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A NOTE ON REGULAR ISOTOPY OF SINGULAR LINKS

CHICHEN M. TSAU

(Communicated by Ronald A. Fintushel)

Abstract. We show that two isotopic oriented 4-valent singular link diagrams
with transverse intersections are regularly isotopic if and only if they have the
same writhe and the same rotation number.

In [13] Whitney (and Graustein) proved that two closed immersed curves in the
plane can be homotoped into one another through closed immersed curves if and
only if they have the same rotation number. As a generalization of this theorem it
is proved in [12] that two isotopic oriented knot diagrams are regularly isotopic if
and only if they have the same writhe and rotation number (see also [8, p. 172]). In
this note we shall generalize this result further by showing that isotopy of singular
link diagrams with transverse intersections can be reduced to regular isotopy if and
only if the writhe and rotation number of the corresponding “components” of the
singular link diagrams are the same.

An oriented 4-valent singular link L with transverse and flat [14], [11] (or rigid [9])
intersections is the image of a collection of piecewise linear (or piecewise smooth)
maps of S1 (with the usual parametrization) in R3 each with finite (possibly empty)
singular set consisting of double points only, and the images of at most two differ-
ent maps can intersect transversely once at a point which, along with the pair of
intersecting arcs, are locally contained in a flat disk.

Isotopy between two 4-valent singular links with transverse and flat intersections
is an isotopy that is required to preserve transversality and flatness of intersections
at every stage of the isotopy. Regular projection and diagram are defined similar to
that of an ordinary oriented link.

Generalized Reidemeister moves (generalized R-moves) for oriented 4-valent sin-
gular link diagrams with transverse intersections are the usual three Reidemeister
moves for link diagrams together with the following “vertex” moves IV and V [9],
[14]:

;(IV)
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(V)

Two oriented singular link diagrams L1 and L2 with transverse intersections are
regularly isotopic if one can obtain a diagram of L2 from a diagram of L1 (or vice
versa) by a sequence of generalized R-moves II, III, IV, and V.

Similar to the Reidemeister Theorem on the isotopy of links in relation to R-
moves I, II, and III, it follows from [9, Theorem 2.1] that two oriented 4-valent
singular links with transverse and flat intersections are isotopic if and only if their
diagrams are related by a finite sequence of planar isotopies and generalized R-
moves I∼ V.

Define the writhe of an oriented 4-valent singular link diagram L with transverse
intersections to be wr(L) =

∑
cε(c), where the summation is over all the crossings

of L, ignoring intersections of L, and ε(c) = +1 or −1 according to whether the
crossing c is either or . For example, wr( ) = 2. As in the case for
oriented link diagrams, wr is a regular isotopy invariant of oriented 4-valent singular
link diagrams with transverse intersections. This definition was first given in [10,
p. 77] and is purely combinatorial. The author recently uncovered a geometrical
explanation and thought it worthy of mentioning here. The geometrical point of
view is based on an observation on works of G. Călugăreanu [3], [4] on the double
integral (which was later coined the term “writhing number” or “writhe” of K by
F. Fuller [5]) ∫ 1

0

∫ 1

0

(K(u)−K(v)) ·K ′(u)×K ′(v)
||K(u)−K(v)||3(*)

where K ∈ C∞([0, 1], R3) is a parametrized smooth knot in R3, which he obtained
while investigating the behavior in the Gauss integral formula for the linking number
of a link of two smooth knots if the knots are allowed to be the same. He showed
[3, p. 2] that the double integral (*) always exists as a real number, and (among
other things) that [4, p. 614] as one small piece of arc of K is approaching another
small piece of arc of K transversely along a fixed direction, then the double integral
over the two arcs approaches ±1 (the sign depends on the orientation of the arcs
involved); and similarly, if for the same pieces of arcs, the direction of approaching
is reversed, then the double integral over these two arcs approaches ∓1. Although
Călugăreanu mentioned that singularity occurs for the double integral when K has
transverse self-intersections, his proof of the above result suggests that the integral
(*) exists when K is a singular knot with transverse intersections. The situation
can be described in Figure 1(a), in which K is a singular knot with transverse self-
intersections, wr(K) is the double integral (*) (the writhe of K), and the numbers
wr(K)− 1 and wr(K) + 1 are obtained by pulling a small piece of arc of K, which
contains a point of self-intersection of K, apart from the other piece of intersecting
arc (there are essentially two directions to pull apart), and then approaching the
resulting arc to its original position. See Figure 1(b).

Thus one can view wr(K) as the “average” of the writhes of the two approaching
(singular) knots, and in the case of oriented knot diagram, the contribution of writhe
at a self-intersection would be the average of +1 and −1, which is 0.

Recall that the rotation number [13] or rotation index of a closed parametrized
curve C immersed in the plane, denoted r(C), is the number of times the unit
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wr(L)−1 wr(L)+1

wr(L)

(a) (b)

Figure 1.

tangent vector T (t) = C′(t)/||C′(t)|| winds around the (counterclockwise) oriented
unit circle S1. It is well known that if C is a C2-curve, then

r(C) =
1

2π

∫ l

0

κ(s)ds,

the normalized total curvature of C. If C is a piecewise linear closed curve with ver-
tices v0, v1, ..., vm−1, vm = v0, then it is natural to define r(C) to be the normalized
total curvature of C as

1
2π

m∑
i=1

αi,

where αi is the signed angle from the vector vi − vi−1 to the vector vi+1 − vi, and
−π < αi < π for all i.

