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A PROOF OF THE HOMOTOPY PUSH-OUT
AND PULL-BACK LEMMA

MICHIHIRO SAKAI

(Communicated by Ralph Cohen)

ABSTRACT. The homotopy push-out and pull-back lemma of Iwase (1998) is a
generalized version of Theorem 1.1 of Ganea (1965) and the Theorem of Rutter
(1971) whose proofs were given under the simply-connectivity condition. The
purpose of this paper is to give a proof in the general case.

1. INTRODUCTION

In this paper, we work in the category of Hausdorff compactly generated spaces.
Let (X, A) and (Y, B) be NDR-pairs with i : A—X and j : B—Y the inclusions;
ie,i: A—X and j : B=Y are closed cofibrations (see page 22 in [9], for example).
For given f: Z—X and g : Z—Y, we define some homotopy pull-backs:

Qi ={(2,1)eZxP(X)|f(z) = 1(0), I(1)eA},
Qg =A{(z,1)€ZxP(Y)|g(z) = I'(0), I'(1)eB},
where P(X) = {l:]0,00)— X | I(t) =1(1), for t>1} and P(Y) = {I’' : [0,00)—=Y |
I'(t) =1(1), for t>1}. Similarly, for maps ixj : AxB—>XxY, k: X xBUAXY —
X XY and (f,g9) = (fxg)oAz : Z—XxY, we define
Qpg0,ix5 = {(2,LIN€ZXP(X)xP(Y)[L(0) = f(2), I'(0) = g(2),
(1(1),1'(1))eAx B},

Qg =1z, L1)eZxP(X)xP(Y)|l(0) = f(z), I'(0) = g(2),
(1(1),1'(1))eX x BUAXY }.
Using them, we have the homotopy push-out W' = Q; ;U{€Qf, ¢),ix; X[ 1, 1] }UQy

of natural projections p1 : €y gy,ix; =8 and pa : Q( g) ix j—E2g,; which are given
by

’ ’ /
pl(Z,Z,l):(Z,Z), p2(27l7l):(zal)

Received by the editors December 1, 1999.

2000 Mathematics Subject Classification. Primary 55R70.

Key words and phrases. Homotopy push-out, homotopy pull-back, NDR-pair.

(©2001 American Mathematical Society

2461



2462 MICHIHIRO SAKAI

Then we have the following diagram:

D2
Qrgrixi — Qg
pl\ HPO \
Qf’i W----- > Q(f,g) k XXBUAXY
(1.1)
\ HPB k
(f,9)
! XY,

where (z,1,1’,—1) and (z,1,I’,1) are identified with (z,1) and (z,l!’) in W, respec-
tively.

Theorem 1.1 (Homotopy Push-out and Pull-back Lemma). Let (X, A) and (Y, B)
be NDR-pairs and let Z be a space with maps f : Z—X and g : Z—Y . Then the
homotopy pull-back Qs gy 1 of maps (f,g) and k has naturally the homotopy type
of the homotopy push-out W of prand pa, in the diagram (1.1).

2. PROOF OF THEOREM 1.1

Proof. First, we define W a subspace of Qt,9).6%[—1,1] by
W = Qs g).ixay X { =10 1,g).ix; X[~ 1, 1O f,), 105 % {1},
and a map  : W—>Q(f’g)’k by

(Z’Z’Z/lth)) t<0,

Dz, LU t) = (2,li_, 1, ,,) =
(Z ) (Z 1—t 1+t) {(Z,ll_t,l/), t207

where I;_¢(s) = {(Min{(1—1t)s,s}) , I1,(s) = I'(Min{(1+1)s,s}) (s€I = [0,1]), re-
spectively. Let  : W—W be the identification map. By definition, <i>(z, LU,-1)=
(2,1, ¢4(z)) doesn’t depend on I’. Similarly, fiJ(z, L,I,1) = (2,¢f(z),1") doesn’t depend
on I. Thus we see that ® induces a map ® : W—Q; g -

Second, to define a homotopy inverse of @, let us recall that (X, A) is a NDR-pair:
there exist maps u : X—1I and h : X xI—X which satisfy the following properties:

(1) u='(0) = A.
(2) hlxxqoy = 1x, hlaxqy = 1a (tel).
(3) If zeU = u~1([0,1)), then h(z,1)€A.

