + b?c2d? + a’d?e? — b*d%e?)

a2b* — 2a2b%c? + b2t + a2c2d? — b2c2d?
Hence by (2.7), t; = a—12, ty = %, and t3 = %, where
A =a'’ —3a'p e + o'’ + 2a%0 ! + 20?02 d? — 207 AEd? — 2d% P dP
+b2ctd — a*Pd?e® + 2a%b2 P dPe? — v rdPe?,

B = a*b?* A (b*ct — 20°AAd? + d* 4 b2 d*e? — Pd?e?).
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(i) HE(a,1) ={z:0 <z < a},

(i) HE(o,2) = {2: 0 < = < aby/ c—fomtpmr }
(i) HE(o,3) =--- = HE(a,00) ={z:0< 2 < \/g}.
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