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ON THE REGULARITY OF p-BOREL IDEALS

JÜRGEN HERZOG AND DORIN POPESCU

(Communicated by Wolmer V. Vasconcelos)

Abstract. In this paper we prove Pardue’s conjecture on the regularity of
principal p-Borel ideals. As a consequence we obtain an upper bound for the
regularity of general p-Borel ideals.

Introduction

LetK be field and I ⊂ S a graded ideal in the polynomial ring S = K[x1, . . . , xn].
Recall that the generic initial ideal Gin(I) of I with respect to the reverse lexico-
graphical order is Borel-fixed. This means that Gin(I) is fixed under the action of
the Borel group of the upper triangular invertible matrices acting linearly on the
polynomial ring. By a theorem of Bayer and Stillman [2], the regularity of I and
Gin(I) coincide. This is one of the reasons why one is interested in computing the
regularity of Gin(I). In characteristic zero a Borel-fixed ideal is strongly stable, and
so its regularity is simply the highest degree of a minimal generator. In positive
characteristic however, Borel-fixed ideals are p-Borel (see 1.1 for the definition),
and these are monomial ideals with a quite difficult combinatorial structure.

Monomials u1, . . . , um ∈ I of a p-Borel are called Borel generators of I if I
is the smallest p-Borel ideal containing u1, . . . , um. In this case we write I =
〈u1, . . . , um〉. The ideal I is called principal p-Borel if I has only one Borel gener-
ator. Pardue conjectured a formula for the regularity of a principal p-Borel ideal
which only depends on the exponents of the Borel generator (see 1.4). In a paper
by Aramova and Herzog [1] it was shown that Pardue’s formula indeed gives a lower
bound for the regularity. Some of the results in that paper were later extended by
Ene, Pfister and Popescu [5] to more general ideals. In the present paper we will
show that Pardue’s formula also yields an upper bound. Our method in proving this
uses a criterion of Eisenbud, Reeves and Totaro [4] for determining the regularity
of p-Borel ideals.

The authors are grateful to the Alexander von Humboldt Foundation for sup-
porting their collaboration.

1. p-Borel ideals

Throughout this paper we fix a field K and let S = K[x1, . . . , xn] be the poly-
nomial in n indeterminates over K.
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Let p be a prime number, and k and l be non-negative integers with p-adic
expansion k =

∑
i kip

i and l =
∑

i lip
i. We set k ≤p l if ki ≤ li for all i.

Definition 1.1. A monomial ideal I ⊂ S is p-Borel if the following condition
holds: for each monomial u ∈ I, u =

∏
i x

µi
i , one has (xi/xj)νu ∈ I for all i, j with

1 ≤ i < j ≤ n and all ν ≤p µj .

The significance of p-Borel principal ideals is given by

Proposition 1.2 (Pardue). Suppose charK = p, and let I ⊂ S be a monomial
ideal. Then I is Borel-fixed if and only if I is p-Borel.

We denote by G(I) the unique minimal set of monomial generators of a monomial
ideal I. It is easy to see (cf. [1]) that I is p-Borel if the conditions of 1.1 are satisfied
for all u ∈ G(I).

A principal p-Borel ideal can be explicitly described. We use the following stan-
dard notation: If J is a monomial ideal we let J [pi] be the ideal generated by all
monomials up

i

with u ∈ G(J). The ideal J [pi] is called the pith Frobenius power
of J . Note that we define the pith Frobenius power of monomial ideals in any
characteristic.

Proposition 1.3 (Pardue). Let u =
∏
i x

µi
i , and let µi =

∑
i µijp

j be the p-adic
expansion of µi for i = 1, . . . , n. Then

〈u〉 =
n∏
i=1

∏
j

((x1, . . . , xi)µij )[pj ].

In particular, 〈u〉 =
∏n
i=1〈x

µi
i 〉.

