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ABSTRACT. Suppose H is a complex Hilbert space and T' € L(H) is a bounded
operator. For each closed set F C C let Hr(F) denote the corresponding
spectral manifold. Let o,.(T") denote the set of all points A € o(T") with the
property that Hr (V) # 0 for any open neighborhood V of A. In this paper
we show that if 0;,.(T) is dominating in some bounded open set, then T has
a nontrivial invariant subspace. As a corollary, every Hilbert space operator
which is a quasiaffine transform of a subdecomposable operator with large
spectrum has a nontrivial invariant subspace.

The main purpose of this paper is to give a certain spectral criterion for the
existence of invariant subspaces for bounded operators on Hilbert spaces. Roughly
speaking, if the spectrum of some operator T' can be localized in sufficiently many
points, then a certain version of the dual algebras techniques initiated by S. Brown
in [BrI] can be successfully employed in this context, thus yielding nontrivial in-
variant subspaces.

The first application of the dual algebras techniques to operators having exten-
sions with rich local spectral theory was made by C. Apostol in [Ap]. Subsequently,
using a powerful result of M. Putinar [P], S. Brown [Br2] proved that all hyponormal
operators with large spectrum have invariant subspaces. Eventually, invariant sub-
spaces have been constructed for all Banach space operators with Bishop’s property
(8) and large spectrum [EPz]. In all these cases, it was assumed that the operators
under study have an extension or a lifting which are decomposable in the sense
of C. Foiag (see [CE]). We will replace this assumption with a certain localization
property for the spectrum, which in particular is shared by all operators having a
decomposable lifting.

We begin with several basic definitions and notations. Let X be a complex
Banach space, and let L(X) denote the algebra of all bounded linear operators on
X. For an open set w C C, one denotes by O(w, X) the Frechet space of all X-
valued, analytic functions on w. Let us fix an operator T € L(X). For each closed
set F' C C, we will denote by X7 (F) the linear manifold of all vectors = € X such
that (z —T)u(z) = z, z € C\F, for some function v € O(C\F, X). For an open set
G C C, let X7(G) denote the union of all spaces X7 (K), where K runs through all
compact subsets of G. In the case when T has the single-valued extension property,
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the local spectrum of a vector x € X, denoted by or(z), is defined as the smallest
compact set K with € X7 (K). In this case, the local resolvent of x is the unique
function v € O(C\or(z), X) satisfying (z — T)u(z) = z, z € C\or(x). Also, recall
that an operator T € L(X) is said to have Bishop’s property (3) if the map

f=GE=-T)f

is one-to-one and has closed range on O(w, X) for any open set w C C. Moreover,
T is said to have property (8) if X = X7(V) + X (W), whenever {V, W} is an
open cover of o(T').

As shown in [AE], an operator T € L(X) has property (3) iff it is similar to the
restriction of a decomposable operator to an invariant subspace. Similarly, 7" has
property () iff it is the quotient of a decomposable operator. Moreover, properties
(6) and (&) are dual to each other, in the sense that an operator T € L(X) has
property (/) iff its adjoint has property (d), and conversely, T has property (0) iff
its adjoint has property (53).

For basic facts from local spectral theory, we refer to [CE| (see also [AE] and
|[EP] for recent advances in this field). For basic definitions and terminology in the
theory of dual algebras see [BEP].

Definition 1. Let X be a complex Banach space and let T' € L(X) be a bounded
operator. Then the localizable spectrum oy,.(T") of T' will be defined as the set of
all A € C such that X7(V) # 0 for every open neighborhood V' of \.

It is obvious that o,.(T") is a compact subset of the spectrum o(T") of T. In the
case when T has property () one can easily see that 0;,.(T") = o(T). In particular,
0(T') = 010c(T) whenever the adjoint T* is hyponormal.

Suppose now that T and S are bounded operators, and TX = XS for some
bounded one-to-one operator. Then one can show immediately that o;,.(S) C
010¢(T). In particular, ojoc(S) = 010 (T) whenever T and S are quasisimilar.

The main result of this paper is the following:

Theorem 1. Suppose T € L(H) is a bounded operator on a Hilbert space H such
that 010c(T)NQ is dominating in some bounded open set Q. Then T has a nontrivial
invariant subspace.

The following corollary is an immediate consequence of Theorem 1 and the re-
marks preceding it.

