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ABSTRACT. In this note, we show that when G is a torsion group the second
center of the group of units U(ZG) of the integral group ring ZG is generated
by its torsion subgroup and by the center of U(ZG). This extends a result of
Arora and Passi (1993) from finite groups to torsion groups, and completes
the characterization of hypercentral units in ZG when G is a torsion group.

Let ZG denote the integral group ring of a torsion group G, U(ZG) the group of
units of such a group ring and V(ZG) the subgroup of units of augmentation 1.

In the case where G is finite, the ascending central series Z,, (V(Z@G)) was studied
in [I] and [2]. In [I] it was shown that Z,41(V(ZG)) = Z,(V(ZG)) whenever
n > 2, while the main result of [2] states that Zy(V(ZG)) = T-Z1(V(ZG)) where T
denotes the torsion subgroup of Z(V(ZG)). The first of these results was extended
to torsion groups in [5], and the question of whether or not the second result could
be similary extended was Open Problem 5 in [§].

In this note, we show that the second result can indeed be extended to torsion
groups. Although Blackburn’s theorem [B] on the intersection of nonnormal sub-
groups of finite groups played a significant role in the investigation of the structure
of the second center in [2], this result cannot be applied directly to our case. Instead,
our argument focusses on the importance of Bass cyclic, bicyclic and Hoechsmann
units in integral group rings.

Notation and terminology will follow that in [10].

The following lemma is crucial to our approach. Although the argument given
can be found in [5] (as part of the proof of Theorem 2), we include it here for
completeness.

Lemma 1. If G is a torsion group, [Z2(V(ZG))]? C Z1(V(ZG)).

Proof. If v € Z3(V(Z@G)) and g € G, then ¢ = vgv~lg~!isin Z1(V(Z@G)). Since cg
is of finite order, it follows that c is also of finite order and hence is in G [9, p.46].
Thus v is in Ny (zg)(G) and so v? € G - Z1(V(ZG)) [10, p.32]. It follows that if
[Z2(V(Z@G)))? is not contained in Z1 (V (Z@G)), then there must exist a group element
hin Zy(V(ZG))\Z1(V(ZQG)). But then if u is any unit in ZG, [u, h] = ho € Z1(G)
and there exists a positive integer n = n(u) such that u™hu~" = h. It follows from
Theorem 1.2 of [7] that the exponent of Z;(G) is 2, and so for all ug € Z3(V(ZG))
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and all ¢ € G, we have [u3,g] = [u2,g]> = 1. This contradiction finishes the
proof. O

We remark that the relationship Z»(V(ZG)) € Ny (z¢)(G), obtained in the above
proof, was also noted in [6] and, as a consequence, some partial results on the
problem of when Z3(V(ZG)) =T - Z1(V(ZG)) were obtained in that paper.

Recall that a torsion group G is said to be a @Q*-group if G has an Abelian
normal subgroup A of index 2 which has an element a of order 4 such that for all
h€ Aandall g€ G\A,g*>=a? and g~'hg=h""L

Here is our main result.

Theorem 2. Let G be a torsion group. Then Za(V(ZG)) # Z1(V(ZG)) if and
only if G is a Q*-group. In that case, either G is a Hamiltonian 2-group and
Zy(V(ZG)) = G or Zo(V(ZG)) = (a)Z1(V(ZG)) where a is any element of the
type defined above.

Proof. First we recall that if G is a @Q*-group and a is as defined above, then
(a) is normal in V(ZG) (see M| or the last paragraph on p.5505 of [7]). So if
w is any unit in V(ZQG), either au = ua or au = a*(ua). Since a? is central,
this shows that a € Z2(V(ZG))\Z1(V(ZG)), and we have also established that
(a)Z1(V(ZG)) C Z3(V(ZG@G)) in this case.

Now let G be a torsion group such that Z2(V(ZG)) # Z1(V(ZG)) and choose
29 € Zo(V(ZG))\Z1(V(ZG)). Lemma 1 tells us that 25 € Z;(V(ZG)) and hence
[22,u] is a central unit of order < 2 in ZG (and so lies in G) for all u € V(ZG).

We will show that G is a Q*-group and that the required condition is satisfied.

First assume that G is not a Dedekind group. If x,y € G satisfy yzy~t ¢ (z),
consider the nontrivial bicyclic unit

u=1+3y(l —z)

where & = 1+z+ 22+ +2°@) =1 We know that zou = uzec for some ¢ € Z1(Q)
of order < 2. It follows that zou? = u?zy. Since u? = 1 + 22y(1 — =), this means
that zou = wzs. Thus za(dy(1 — 2))25 ' = 2y(1 — z) and, since 22 € Ny (z6)(G)
(as seen above), we conclude that zoyz, ' = z'y for some i. Now assume w € G
satisfies wrw™! € (z). Replacing y by yw in the above argument, we obtain
2oYwzy V' = 2lyw for some j. Recalling that z' and 27 are central, this gives
zwzy b = (2'y) el yw) = 27w,

We have proved that if (x) is a nonnormal subgroup of G, then [z, g] € (x) for
all ¢ € G (note that this means [z3,g] can take on only two distinct values as g
ranges through G). In particular, this says that [z, x] € (z) whenever (x) is not
normal in G. But if (z) is normal in G, it is still the case that [z2,z] € (z) (since
the conjugacy class sum of x is central and z is in Ny (z¢)(G), 22x22_1 must be a
conjugate of = in G). Hence [22, g] € (g) holds for all g € G.