It follows from 1.3 that 〈xµ〉 = (xµ1
1 )〈xµ/xµ1

1 〉, so that reg〈xµ〉 = µ1+reg〈xµ/xµ1
1 〉.

Therefore, if we are interested in the regularity of the p-Borel principal ideal 〈xµ〉
we may assume that x1 does not divide xµ.

Denote by b∗c the greatest integer function, and for 1 ≤ k ≤ n and j ≥ 0 define

dkj(µ) =
k∑
i=1

bµi
pj
c.

For each k such that µk 6= 0, let sk = blogp µkc, and set

Dk = dksk(µ)psk + (k − 1)(psk − 1).

Conjecture 1.4 (Pardue). If x1 does not divide xµ, then

reg〈xµ〉 = max
k : µk 6=0

{Dk}.

In the following we will express the right-hand side of Conjecture 1.4 in different
ways. The following easy fact can be found in [1].

Proposition 1.5. Let S = {sk : µk 6= 0}, let qj = max{k : sk = j} for each j ∈ S,
and set Ej = Dqj . Then:

(i) Ej =
∑s

i=j(
∑qj

k=2 µki)p
i + (qj − 1)(pj − 1) for all j ∈ S;

(ii) max{Dk : µk 6= 0} = max{Ej : j ∈ S}.
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We shall need still another reformulation of Pardue’s formula for the regularity
of a principal p-Borel ideal. Set s = max{sk : µk 6= 0}, and for each t with 1 ≤ t ≤ s
let mt = max{k : µkt 6= 0}. Finally set

Ft =
s∑
i=t

(
n∑
k=2

µki)pi + (mt − 1)(pt − 1) for all t = 1, . . . , s.

Proposition 1.6. With the notation introduced we have

max
1≤t≤s

Ft = max
j∈S

Ej .

Proof. It is clear that mj ≥ qj for all j ∈ S, so that max1≤t≤s Ft ≥ maxj∈S Ej .
In order to show the opposite inequality we first prove the following claim: Let

St = {j ∈ S : j ≥ t} and Qt = {qj : j ∈ St}. (Note that St 6= ∅, since s ∈ St.) Let
e ∈ St such that qe = max{qj ∈ Qt}. Then we claim that Fe ≥ Ft.

Indeed, we have

Fe − Ft = −
e−1∑
i=t

(
n∑
k=2

µki)pi + (me − 1)(pe − 1)− (mt − 1)(pt − 1).

Since we assume that qe is maximal in Qt it follows that µki = 0 for k > qe and
i ≥ t. Thus me = qe ≥ max{k : µkt 6= 0} = mt, because again µkt = 0 for k > qe.

Now it follows that

Fe − Ft = −
e−1∑
i=t

(
qe∑
k=2

µki)pi + (qe − 1)(pe − 1)− (mt − 1)(pt − 1).

Finally, since
∑e−1

i=t (
∑qe

k=2 µki)p
i =

∑qe
k=2(

∑e−1
i=t µkip

i) ≤ (qe − 1)(pe − pt), we get
Fe−Ft ≥ (qe−1)(pt−1)− (mt−1)(pt−1) = (qe−mt)(pt−1) ≥ 0. This concludes
the proof of the claim.

Continuing with the proof of the opposite inequality, we let t ≤ s be the maximal
number for which Ft = max1≤r≤s Fr. Let e ∈ St be chosen such that qe is maximal
in Qt. Then, according to our claim, we have Fe ≥ Ft. By the choice of t this
implies that e = t, so that, in particular, t ∈ St. Since qt is maximal in Qt it
now follows that µki = 0 for i ≥ t and k > qt. Consequently, mt = qt, and so
Ft = Et.

