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ON STATISTICAL LIMIT POINTS
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ABSTRACT. The set of all statistical limit points of a given sequence z, is
characterized as an Fy-set. It is also characterized in terms of discontinuity
points of distribution functions of x,.

INTRODUCTION

Following the concept of a statistically convergent sequence, J. A. Fridy [Fr93]
introduced the notion of a statistical limit point of a given sequence z,,, n =1,2,...,
of real numbers: A real number x is said to be a statistical limit point of the sequence
xp, if there exists a subsequence zy,, n = 1,2,..., such that lim, . xx, = = and
the set of indices k,, has a positive upper asymptotic density (see Definitions and
Notations). Fridy studied the set A(z,,) of all such points. He has shown that this
set need not be closed or open in R.

In section [l of the paper we prove that the set A(x,) is an F,-set in R for an
arbitrary sequence x,, and vice-versa for any given F,-set X there exists a sequence
Z, such that X = A(z,,).

In section Plwe prove that the set A(x,,) coincides with the set of all discontinuity
points of distribution functions of z,,. This leads to some sufficient conditions for
A(zy,) = 0.

Finally, in section [3 we compute A(z,) using an explicit form of the set G(xy,)
of all distribution functions of z,, for some special x,,.

DEFINITIONS AND NOTATIONS

If A C N, then we denote by |A| the cardinality of A and A(n) = [{k < n;k € A}|.
The numbers
d(A) = liminf A(n)’ d(A) = lim sup Aln)
n

n— o0 n — 00

are called the lower and upper asymptotic density of A, respectively. If there exists
the limit lim, . A(n)/n, then d(A) = d(A) = d(A) is said to be the asymptotic
density of A (cf. [HR66, xix]).
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It is easy to see that if A is ordered to the increasing sequence k1 < ko < ...,
then
d(A) = liminf ﬁ, d(A) = lim sup i
and we write d(A) = d(k,) and d(A) = d(ky).
In the following x,, n = 1,2,..., is an infinite sequence of real numbers.
The main object of the paper is the set A(z,,) defined as
Azn) = {a €R;3(ky < kg < ...) lim xp, = a,d(k,) > 0}.

n—oo "

In section 2] we use the set G(z,,) of all distribution functions of the sequence
Zn, where g : (—00,00) — [0, 1] is said to be a distribution function of the sequence
x,, if there is a sequence N7 < Ny < ... of positive integers such that

Ny,

. 1
klggo Fk nz::l C(—o0,z) ((En) = g(x)

for every continuity point = of g. Here c(_ 4)(t) is the characteristic function of
the interval (—oo, x).

2 mod 1 is the fractional part of x and for reduced sequence z,, mod 1 we take
the restrictions of distribution functions g(z) € G(x, mod 1) to the interval [0, 1].

For singleton G(x,) = {g}, g is called the asymptotic distribution function of
Ty

The sequence x,, statistically converges to « if d({n € N; |z, —a| > ¢}) =0 for
any € > 0.

Finally, X mod 1 = {zmod 1;z € X} and X +k = {x + k;x € X} for aset X

of real numbers.

1. TOPOLOGICAL STRUCTURE OF A(z,)

As we already mentioned the set A(z,) need not belong to the zero Borel class
in R. Thus, the following result is the best possible in this direction.

Theorem 1.1. For every sequence x, the set A(z,) is an F,-set in R.

Proof. For any 0 < t <1 we denote
Az, t) ={a € R;A(ky < kg < ...) lim zp, = a,d(k,) >t}

We prove that for every 0 < ¢ < 1, the set A(zp,t) is closed in R. This gives the
theorem directly, since A(z,) = U;‘;l Azn, 1/7).

Assume that «; € A(xy,t) and lim; o a; = «, for i = 1,2,.... For every a; we
can select a subsequence of z,, which converges to «; having the set of indices K ()
with d(K () > t. Moreover, for an arbitrary given sequence &; of positive numbers
we can select N1 < No < ... such that

|K(2) n (Nl;l, Nz”

N;
fori=1,2,.... Putting K = Ufil(K(i) N (N;—1, N;]) and assuming lim; o, €, =0
we have d(K) > t. Furthermore, if K is ordered to increasing k,,, then limy_. o 2,
= a, because K C Ufi] K@ ¢ {n €N;|z, —a| < e} with the exception of finitely
many terms for any € > 0 and sufficiently large j = j(e). O

>t—g;
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In connection with Theorem [LT] the question arises as to whether an arbitrary
F,-set coincides with a A(x,,) for a suitable x,,. We give the positive answer to this
question.