Corollary 1. Let S be a bounded operator on some Banach space X satisfying the
following two conditions:

(i) S has Bishop’s property (3), and

(i) o(S) N Q is dominating in some bounded open set Q@ C C.
Suppose moreover that T € L(H) is a Hilbert space operator such that SX = XT
for some dense range bounded operator X : H — X. Then T has a nontrivial
invariant subspace.

The previous corollary enables us to give an alternate proof of the following
recent result obtained in [AMcC]:

Corollary 2. Let H and Hy be complex Hilbert spaces, let S € L(H) be a non-
normal subnormal operator, and let T € L(Hy) such that SX = XT for some dense
range bounded operator X : Hy — H. Then T has a nontrivial invariant subspace.
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Proof. Let Rat(K) denote the space of all rational functions with poles outside
some planar compact set K. Since S is subnormal, its spectrum o(S) is a spectral
set for .S, i.e.

IF(SI < sup{[f(2)]; z € o(S)}

for every f € Rat(c(S)). Now, if Rat(c(S)) is norm-dense in the space C(o(S))
of all continuous functions on ¢(S), then a result of J. von Neumann (see [Co])
implies that S is normal. This contradicts our initial assumption that S is not
normal. Therefore Rat(c(S)) is not dense in C(0(5)), and in this case one knows
(see [Br2]) that o(S) is dominating in some bounded open set Q. By Corollary 1,
T has a nontrivial invariant subspace.

The proof of Theorem 1 is based on several lemmas and, before going further,
we need to introduce some notation. For a bounded open set 2 C C, one denotes,
as usual, by H*°(Q) the Banach algebra of all bounded analytic functions on €2,
endowed with the supnorm. A subset S C  is said to be dominating in € if
sup,cg |f(2)| = ||f|loo for any function f € H>(Q2). We will denote by Qq the
canonical predual of H*(Q), and for any point A € Q, we denote by ¢, the cor-
responding evaluation at A which obviously belongs to Qq. In the next definition,
T € L(H) is a fixed operator with the single valued extension property, and Q C C
is a bounded open set.

Definition 2. For each pair of vectors € Hp(Q2) and y € H, we define a bounded
linear functional [z ® y] on H*°(Q) as follows:

(o) = 5 [ Q@@ e @),

where z7(¢) is the local resolvent of z and « is a path in © surrounding or(z).

It is not difficult to see that the definition of [z ® y] does not depend upon the
particular choice of the path ~, as long as it satisfies the above conditions. Moreover,
(filz®y]) = (f(T)z,y) for any function f € H*°(2) which is also analytic in a
neighborhood of ¢(T') (in particular for any analytic polynomial). It is also obvious
that [z ® y] is a weak* continuous functional on H°°(2); hence it can be identified
with a unique element in the predual Qq of H*>(f2).

Definition 3. Given T € L(H) with the single valued extension property, and a
bounded open set Q C C, let X**(T") denote the set of all elements v in the predual
Qq of H>°(Q) for which there exists a sequence of vectors {z,, }5°; in the unit ball
of Hy(9) satisfying the following three conditions:

(@) limp—oo |99 — [20 @ 2] || = 0

(B) limp—oo ||[zn @yl =0 for all y € H;

(7) limp—oo [[[w @ z,]|| =0 for all w € Hp(Q).

For each A € C and p > 0, one denotes by D,(\) the open disc of radius p
centered at A, and by Ep()\) its closure. The following lemma is basic in the proof
of Theorem 1.

Lemma 1. Suppose T € L(H) is a bounded operator with empty point spectrum
and Q C C is a bounded open set. Then for each A\ € 015c(T) N Q (if any) there
exists a sequence of points {11} in Q such that p, — X and ¢, € XXT) for
allm > 1.
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Proof. Let us fix A € 010(T)N, let p > 0 such that D,(X) C €, andlet 0 < e < 2p.
It then follows from the definition of 0y,.(T") that there exists a nonzero vector
xr € H such that op(x) C D.(\). Let us denote by H2 the set of all functions
u € O(C\D.(\), H) for which there exists a vector z € H such that o7 (x) C D.()\)
and u(¢) = 7 (¢) for all ¢ € C\D,(\). We observe that if u € H» and u € C\D.()),
then or(u(1)) C Dc(N\). On H) we define a norm as follows:
lull = sup lu(Q)ll, ue H.
|¢—X|=2¢

We denote by H the completion of H2 in this norm.