Remark 1.7. Using the methods of [1] the following result was proved in [5]: Let
(It)1≤t≤s be some stable ideals and I =

∏s
t=1 I

[prt ]
t for some integers 0 ≤ r1 < · · · <

rs. If Ij contains xp
rj+1−rj−1
m(Ij+1) for all 1 ≤ j < s (we set m(u) = max{j : xj |u} for

a monomial u) and m(Ij+1) = max{m(u) : u ∈ G(Ij+1)}), then reg(I) = pa(I),
where

pa(I) = max
1≤t≤s

{
s∑
i>t

pri max(Ii) + max
u∈G(It)

[prt deg(u) + (m(u)− 1)(prt − 1)]}.

Moreover if It has the form It =
∏n
i=2(x1, . . . , xi)µit with 0 ≤ µit < p for all t < s,

the above result gives reg(I) = max1≤t≤s Ft. Hence the Pardue Conjecture holds
in a special case, which can also be obtained directly from [1]. Trying to extend
the equality reg(I) = pa(I) for general products of pith Frobenius powers of stable
ideals one must consider first the following example which shows how tight Pardue’s
Conjecture is: Let n = 3, p = 2, I1 = (x1, x2)2, I2 = (x1, x2, x3) and I = I1I

[2]
2 .

Then pa(I) = 4, but reg(I) > 4, because I is not stable (see Proposition 2.1 below).
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2. The proof of Pardue’s conjecture

In [1] it is shown that if xµ ∈ S is a monomial which is not divisible by x1, then

reg〈xµ〉 ≥ max
k : µk 6=0

{Dk}.

In this section we will prove the opposite inequality. Our proof is based on the
following result [4]:

Proposition 2.1 (Eisenbud, Reeves, Totaro). Let I be a p-Borel ideal with
max(I) = d, and let e ≥ d be the smallest integer such that I≥e is stable. Then
reg(I) = e.

Proposition 2.1 needs some explanation: max(I) = max{deg u : u ∈ G(I)}, and
I≥e is the ideal generated by all monomials u ∈ I with deg u ≥ e. Finally, recall
that, according to Eliahou and Kervaire [3], a monomial ideal I is stable if for all
monomials (or equivalently all generators) u of I one has (xi/xm(u))u ∈ I for all
i ≤ m(u), where m(u) = max{j : xj |u}.

Recall from Section 1 that 〈xµ〉 =
∏
t I

[pt]
t where It =

∏n
i=2(x1, . . . , xi)µit with

0 ≤ µit < p. Thus the desired inequality will follow from Proposition 2.1 and

Theorem 2.2. For given integers 0 ≤ r1 < · · · < rs, and integers 0 ≤ atk <
prt+1−rt for t = 1, . . . , s and k = 1, . . . ,mt let It =

∏mt
k=2(x1, . . . , xk)atk and

I =
∏s
t=1 I

[prt ]
t . Let δt =

∑s
i=t p

ri max(Ii) + (mt − 1)(prt − 1) and d = max{δt|1 ≤
t ≤ s}. Then I≥d is stable.

The proof needs some preparation.

Lemma 2.3. Let J =
∏m
k=2(x1, . . . , xk)ak with 0 ≤ ak ≤ pr − 1, and let η ∈ J be

a monomial such that deg η ≥ 1 + max{m(η)(pr− 1),max(J) + pr− 1}. Then there
exists an integer t such that η ∈ xp

r

t J .

Proof. We reduce the problem to the case where m(η) ≤ m. Since J is stable, η
has the following Eliahou-Kervaire decomposition: η = vw for monomials v and
w with v ∈ G(J) and min(w) ≥ m(v). We may assume that w 6∈ (xp

r

t ) for all
t. Then w = w′x

βm+1
m+1 · · ·x

βm(η)

m(η) with βi ≤ pr − 1. Thus the element η′ = vw′

has degree ≥ deg η − (m(η) −m)(pr − 1) ≥ m(pr − 1) + 1. Since m(η′) ≤ m and
max(J) ≤ (m− 1)(pr − 1), we may replace η by η′, and thus may as well suppose
that m(η) ≤ m.