Theorem 1.2. If X C R is an arbitrary F,-set in R, then there exists a sequence
Xn such that A(zy,) = X.

Proof. Let X = Uzozl X, where X are nonempty closed sets. For every k =
1,2,... select z; € Xp, @ =1,2,..., such that the set of all usual limit points of
the sequence xj; coincide with Xj. Decompose N = U;O:1 A} on pairwise disjoint
sets Ay having positive asymptotic density d(Ay) and such that d(N\ Ule A;) —
0 for £ — oo (cf. [Fr93l Ex. 3]). Finally, for every k& = 1,2,..., decompose
A = U;2, Bk, on pairwise disjoint sets By, ; having d(By,;) = d(Ay) for every i =
1,2,.... (First, decompose Ay = By1 U B such that d(Ay) = d(By1) = d(Bj; ;).
Then decompose By ; = Bi,2 U By , such that E(BZ’I) =d(Ba) = E(BZ’Q), etc.)

For a searching sequence x,,, for every n € By, ;, we define z,, as x,, = constant =
Zr,;. Then we have:

1°. If 2p; — a for j — oo and a ¢ X, then for every k the set Ule A; contains
only finitely many n; and thus d(n;) = 0.

2°. If o € X, 0 < ¢ < d(Ag), and 2, — « for j — oo, we can select
N7 < Ny < ... such that

| Bk.i; N (Nj—1, Nj]|
N

> d(Ag) —e.

Then z,, over n € U;’il Br,i; N (Nj_1, N;] converges to a and

d U Bk,ij N (Nj—h N]] 2 d(Ak) — €.
Jj=1

2. POINTS OF A(z,,) AS DISCONTINUITY POINTS OF g € G(z,,)

I. J. Schoenberg [Sch59] noted that the sequence z,, is statistically convergent to
a if and only if it admits asymptotic distribution function ¢[q, o) (2). This motivates
the following theorem.

Theorem 2.1. For every sequence x,, we have
Azyn) = {a e R;3(g(z) € G(xy)) g(x) is discontinuous at a}.

Proof. 1°. Let « be a discontinuity point of g(x) € G(z,) with a jump of size h.
Let «; and B; be two sequences satisfying 8; — a; — 0 as i — 00, oy < a < 3; and
a; and f3; are continuity points of g(x) for every i. From N}, (using the definition
of g(x)) we can select a subsequence Nj, such that

TR
N— Z C[(yi,ﬁi)(xn) >h—¢
k
4 ?’L=Nki_1+1

for some e € (0,h). Ordering elements of | J;°{n € N,Ny,_, < n < N} to an
increasing sequence n;, we then have z,, — «a and E(nz) >h—e¢.

1—1
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2°. Assume that x,, — a for i — oo, d(n;) = h > 0, and ¢ € (0, h). Then there
exists a sequence Nj such that, for every k = 1,2, ...,

CCNem <
[{i € N;n; < N} S h—e
Ny,

By Helly selection principle from N we can select a subsequence i, such that

Ny,
. 1 -

for every point x of continuity of g(x). Clearly, g(z) has at a a jump of size
>h—e>0and g(z) € G(a,). O

Using Theorem [ZT] some results from the theory of uniform distribution can be
transcribed for A(z,). We can now state an analogue of the well-known Wiener-
Schoenberg theorem and Van der Corput difference theorem, but first we begin
with a technical result.

Proposition 2.2. (i) For any sequence x,, A(z, mod 1) = = A(z,,) = 0.
(ii) For bounded sequence x,, the sets A(x, mod 1) and A(z,) mod 1 can differ
only in 0 or 1 and if 0 € A(x,) mod 1, then 0 € A(zx, mod 1) or 1 € A(x,, mod 1).

Proof. The implication xy, — o = x,, mod 1 — a mod 1 does not hold only for
integer « and z, < a. O

Theorem 2.3. Let x,, be a sequence of real numbers, and let
2

LN
wp, = limsup |— Y 2 ihen
g
forh=1,2,.... Then
ngnoo_ZWh :0:>A((En) = (.