Therefore, ﬁg‘ can be identified with the space of all continuous functions on
the boundary Dac()\) of Dac(\) which are uniform limits on dDa,()) of functions
from H}. We also define a bounded operator T on H by

(TU) (C) = TU(C)v C € aD2e(>‘)a
and a bounded operator ¢ : ﬂ'e)‘ — H by

du= [ wode, we

N % ’YE
where
Ye(t) = X+ 2ee’,  t € [0,2n).

We observe that if u € H} and x € H is a vector such that (¢ — T)u(¢) = z for all
¢ € C\D.()\), then Gu = z. In particular, this shows that the operator § satisfies
the identity T'q = ¢7T.

Now, our main purpose is to find a point p € Dy.(A) and a certain sequence of
approximate eigenvectors {u,}5°; for T — i, and then to show that ¢, and the
sequence {x,}2° ; defined as x,, = qu,, satisfy the three conditions defining the set
X(T).

Our first claim in this direction is that there exists a point & € Dac(\) such that
the operator T — 1 is not bounded below on H 2. In order to prove this claim, first
we show that the operator T — p has dense range, for every p with | — Al > e
Indeed, given such ;1 and a function v € H2, the function v defined as

oQ) = T () —u(u). ¢ D),
satisfies (T'— ¢)v(¢) = u(p) for all ¢ € C\D.()) so it belongs to the space H?, and
moreover, (T — p)v = u. This easily implies that T-— 1 has dense range for any pu
with | — Al > €.

Suppose now that T'— . is bounded below for any y in Do, (A). It then follows from
what we have already proved that T — p is invertible for all g with € < | — \| < 2e.
Now, if there exists p in Da(A) such that T— 1 is not invertible, then the boundary
of the spectrum J(T) intersects Da.(\); therefore the approximate point spectrum of
T intersects Do () as well, which contradicts our previous assumption. Therefore,
we see that, under the assumption that T — 1 is bounded below for all i € Do (),
the operators T — i are invertible for all such p. In this case, for each function
u € H2 , the analytic function @ defined as

a(¢) = q((¢ =) ), |¢ =A< 2,
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satisfies the identity
(€ =T)a(C) = qu, ¢ € Dac(N);

thus it represents an analytic extension of u in a neighborhood of D.(\). This
implies that the local spectrum of x = qu is empty, hence x = 0. However, this
contradicts our initial assumption that A € 0,.(T"). Therefore, our claim that for
some g in Do (), T — 1 is not bounded below, is completely proved.

We now fix such a point p and also fix a sequence of unit vectors {u,}52; in
H? such that ||(T — p)un| — 0. Let , = Gu,. Since T4 = ¢I, we easily see
that ||[(T" — p)zy|| — 0. Moreover inf, ||z,| > 0. Suppose, on the contrary, that
|z || — 0. In this case, the identity (¢ — T)u,(¢) = @, for ¢ € C\D(()\) shows that
[|(r = Q)un(Q)|| — O uniformly on 0Dz (). Since y is a point in Do (M), this implies
that |lu,| — 0 in H? which contradicts the fact that {u, }5°; are unit vectors in
H. We may and shall assume that [z, || = 1, for all n > 1. In addition, since the
point spectrum of T is empty, we may assume that z,, — 0 weakly. Our next task
is to prove that the sequence {z, }22 satisfies the three conditions (a)—(7).

Proof of (a). Let f € H>®(Q) with || f|lcc = 1 and write f as

Q) =Fw) =9 —p), C€9Q,

with ||gllec < 2| flloo/dist(u, 0Q). Let x(¢) = ¢ denote the position function in
H>(9), and recall that 7. is the path whose image coincides with the boundary
of Dac(N). Since o7(x,) C D (N), and ||z,|| = 1, the definition of [z, ® z,] shows
that

<fa ¢u - [xn (24 xn]>

=(9(x — 1), [Tn ® 1))

- / 9(OC ) (), 2
- / ST = (), w)iC
1

- L / (O ((F = wun) (€), 2n)dC.