Let η = xα1
1 · · ·x

αm(η)

m(η) . We apply induction on max(J), and may assume that
am 6= 0. If max(J) = 1, then J = (x1, . . . , xm). If m(η) = 1, then η = xα1

1

with α1 ≥ max(J) + pr = pr + 1. In that case, η = xp
r

1 η′ with η′ = xα1−pr
1 ∈ J .

Suppose now that m(η) ≥ 2. Then, since deg η ≥ m(η)(pr − 1) + 1, it follows that
η ∈ (xp

r

t ) for a certain t ≤ m(η), and so η = xp
r

t η
′ where η′ is a monomial of degree

≥ (m(η) − 1)(pr − 1) > 1. Hence η′ ∈ J , and so η ∈ xp
r

t J .
Now suppose that max(J) > 1. We will distinguish several cases. In the first case

suppose that αm(η) ≥ pr. Let again η = vw be the Eliahou-Kervaire decomposition
of η. Then degw = deg η− deg v ≥ pr > 0. Hence, since m(v) ≤ min(w), it follows
that xp

r

m(η) divides w, and we are done.
Now we consider the case that αm(η) ≤ pr−1, m(η) ≥ 3 and αm(η) ≤

∑m
i=m(η) ai.

We choose the maximal integer t, m(η) ≤ t ≤ m, such that αm(η) ≤
∑m
i=t ai, and
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write αm(η) =
∑m

i=t+1 ai + bt with 1 ≤ bt ≤ at. Now set ϕ = η/x
αm(η)

m(η) . Observe
that for all monomials ρ ∈ J with m(ρ) ≤ m one has

ρ/xm(η) ∈
m−1∏
k=2

(x1, . . . , xk)ak(x1, . . . , xm)am−1.(1)

Applying (1) successively we see that ϕ ∈ J ′′ where

J ′′ =
t−1∏
k=2

(x1, . . . , xk)ak(x1, . . . , xt)at−bt .

We have

degϕ = deg η−αm(η) ≥ deg η−(pr−1) ≥ 1+(m(η)−1)(pr−1) ≥ 1+m(ϕ)(pr−1),

and degϕ = deg η− αm(η) ≥ max(J) + pr − αm(ϕ) = max(J ′′) + pr. Hence we may
apply our induction hypothesis and conclude that there exists an integer q ≤ m(ϕ)
such that ϕ ∈ xprq J ′′. It follows that η ∈ xprq J .

Next we consider the case αm(η) ≤ pr − 1, m(η) ≥ 3, and αm(η) >
∑m
i=m(η) ai.

Using (1) again we see that η = x
Pm
i=m(η) ai

m(η) η′ with η′ ∈ J̃ where

J̃ =
m(η)−1∏
k=2

(x1, . . . , xk)ak .

Note that for any monomial ρ ∈ J with m(ρ) > m it follows that ρ/xm(η) ∈ J .
Applying this successively to η′ we see that ϕ = η/x

αm(η)

m(η) belongs to J̃ . As in the
second case it follows that degϕ ≥ 1 + m(ϕ)(pr − 1). Since on the other hand
max(J̃) ≤ (m(η)− 2)(pr − 1), it also follows that degϕ ≥ 1 + (m(η)− 1)(pr − 1) ≥
max J̃ + pr. Applying the induction hypothesis to ϕ and J̃ yields the desired
conclusion for η.

It remains to consider the case αm(η) ≤ pr − 1 and m(η) ≤ 2. If m(η) = 1,
then α1 ≥ pr, a contradiction. Therefore η = xα1

1 xα2
2 with α2 6= 0 and α1 + α2 ≥

max{2pr−1,maxJ+pr}. It follows that α1 ≥ pr. Then the element η′ = xα1−pr
1 xα2

2

belongs to (x1, x2)max J which is contained in J , and so η = xp
r

1 η
′ ∈ xp

r

1 J .

Corollary 2.4. Let J =
∏m
k=2(x1, . . . , xk)ak where 0 ≤ ak ≤ pr − 1 for k =

2, . . . ,m, and let q be a positive integer and η ∈ J a monomial with m(η) < q and
deg η ≥ 1 + max{(q − 1)(pr − 1),max(J)}. Then there exists t ≤ m(η) such that
xp

r−1
q η ∈ xp

r

t J .