Proof. Tt suffices to prove

lim — th =0= V(9(z) € G(z, mod 1))g(x) is continuous

H—oo H -
since (by Theorem [2.1)) the right-hand side implies A(z, mod 1) = @ which (by
Proposition (1)) gives A(z,) = 0. For a singleton G(z,, mod 1) = {g(z)} the

Wiener-Schoenberg theorem states

lim — Z wp, = 0 <= g(z) is continuous.
=1

Next, we adapt the proof which appeared in [KN74, pp. 55-56].
For g(z) € G(x,, mod 1) we select Ny, k =1,2,..., such that
Ny,

. 1
i N nz:: Cla,z)(Tn mod 1) = g(x)
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for every point z € [0,1] of continuity of g(x). Applying Helly-Bray lemma we
compute wp(g) as

2

1 1 &

E eQﬂ'zhzn — lim ! § e27rzh(xmfzn)
Ny 1 k—oo N,

n=

k m,n=1
1 1 )
- / / ) dg(2)dg (y).
0 0

Next, for every (z,y) € [0,1]%, the sequence %Zthl e2mihe=y) H = 1,2,...,
converges and

wp(g) = lim

k—oo

H .
lim i Z 627rih(9c—y) _ 1 if @ — Yy e Z7
H—oco H — 0 otherwise.

Thus by Lebesgue theorem of dominated convergence we have

1 H 1,1 1 H )
Jim = wn(g) = /0 /0 ( Jim 62’”h(””y)> dg(x)dg(y)
h=1 h=1

(1) -/ 1 dg@)dg(y).

where
X ={(z,y) €[0,1;2 —y € Z}.

Since X is a null set, then for continuous g(z), the integral () equals zero. If g(z)
has at zg € [a, 8] a jump, then () has a lower bound (g(xo + 0) — g(zo — 0))%. In

all cases we have wy, > wp(g) and thus the proof is finished. O
Note that, for every h = 1,2,..., there exists gp(z) € G(z,) such that wp, =
wn(gn), but the limsupy_, . % Ethl wp(gn) > 0 need not imply
L2
lim —
Hgnoo H th(g) >0
h=1
for some g(z) € G(xp).
Theorem 2.4. Let xz,, be a sequence of real numbers. If for every k =1,2,... the
difference sequence Ty —Tn, n=1,2,..., has ANy —x,) =0, then A(z,) = 0.

Proof. Van der Corput difference theorem (cf. [KN74, Th. 3.1, p. 26]) in the
form [St97, Th. 8] shows that if G((zp+r —x,) mod 1), k =1,2,..., contains only
continuous distribution functions, then the same holds for G(z,, mod 1). Thus we
have the implication A((zp4+x — ) mod 1) =0,k =1,2,--- = A(z, mod 1) = ().

For the general case the referee suggested the following simple proof: Assume
that x,(n € A) — « and d(A) > 0. Then there exists k such that d(ANA+k) >0
and moreover T4 —x,(n+k € ANA+k)— 0. O

In the proof of Theorem [[L2 we have constructed, for an arbitrary F,-set X, a
sequence z,, such that A(z,) = X, but this z,, is not one-to-one. The implication
limy oo Zn — yn = 0 = A(x,) = A(yn) gives change x, to a one-to-one y,.
Inspired by [KN74, Ex. 2.11, .23] we can obtain the following generalization.
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Theorem 2.5. For any two sequences x,, and y, we have

N
Jm S gl = 0= ) = A,
n=1
Proof. For &,y € [0,1] [STO7, Th. 7] gives limy oo NN |2, — 0| = 0 =
G(zn) = G(ypn) and thus A(x,) = A(y,) applying Theorem 211
For general x,, vy, the referee suggested: The limit N ! 25:1 |zn —yn| — 0
implies d({n € N;|x, — yn| > €}) = 0 for every ¢ > 0. Thus there exists B C N
such that d(B) = 1 and |z, — yn|(n € B) — 0. Now, let z,(n € A) — a and
d(A) > 0. Then d(AN B) =d(A) >0 and y,(n € AN B) — a. O

