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THE FEFFERMAN-STEIN TYPE INEQUALITY
FOR THE KAKEYA MAXIMAL OPERATOR

HITOSHI TANAKA

(Communicated by Christopher D. Sogge)

ABSTRACT. Let K5, 0 < § << 1, be the Kakeya maximal operator defined as
the supremum of averages over tubes of the eccentricity §. We shall prove the
so-called Fefferman-Stein type inequality for K,
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in the range (1 < p < (d? —2)/(2d — 3), d > 3, with some constants Cy,, and
a(d) independent of f and the weight w.

1. INTRODUCTION

The purpose of this note is to investigate the so-called Fefferman-Stein type
inequality for the Kakeya maximal operator. Throughout this note 0 < 6 << 1
will be a small parameter. For f a locally integrable function on R%, d > 2, define

1
(s f)(w) = sp o /T F()ldy,

where the supremum is taken over all tubes T' containing € R? with the length
h and the radius of the cross section hd. We define the Kakeya maximal operator
K5 by
(Ksf)(x) = sup(Kn,s f)(2).
h>0

We call a non-negative Borel measurable function w a weight if it is a locally
integrable function on R%. By w(A) we mean the w(z)dr measure of a set A.

It is verified for d = 2 that in the range 1 < p < d the Fefferman-Stein type
inequality

(A0 ([ s @Puta)dn)’” < Cop ([ 1@ () @)

holds for all € > 0 (Miiller and F. Solia, [MS]). But in higher dimensions this fact
has been verified only in the range 1 < p < (d + 1)/2 (A. M. Vargas, [Va]). The
main difficulty of this problem lies in making the exponent p as high as possible.
Bourgain proved that an unweighted version of (1.1) (putting w = 1) holds in
the range 1 < p < pg, where (d+ 1)/2 < pg < (d + 2)/2 is some exponent given by
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a recursive formula starting from ps = 7/3 [Bol]. Wolff improved this result [Wol.
He proved that an unweighted version of (1.1) holds in the range 1 < p < (d+2)/2.
Recently, in higher dimensions Bourgain improved it further to 1 < p < (1/2+ ¢)d
(¢ > 0 independent of d) [Bo2].

A different approach to this problem (an unweighted version) was given by Igari.
He investigated the most difficult case p = d. He proved that an unweighted version
of (1.1) with p = d holds for a special basis [Ig]. He restricted the bases for taking
the supremum to only tubes T of which the axis intersects a fixed line. The author
proved the weighted version of this restricted result [Ta2]. In this note we shall
improve Vargas’s result by using this restricted estimates.

The main theorem of this note is the following.

Theorem 1. Let d > 3. There exist constants Cqp and od) independent of 6, f,
and w such that

1y 1.
K5 fll e ®ew) < Cd,p(g)d/p 1(10g(5)) DN £l 2o (R, K 5w)
holds in the range 1 < p < (d* —2)/(2d — 3).

By using sieve arguments and three-points interpolation lemma our result can
be reduced to the discrete analogue as stated in the following theorem. (See [MS],
[Va], and also [Ta2].)

Let Q = (—1/2,1/2)% and Q= (—2,2)%. We divide Q into d-tubes, Q; centered
at i € Z, where 7 is the set of lattice points with the §-separation.

Theorem 2. Let d > 3. For a measurable set A C Q and 0 < A <1 define
I={iel: (Kisxa)(i) > A}

Then
(12) > u@) s Cal5)" 7 ()P (10g(5)) " (5) (4),
where
p(d) = (d* —2)/(2d - 3)
and

B(d) = (d+1)(d—2)/(2d — 3).
In the following C’s will denote constants which may be different in each occasion
but depend only on the dimension d.
2. PROOF OF THEOREM [2]

2.1. Preliminaries. We summarize some known results for later use.
Given any line L in R? define

L = su L
(KEsf)e) = sww e [ 17y

where the supremum is taken over all d-tubes T" which contain = and of which the
axis intersects L. Here, J-tube is the tube with the length 1 and the radius of the
cross section 4.
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Lemma 3 (Theorem 2 in [Ta2]). Let d > 3. Let A > 0 and L be any line in R%.