Proof. Let η′ = xp
r−1
q η. We have deg η′ ≥ 1 + max{m(η′)(pr−1),max(J) +pr−1}

since m(η′) = q. Thus by Lemma 2.3 there exists an integer t ≤ m(η′) = q such
that η′ ∈ xp

r

t J , and hence xp
r−1
q η ∈ xp

r

t J . Since pr − 1 is the maximal power of xq
which divides η′, we have t 6= q and so t ≤ m(η).

Lemma 2.5. Let J =
∏m
k=2(x1, . . . , xk)ak with 0 ≤ ak ≤ pr−e−1 for k = 2, . . . ,m

and integers 0 ≤ e < r. Let I = J [pe] and η ∈ I be a monomial such that deg η ≥
1+max{m(η)(pr−1),max(I)+pr−pe+m(η)(pe−1)}. Then there exists t ≤ m(η),
such that η ∈ xp

r

t I.
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Proof. We may write η = vp
e

w, v ∈ G(J) and w = σp
e

1 σ0, where σ0 and σ1

are monomials, and σ0 6∈ (xp
e

1 , . . . , x
pe

m(η)). Thus deg σ0 ≤ m(η)(pe − 1) and the
monomial η′ = vσ1 belongs to J . Since η = η′p

e

σ0 it follows that

pe deg η′ = deg η − deg σ0 ≥ deg η −m(η)(pe − 1)
≥ 1 + max{m(η)(pr − pe), pe max(J) + pr − pe}.

Therefore deg η′ ≥ (1/pe)+max{m(η)(pr−e−1),max(J)+pr−e−1}. Since deg η′ is
an integer we get deg η′ ≥ 1 + max{m(η)(pr−e− 1),max(J) + pr−e− 1}. Note that
m(η′) ≤ m(η). Therefore by Lemma 2.3 there exists an integer t, t ≤ m(η′) ≤ m(η),
such that η′ ∈ xp

r−e

t J . Thus η ∈ xp
r

t I.

Applying Lemma 2.5 recursively we get

Corollary 2.6. With the hypotheses of Lemma 2.5 suppose in addition that deg η ≥
cpr + 1 + max{m(η)(pr − 1),max(I) + pr − pe + m(η)(pe − 1)} for some integer
c ≥ 0. Then there exists a monomial σ of degree c+ 1 such that m(σ) ≤ m(η) and
η ∈ σpr I.

Lemma 2.7. Let J =
∏m
k=2(x1, . . . , xk)ak with 0 ≤ ak ≤ pr−e−1 for k = 2, . . . ,m

and integers 0 ≤ e < r. Let I = J [pe], and let q be a positive integer and η ∈ J
a monomial with m(η) < q and deg η ≥ cpr + 1 + max{(q − 1)(pr − 1),max(I) +
(q − 1)(pe − 1)} for some integer c ≥ 0. Then there exists a monomial of degree
c+ 1 such that xp

r−1
q η ∈ σprI and m(σ) ≤ m(η).

Proof. Set η′ = xp
r−1
q η. Then

deg η′ ≥ cpr + 1 + max{m(η′)(pr − 1),max(I) + pr − pe +m(η′)(pe − 1)}.
So by Corollary 2.6 there exists a monomial σ with m(σ) ≤ m(η′) and deg σ = c+1
such that η′ ∈ σpr I. Finally we have m(σ) ≤ m(η) because xq does not divide σ
since it appears only with power pr − 1 in σ.