One can similarly define the rotation number (or winding number [12], Whitney
degree [8]) for an oriented singular knot diagramK, denoted r(K), to be the rotation
number of the regular projection for the diagram of K. In [8] a combinatorial
definition is given for r(K) for any oriented knot diagram K. In general, if L =
K1 ∪ · · · ∪ Kn is an oriented singular link diagram, then it is natural to define
r(L) =

∑n
i=1 r(Ki). Clearly r is a regular isotopy invariant of oriented 4-valent

singular link diagrams with transverse intersections.
It is easy to see that the following local changes of link diagrams are related by

planar and regular isotopy (R-moves of types II and III):

We have a similar result for singular link diagrams:

Lemma. The following local changes of diagrams are related by planar and regular
isotopy of oriented singular link diagrams with transverse intersections.
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Proof.

II IV

IV II

II

III

V

V

Theorem 1. Let L1 = K11 ∪ · · · ∪K1n and L2 = K21 ∪ · · · ∪K2n be two isotopic
oriented 4-valent singular link diagrams with transverse intersections, and assume
the isotopy takes K1i to K2i for each i = 1, 2, ..., n. Then L1 is regularly isotopic
to L2 where the regular isotopy takes K1i to K2i if and only if wr(K1i) = wr(K2i)
and r(K1i) = r(K2i) for each i = 1, 2, ..., n.

Proof. The “only if” part is clear since K1i is regularly isotopic to K2i for i =
1, 2, ..., n. Conversely, since L1 is isotopic to L2, a diagram of L2 can be obtained
from a diagram of L1 by a sequence of generalized R-moves I∼ V. Start with L1.
In dealing with R-moves of type I we use an argument similar to that used in [6],
for example. Whenever an R-move of type I is needed to kill a loop, we pull the
loop tight to make it very small, and then carry it along all successive moves as if
it weren’t there at all, promising to pay attention to it at the end of the procedure.
If an R-move of type I is needed to give birth to a loop, we create a pair of opposite
loops as shown in the following figures:

Need Create Need Create

Note that each pair of opposite loops is regularly isotopic to a trivial arc (see,
for example, [8, p. 172]). We then pull one of the loops, which is not needed, very
tight to make it very small, and then proceed as before. Using Lemma 6, we can
get together, via regular isotopy, those tiny loops on each K1i, which remain as
souvenirs of R-moves of type I, into a portion of K1i that is contained in a small
disk ∆ separated from the rest of the link. Let L′1 =

⋃n
i=1 K

′
1i be the singular
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link diagram obtained at the end of the sequence of moves applied on L1 described
above. Then L′1 is regularly isotopic to L1, and the link diagrams L′1 and L2 are
exactly the same except on each K ′1i there may be a chain of type I loops which
are extra comparing to K2i. Now since wr( ) = r( ) = 0, no matter what
orientation of the arc is, it follows that wr(K1i′ ) = wr(K1i) and r(K1i′) = r(K1i)
for each i = 1, 2, ..., n, and hence wr(K1i′ ) = wr(K2i) and r(K1i′) = r(K2i) for
each i = 1, 2, ..., n. Therefore L2 is regularly isotopic to L′1 by [12] (see also [8,
Proposition, p. 172]), and the regular isotopy can take place inside the disk ∆.
Combining the regular isotopies from L1 to L′1 and from L′1 to L2 gives the required
regular isotopy from L1 to L2.

Remark. Since for any oriented link diagram L = K1 ∪ · · · ∪Kn, wr(L) = 2lk(L) +∑n
i=1 wr(Ki), where lk(L) =

∑n
1≤i<j≤n lk(Ki,Kj), it follows that if L1 is isotopic

to L2, then (lk(L1) = lk(L2) and) wr(L1) = wr(L2) if and only if
∑n

i=1 wr(K1i) =∑n
i=1 wr(K2i). Thus the “if” condition in the Theorem above implies (but is not

equivalent to) wr(L1) = wr(L2) and r(L1) = r(L2). Note also that the converse of
the fact that if L1 is regularly isotopic to L2, then wr(L1) = wr(L2) and r(L1) =
r(L2) is not true; for example, wr( ) = wr( ) = 0 and r( ) = r( ) = 0,
but these two links are not regularly isotopic.

The following gives a straightforward generalization of the Mirror Theorem in
[8, p. 173].

Corollary 2. Let L = K1 ∪ · · · ∪Kn be an oriented 4-valent singular link diagram
with transverse intersections, and assume wr(Ki) = 0 for each i = 1, 2, ..., n. Then
L is isotopic to its mirror image L if and only if L is regularly isotopic to L.

Proof. Use the above theorem and the fact that wr(L) = −wr(L) and r(L) =
r(L).

The following gives a similar result for invertible singular link diagrams:

Corollary 3. Let L = K1 ∪ · · · ∪Kn be an oriented 4-valent singular link diagram
with transverse intersections, and assume r(Ki) = 0 for each i = 1, 2, ..., n. Then
L is isotopic to to its inverse L−1 if and only if L is regularly isotopic to L−1.

Proof. This follows from the above theorem and the fact that wr(L) = wr(L−1)
and r(L) = −r(L−1).

Remark. Since regular isotopy of singular link diagrams preserves writhe, a 3-
dimensional version of Theorem 1 in the case of oriented knot diagram is given
in [1], [7], and [2], which states that if two parametrized knots are isotopic and
have the same writhing number, then they can be isotoped to each other through
knots with the same writhing number.
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