Since [z2, g] is central of order < 2, it follows that [z2,¢] = 1 whenever g € G is
of odd order. We now show that [22,g] # 1 can only occur when g is of order 4.

First note that if ¢ € G is of order 2, then [z2,9] = 1 or g by above. But
[22, 9] = g implies zogzy 1 — 1 which is impossible, so we conclude that [22,9] = 1.

Next assume that g € G is of order 2" where m > 3 and consider the Bass cyclic
unit (see [10] for details)

. 1 gm—1
u:(1+g+92)2 1+237mA
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We know that zzgzz_1 =g or 22922_1 = g2m_1+1. Say the latter holds. We also
know that zouzy I — ue where ¢ is a central unit of order < 2, and it is clear that
c=1lorc=g?" . If c=1, we obtain (1+ ngle + 92)27"71 =(1+g+g%
which is not true because the coefficient of g on the right-hand side is 2™~ while

om— 1

the coefficient of g on the left-hand side is greater than 2m~1. If ¢ = g2m_1,
we obtain (1 + ¢2" *1 4+ ¢2)2" = (14 g + ¢2)g)*" " which is also not true
because the coefficients of g2m71 are different on the two sides. So the case where
P g2m_1+1 is impossible and we must have [z, g] = 1.

Finally assume that g € G is of order 2"'s where m > 1, s is odd and s > 1. We
know that zog = gzoc where c is central of order < 2. Since 29¢9° = g°z9c and ¢°
is of order 2™, it follows from the last two paragraphs that we may assume m = 2.
Also, if p is an odd prime such that p|s, then 2997 = gv zpc. So to complete this
part of the proof, we may assume that g is of order 4p. Say zogz, * = ¢g*? ™! If

p > 3, consider the Bass cyclic unit
1 —32(p-1)
Y

u=(1+g+¢°)"" "4 i

If zouzy ' = u, we obtain (1—1—92”“—1—92)2(’)*1) = (1—|—g—|—g2)2(p*1) which is impossible
because the coefficients of g*?~! are different on the two sides. If zouzy b= ug?”, we
get (14 g% 4 92)2(”*1) =149+ g2)2(p*1)g2p, which is also impossible because
the coefficients of %" are different. We have a contradiction, and must conclude
that [22,g] = 1. If p = 3, consider the Hoechsmann unit (see [10] for details)

v=(~1+¢"+9"+g" +9%" - 2.

As before, both zzvzgl = v and zzvzgl = vg6 would contradict Znggl = g7. We
again conclude that [z2,g] = 1.

Now let H = {x € G|zex = x22}. It is easy to see that H < G. If z € G\H
and y € G\H, we know that « and y are both of order 4 and hence that zox =
2329, 20y = Y22z where 2 = y? (as noted earlier) is central. Hence zoxy = 23y%25 =
xyzo. We conclude that |G/H| = 2.

If h € H and x € G\H, then zh € G\H. It follows that = and zh are both of
order 4 and (zh)? = 22, giving xha~! = h~!. If k € H also, we have xhkx~! =
(hk)~1 while xhkx—1! = (vha~1)(zkx~1') = h= 'k~ giving hk = kh. Hence H is
Abelian.

Finally, note that when [22,g] = ¢ # 1 for some g € G, then ¢ € H? (since G/H?
is Abelian). This completes the proof that G is a Q*-group. Moreover, if a € H
satisfies a® = ¢, then [22 a~ ', g] = 1 for all g € G and so 23 € (a)Z,(V(ZG)). Since
the subgroup H is uniquely determined in a non-Dedekind @*-group, we conclude
that Z2(V(ZQG)) C (a)Z1(V(ZG)) and this section of the proof is complete.

Finally, assume that G is Dedekind. Recall that zo € Zo(V(ZG))\Z1(V(ZQ)).
Hence G is not Abelian, so G = Qg X Fa X E21 where FEs is an elementary Abelian
2-group and Ej is an Abelian group in which every element is of odd order.

We claim that E3 = {1}. Say this is not the case and = € Ej is of order p
where p is an odd prime. Note that z is central in G. Since zy is not central,
there must exist an element y of order 4 in Qs such that [z2,y] # 1. Since (y) < G
and 22 € Ny(z¢)(G), we can show as before that zzyzgl = y3. It follows that

2p+1

xy is of order 4p and zo(zy)zy t = xy® = (2y) . As before, we now obtain a
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contradiction by examining either a suitable Bass cyclic (if p > 3) or Hoechsmann
(if p = 3) unit in V(ZG).

Now we have G = Qg X E», a Hamiltonian 2-group and also a @*-group. In this
case, Higman’s theorem says that Z>(V(ZG)) = Z2(G) = G, as desired.

The proof is complete. O

An immediate consequence of Theorem 2 is the result stated in the introduction.

Corollary 3. If G is a torsion group, then Zo(V(ZQG)) =T - Z1(V(ZG)) where T
is the torsion subgroup of Zs(V(ZG)).
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