3. COMPUTATIONS OF A(x,)

Example 3.1. If G(z, mod 1) = {g(x)} and g(z) = x, then the sequence z, is
called uniformly distributed mod 1. Applying Theorem [2.T] and the continuity of
g(z) =z we find (as in [Fr93, Ex. 4]) that

A(zp, mod 1) =0
for every uniformly distributed sequence x, mod 1. E.g. A-set is empty for

nf mod 1 with irrational 0;

n26 + sin(27y/n) mod 1 with irrational 0 (cf. [KN74, p. 31]);

log F,, mod 1 with Fibonacci numbers F,, 11 = F,, + F,,_1, F1 = F» = 1 (cf.
IKN74, p. 31));

nloglog...logn mod 1 (cf. [KN74, p. 24]), etc.

Example 3.2. It is well known that (cf. [KN74, p. 58])
_aet—1
e—1

G(logn mod 1) = {e +e @ (emin(”’o‘) —1); €0, 1]} .

Since all distribution functions in G(logn mod 1) are continuous, we have
A(logn mod 1) = 0.

Another proof follows from Theorem[2.3] because, for z,, = logn mod 1, we have

1
YR A1
More generally, for x,, = tlogn mod 1, ¢t # 0, we have
1
Ch T A2 1

which implies limp o 75 Zthl wp, = 0 and thus A(tlogn mod 1) = @ for any ¢ # 0.
For computing wy, we have used a method described in [Pa84), Solution 5.18, p. 281].

Example 3.3. It is proved in [St95] that starting with loglogn mod 1 all the se-
quences loglog...logn mod 1 have

G(loglog...logn mod 1) = {cq(x); 0 € [0,1]} U {ho(z);a € [0,1]}.
Here ¢, : [0,1] — [0, 1] is a one-jump distribution function

@) = {0, if 2 € [0, ),

1, ifz e (a,1];
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ca(0) =0, co(1) = 1, and ¢co(a) =01 0 < a < 1; hy : [0,1] — [0,1] is constant
distribution function, where hq(0) =0, ho(1) =1, and he(z) = a if € (0, 1).
Applying Theorem [ZI] we have

A(loglog...logn mod 1) = [0,1].

Example 3.4. Let a = %71’, where p and ¢ are positive integers and g.c.d. (p,q) =
1. It is proved in [BBK95] that the sequence

n, =mncos(ncosna) mod 1, n=1,2,...,
has G(z,,) = {g(x)}, where

z if ¢ is odd,
g(z) = (1 _ %) v+ Le(x) if g is even,

and cg(z) is introduced in Example[3:3] for & = 0. Theorem 2] implies

Aan) = 0 if ¢ is odd,
" 1{0}  if g is even.

4. CONCLUDING REMARKS

In [Er03], Fridy has also introduced the concept of statistical cluster points of a
sequence z,, and studied the set I'(z,,) of all such points. A number « is called the
statistical cluster point of the sequence x,, n = 1,2,..., provided that for every
e>0,d({n € N; |z, — a|] < e}) > 0. Fridy proved that T'(z,,) is a closed point set.
Evidently, « ¢ T'(x,,) if and only if there exist an open interval I for which a € T
and g(x) = constant for every x € I and any g(z) € G(z,). Now, let X be a given
nonempty closed subset of [0, 1] with component intervals J, ., Ix = [0,1] \ X.
Denote g(z) = 37, c(0..) AUk) + A(X N[0, 2)), where A is the Lebesgue measure.
We can see that g(z) is a distribution function with constant value on every interval
Ii; and it increases in any neighbourhood of z € X. For such g(z) (cf. [KN74] Th.
4.3, p. 138] there exists a sequence z,, € [0,1] such that g(z) is an asymptotic
distribution function of x,,. Thus I'(z,) = X.

G. Myerson [My93| calls a sequence z,, € [0, 1] maldistributed if for any nonde-
generate interval I C [0,1], d({n € N;z,, € I}) = 1. In [St95] the maldistribution is
characterized by G(x,,) D {ca(2); a € [0,1]}. Thus, by Theorem 21 A(z,) = [0, 1]
and from the definition of cluster points also, I'(z,,) = [0, 1], for any maldistributed
Z,. As an example of maldistributed sequences see Example B3l
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