Similarly, the NDR-pair (Y, B) has maps v’ : Y—1I, b’/ : Y xI—Y as above. Making
use of them, we define maps U : Q(f7g)7k—>VAV and W : Qg gy —W as follows:

U= wo\il,
U(z,1,1) = (z,l@h, el u(l(1) — ' (I'(1)))

| ziehven, —u'(I'(1))), L(1)eA,
) (2, 1@h, Uk u(l(1))), I'(1)eB,
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where (®Dh, I'®h’ are the composition of paths, i.e.,

1(2s) 0<s<i '(2s) 0<s<i
l@h — ’ 27 ll@hl — ) 3
() {h(l(l),23—1)7 %SSSL (s) {h'(l’(l),Zs—l), % 1

Third, we show that oW~1qg , . We have the following equation:

BoW(z,1,1') = BoroW(z,1,1')
= dol(z,1,1)
ez i@h, el —u'(I(1))), 1(1)€A,
) ®(z, i@, Vel u(l(1))), I'(1)eB,
_ (Z,l@h,(l'@hl)l,u/(l/(l))), l(l)EA,
(Z, (l@h)l,u(l(l)),ll@h/), l/(l)EB.

Then we define a map H : Qs gy 1 XI—Q(¢,4) 1 by

H(z,1,U,s) = (2, (18&h) 1_u)))1—s)+1s COR) 1w @ 1)) 1—s)+4s)
_ {(z, (®h)1—sy41s VO ) 1w ))a—s)+1s)s HL)EA,
/ / /
(2, (I®h) (1 —uq)))(1—s) 425 TOR )1y 415),  V(1)EB.

As is easily checked, H gives a homotopy of oW and 1q, , ., the identity.
Finally, we show that Wo®d~1y,. We have the following equation:
\]A?Oi)(za la l,a t) = \:A[/(Z’ llftv l/1+t)
— (s l1sh, Uy R u(l(1 = 1) — /(U (1 + 1))

— (Zal@hvlllth@hlv_ul(ll(l+t)))7 t§07
(2, lih, 'l u(l(1 — 1)),  t>0.

Then we define a map H' : WxI—W by
H'(z,1,I',t,5)

(2, l1—¢®h, 1], @0, (1 = 3s)u(l,l',t) + 3sm(l,1',1)), 0<s<i,
- Tr(zalv(ft,s)@hvl;(t,s)@hlam(lvll7t))a %SSS%a
(2, (1&h) (1 45 (l’@h’)v(%’s), (3—3s)m(l,I',t) + (3s — 2)t), 2<s<1,

where v(t,s) = (2—=3s)(1+t) +3s—1, u(l,l',t) =u(l(1 —1t)) —u'(I'(1 +t)),
m(lat) = Max{u(l([l —t, 2]))a t}v m(lv llvt) = m(lvt) - m(l/a _t)'

We remark that u(l,1’,t) = u(l(1 —¢t)) if t>0 and u(l,1’,t) = —u/(I'(1 +¢)) if t<0
for (z,1,1’,t)eW, and hence —1<u(l,1’,t)<1, and u(l,1’,0) = 0. Similarly, it follows
that m(l,t) = Max{0,t} = 0 (—1<¢<0), and m(l', —t) = Max{0, —t} = 0 (0<t<1).
We remark that m(l,l',t) = m(l,t) if t>0 and m(l,’,t) = —m(l', —t) if t<0 for
(z,1,I,t)eW. Thus —1<m(l,’,t)<1, and m(l,1’,0) = 0.
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Let us recall that wx1; : WxI—W xI gives also an identification map (see page
20 in [9], for example). By definition, we have the following:

H'(z,1,I',—1,s)

2, 1®h, ey N, —u'(g(2))) = Vod(z,1,1',-1), s=0,
Rzl h, oo @H, (1 - 35)(—u/(9(2))) —3s),  0<s<l,
(2, l®h, ¢g()®R', —1) = [z, IDh), = %,

IA
v
wlto

7(z, IO, I'®N , —1) = [z,IDh],

2 (8h),_s,, (OH),_3,.=1) = [z, (18h),_3],
(2,1, —1) = [2,1],

H'/(z,l,l/,t,s)