Then

w(fe € RY: (KEsf)() > A}) < O(5) 1083 1 W ey

1

Let B<1/s be the class of all rectangles in R? which satisfy

1 < (the length of longest sides)/(the length of shortest sides) <

The corresponding maximal operator associated to this base B<;,s will be denoted

by KSI/(S-

Lemma 4 (Theorem 3 in [Tal]). Let d > 2.

depending only on d such that

Ci(Ksf)(x) < (K<iysf)(@) < Co(Ksf)(x)

holds for every x € RY.

2.2. Main argument. Write W = Ksw. Fix A € @ and 0 < A < 1.

There exist constants C1 and Co

Recall

I'={ieZ: (Kis5xa)(@) > A}. Then for every i € I we can select a d-tube T},
which contains ¢, such that

(2.1)

|IANT;| > C5% 1.

Then, it follows from (2.1) and the Schwarz inequality that

Hence

(2.2)

(CHINY " (@)

el
< wlQIMANTIP = ([ S w@)?
iel Aer
< ([ (Cuw@pn W wa)
el

<D w(@i) Y w@)WHTNT;)IW(A)

iel jeI

< max(Y_w(@)WHTNTY)) - (D w(Qi))W(A).

il
jeI il

1

DI (A),

N w(Qi) < O3

i€l

which corresponds to low multiplicity of Wolff (see the proof of Lemma 3.1 in [Wo]),

where

N = max(3 w(@)W TN Ty)).
JeI

By the fact that p(d) > 2 and % > 1, we may assume that

(2.3)

C52d-1 < N,

The following proposition, corresponding to high multiplicity of Wolff, will be

proven later.
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Proposition 5. With previous setup we have

(24)  N{Y w(QuF/) < O(5) = {(log(5)) ™1 ()W (4)} -2/,

el
Multiplying both sides of (2.2) and (2.4) together, we obtain the desired inequal-
ity (1.2).

2.3. Proof of Proposition Bl Take some ig € I so that

(2.5) N = w@)W (T, NT)).
jer

Let

(2.6) In={jel: T,,NnT; #0}

and

(2.7) S0 = yle%fo W(y).

By the geometric observation of Cérdoba [Ca] one sees that
5

2.8 T,NT| <C—r—rr—rrrr——r

( ) | 20 J|— 5+dISt( Zo)j)

From (2.5)—(2.8) we have
5

(2.9) N <C(s0) "> w(Qj)m.

J€lo
Define the subset of I as
op={j€ly: (k—1) <dist(T},,j) < ké}, k=1,2,---,

and rewrite

» 5—d Q)—2
(So) g]:ow(Qj)é 4 dlSt( zk:]go:k 5 + dlSt( 107])
Then
1 ed w(Q;)
(2.10) N Ol 2L T

It follows for some kg to be specified later that

ko
=Y w(Q;)

k—leJk
1
_5(1122 Q”ZlHl k-0+1)
kleJk
-1
_{5(1122 w(@Q;) le+1 }+{k +1ZZ (@)}
k=1j€ok k=1j€oy

=I+1IL
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By reversing the order of summation we have

ko l
L= 00 Y w(@)/ + 1)

=1 k=1j€oy

052d QZldJZZ Z&d 1)

k=1j€o

IN

By using Lemma M we see that

1 fz
ZZ J((16)41) < C(s0) |1;fl| <C,

k=1j€o)

where
= {z e R*: dist(T},,z) <15}

Hence

ko
(50)711 < C«éQd*Q Zldf?) < C&d(ko(s)d72

1=1
Combining these inequalities we obtain
(2.11) N < 6 (ko8)™* + (kod)*(s0) ™" > w(@y)}.

j€lo
Now, we can choose some kg so that
(ko)™ ~ (s0) ™" > w(@;)
j€lo

by (2.3) and (2.10). Then the two terms in the right-hand side of (2.11) balance
and hence
(2.12) N < C5%(s0)7" DY w(Q)} 472/,

Jj€lo

Applying Lemma [§ with L = the axis of T;, and f = x4, we clearly obtain
. ~\d ~\\d+1
(213) 3 wl@;) < C(5) og(3) W (A).
j€lo

Thus, from (2.12) and (2.13) we have

(2.14) N (50)=2/7D < C5d{()\) (log(;))d“W(A)}(d*Q)/(d’”.
Finally, again by Lemma[d we observe that
(2.15) 3 w(Qi) < C% < C'sp

icl
Thus, from (2.14) and (2.15) we obtain
(d—2)/(d—1) d d+1 (d—2)/(d—1)
NS w(@))) < O9{(5) o83 W (4)) =

jerI
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