Therefore
16 — [2n @ 2]l < 4I(T — p)un|| — 0,

and the proof of («) is complete.
Proof of (). As in the proof of («), we choose a function f € H*(f2) of norm
one, and write f as

FQ) = fw) =9(O(C—n), (€9,
with ||g|leo < 2] flloo/dist(u, 0). Therefore

(f [zn @y])
= (g(x — ), [zn @ y) + f(10) (Tn,y)-
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The definition of [z,, ® y] shows that
{gOx = ), [zn @ 9])

= o [ 9O~ (@) )¢
_ zim I(OUT — wun(C),y)d¢

’YE
Therefore

llzn @yl < AT~ waunlllyll + [(@n, »)I) = 0,

and this concludes the proof of ().
Proof of (). Let w € Hr(f2), let T’ be a contour in € surrounding or(w), and
let wr denote the local resolvent of w. Then one can easily see that the set of all
vectors t € H of the form
1

t=—
27

/ FOwr(Q)de,
N

where f runs through the unit ball of H>(2), is a norm compact subset in H.
Since x, — 0 weakly, we infer that lim,_, ||[w ® ,]|| = 0. The conclusion is that
the sequence {z,}5  satisfies all conditions (a)—(vy). The proof of this lemma is
completed.

From now on, T' € L(H) will be a bounded operator such that oj,.(T) N is
dominating in some bounded open set 2. We shall assume that the point spectrum
of T is empty; therefore T has the single-valued extension property. The proofs
of the following two lemmas are very similar to those appearing in [Bri] or [BCP],
and they will be only sketched below.

Lemma 2. Let {a1,...,a,.} CTC, {A1,..., A} Cooe(T)NQ, xg € Hp(Q), yo €
H, €>0, and § > 0 such that Z§=1 laj| < 6. Then there exist vectors & € Hr(f2)
and y € H such that:

() 13 ai0n, —Z@9 <6

(i) [|Z]| < o'/>;
(ii1) [lg]] < 8"/*;
(iv) [[[Z @ yolll < &

(v) lllzo @ glll <e.
Proof. Let 1 > 0 be a sufficiently small number, to be specified later. Using Lemma
1 and the fact that the map

Q3 p— by

is continuous, we can find inductively unit vectors {z1,...,2,} C Hp(f) satisfying
the following conditions:

() [lox; = [z @zl <y 1<j<r

(2) lllzo @zl +lllz; @ yolll <, 1<j<r;

(3) maxi<ij<r, i {ll[zi @ 2]} <.
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Let 8; € (_3 such that ﬂf = q; for 1 < j < r, and define T = Z;zl Bjx; and
y= Z;Zl Bjz;. It is now obvious that, for sufficiently small 7, these two vectors
satisfy conditions (i)—(v). The proof of this lemma is complete. O

Lemma 3. Let € > 0, let ¢ be an element in the predual Qgq, and let xo € Hp ()
and yo € H be vectors such that ||¢ — [x @y]|| < 0, for some 6 > 0. Then there exist
vectors x1 € Hr(Q) and y1 € H such that:

1) | — [z @ ]| <€
(ii) ||z1 — ol < 512,
(iif) [y — yoll < 6'/2.

Proof. Let n > 0 be a sufficiently small number. Since the set 0,.(7T) N is
dominating in €2, the bipolar theorem shows that we can find a finite set of points
{AM, s A} C o1e(T) N and complex scalars {aq, ..., a,} such that Z§=1 lag| <
0 and

v = [wo ® yo] = Yy, | <.
j=1

Now, according to Lemma 2, we can find a pair of vectors & € Hr(Q2) and § € H
such that

(1) 127521 ajdn, — [Z @7 <

(i) [|Z]] <82

(i) [|g] < 6'/*;

(iv) [I[Z ® yoll| < n;

(v) lllzo @ glll <.
It then follows that, for a sufficiently small n > 0, the vectors x1 = zy + & and
Y1 = Yo + ¢ satisfy all three conditions (i)—(iii). This completes the proof of this
lemma.

Proof of Theorem 1. Let us fix a point A € Q. It then follows from the previous
lemma that there exist Cauchy sequences {z,}52, C Hr(Q) and {y,}>2, C H
such that ||¢x — [zn ® yn]|| — 0. Let z = limz,, and y = limy,. It then follows
immediately that p(A\) = (p(T)x,y) for any polynomial, which shows that T has
indeed a nontrivial invariant subspace. This completes the proof of Theorem 1.
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