™

® o ® ow= ®»
IA |
@
ARV

I
lﬂ

[

m(
(2,
(
= (2, lDh,l3,_1BR', —1) = [z, 1],
(
(
(

7(z, 1®h, I @b, —u' (I'(1 + 1)) = \ijoci(z,l,z t), t<0, s =0,
(2, 1®h, I 1, @K, (1 = 3s)(—u/(I'(1 + 1)) = 3sm(l', —t)),  t<0, 0<s<g,
7(z, ldh, I DR, —m(l', —t)), t<0, s = 3,
= (2, 1®h, L, o OR, —m(l', —t)), <0, 3<s<3,
(2, l®h,1 @h’ m(l', —t)), <0, s = 3,
(2, (1&h)y_z., V®h )y 3., (3s = 3)m(l', —t) + (35 — 2)t), <0, 2<s<1,
(2,1, t), t<0, s =1,
ﬁ’(z,l,l ,0,5)
(2, 1@, @K, 0) = Tod(2,1,I',0), 0<s<Z,
= 71—(27 (l@h)g_%s, (l/®h/)2—%s’0)’ %S8S17
71-('Z7l7ll70)7 S = 17
H(z,1,U,t,s)
m(z, L1 ®h, ok u(l(l —t)) = <i>(z LU, ¢, t>0, s=0,
(2, l1_¢Dh, DK | (1 — 3s)u(l(1 — t)) + 3sm(l, 1)), >0, 0<s<%,
7(z, h +®h, U'eh',m(l,1)), >0, s = 3,
= (2, ly(—1,0)Bh, VBN, m(1,1)), >0, 3<s<3,
7(z, l@h Voh',m(l,1)), >0, s = 2,
(2, (18h)y_g,, (V®h)y 3., (3 = 3s)m(l,1) + (3s — 2)t), =0, 2<s<,
(2,0, t), >0, s=1,
H'/(z,l,l ,1,8)
(2, ¢5(2)Bh, BN u(f(2))) = Wod(z,1,1',1), s=0,
(2, C(2)®h, UON, (1 = 3s)(u(f(2))) + 3s), 0<s<3%,
(2, cp()Dh, DR, 1) = [z, I'®N], 5= %,
= { (2, l35-1@h, DK 1) = [2,1'®N], $<s<2,
(2, l®h, I'®h', 1) = [2,I'®R], s=2,
(2, (1®h)y_g,, V®h)y_s,,1) = [z, (VOh),_s,], §<s<I,
w(z, 1,1, 1) = [2,1'], s=1.

Therefore, H'(z,1,1',—1,s) doesn’t depend on I’ and H'(z,1,I’,1,s) doesn’t de-
pend on [. Thus H’ induces a map H' : WxI—W  which gives a homotopy of Wod
and 1y, the identity. O
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3. A GENERALIZATION OF THEOREM 1.1
In this section, we extend Theorem 1.1 in the category of quasi-fibrations g¢-F'ib.
Definition 3.1. An object of the category ¢-Fib is a pair consisting of a topological
space X and a continuous map p : X— B which satisfy the following conditions:
(1) p: X—B is a quasi-fibration over polyhedra.

(2) (local-triviality condition) For each simplex A, of B, there exists a homeo-
morphism ¢, which makes the following diagram commute:

A xF ba

N

: embedding

(3) Ais closed in X <= for each a€A, AN} X is closed in ¢} X .
A morphism of the category of ¢-Fib is a pair (f, g) of maps which makes the
following diagram commute:

Xl%Xg

n| |7

By _9 By
where g is a simplicial map.

Definition 3.2. Let px : X—B be an object of the category of ¢-Fib, and A a
subspace of X with the restriction px|4 an object of it. Then a pair (X, A) is called
a fibrewise cofibred pair when the following fibrewise homotopy extension property
is satisfied. Let pg : E—B be an object of ¢-Fib and (f,15) a morphism of ¢-Fib.
Let g; : A—FE be a homotopy of f4 which makes the following diagram commute:

A gt B

NPz

B

Then there exists a homotopy h; : X—F of f such that (h¢,1p5) is a morphism of
¢-Fib and g; = h¢|a.

Some arguments on continuous functors (see [[{]) yield the following result.

Theorem 3.3. Let (X1, A1) and (X2, A3) be closed fibrewise cofibred pairs and pz :
Z—B an object of ¢-Fib with morphisms (f1,15) and (f2,1p). Then the homotopy
pull-back Q(fhfz),k Of(fl, fg) : Z—X1xgXo andk : X1 X pAsUA1 xgXs—X1Xxp5Xs
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has naturally fibrewise homotopy type of the homotopy push-out of p1 : (4, f.),i1x gis
_)thil and ps : Q(f1,fQ),i1 ><B'Ll2_)Qf277;2

P1
Q(f17f2),i1><5i2 — Q.

»] !

Qf, i — Q(f1,f2),k —— XixpAsUAixpXs
| [
z YR XX,
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