Lemma 2.8. Let It =
∏mt
k=2(x1, . . . , xk)atk with 0 ≤ atk ≤ pet+1−et − 1, 1 ≤

t ≤ s, and integers 0 ≤ e1 < · · · < es < r = es+1. Let I =
∏s
t=1 I

[pet ]
t , and

let q be a positive integer and η ∈ I a monomial with m(η) < q and deg η ≥
cpr + 1 + max1≤t≤s+1{

∑s
i=t p

ei max(Ii) + (q − 1)(pet − 1)} for some integer c ≥ 0.
(Here

∑s
i=t p

ei max(Ii) = 0 for t = s + 1.) Then there exists a monomial σ with
deg σ = c+ 1, m(σ) ≤ m(η) and xp

r−1
q η ∈ σpr I.

Proof. We apply induction on s. The case s = 1 is given in Lemma 2.7. Let
dj =

∑s
i=j p

ei max(Ii) + (q− 1)(pej − 1), 1 ≤ j ≤ s+ 1, and let t ≤ s be a maximal
integer such that dt = max{dj : 1 ≤ j ≤ s}. Then we have dj < dt for t < j ≤ s
and dj ≤ dt for j < t.

We now distinguish two cases. In case t > 1, write η = η′
∏s
i=t v

pei

i with vi ∈
G(Ii) and η′ ∈ I ′ =

∏t−1
i=1 I

[pei ]
i . We have deg(η′) = deg(η) −

∑s
i=t p

ei max(Ii) ≥
cpr+1+dt−

∑s
i=t p

ei max(Ii) = cpr+1+(q−1)(pet−1). Choose the maximal integer
ε ≥ 0 such that deg(η′) ≥ cpr+1+εpet+(q−1)(pet−1). As dt = max{di : 1 ≤ i ≤ s},
we see that η′ satisfies the necessary inequalities and so by induction hypothesis
there exists a monomial τ with deg(τ) = cpr−et + ε+ 1, m(τ) ≤ m(η′) ≤ m(η) and
xp

et−1
q η′ = τp

et
η′′ for some η′′ ∈ I ′. Note that by the choice of ε, we have deg(η′) ≤

cpr+1+εpet+q(pet−1), and so pet deg(τ)+deg(η′′) ≤ cpr+1+εpet+(q+1)(pet−1).
Hence deg(η′′) ≤ 1− pet + (q + 1)(pet − 1) = q(pet − 1).
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Set ρ = τ
∏s
i=t v

pei−et

i ; then ρ ∈ Ĩ =
∏s
i=t I

[pei−et ]
i , and pet deg(ρ) = deg(xp

et−1
q η)

− deg(η′′) ≥ cpr + pet + max{dt, ds+1} − q(pet − 1) = cpr + 1 + a for a = petb and
b = max{

∑s
j=i p

ej−et max(Ij) + (q − 1)(pei−et − 1): t ≤ i ≤ s + 1}. Therefore
deg(ρ) ≥ cpr−et + 1/pet + b. Using that deg ρ is an integer we get deg(ρ) ≥
cpr−et + 1 + b. Thus we may apply the induction hypothesis to ρ,Ĩ, and hence
there exists a monomial σ with m(σ) ≤ m(ρ) ≤ m(η), deg(σ) = c + 1 such that
xp

r−et−1
q ρ ∈ σpr−et Ĩ. Hence xp

r−1
q η = xp

r−pet
q ρp

et
η′′ ∈ σprI.

Finally we consider the case t = 1, and write η = ϕ
∏s
i=2 v

pei

i , vi ∈ G(Ii)
and ϕ ∈ I

[pe1 ]
1 . We have deg(ϕ) = deg(η) −

∑s
i=2 p

ei max(Ii) ≥ cpr + 1 + d1 −∑s
i=2 p

ei max(Ii) = cpr + 1 + pe1 max(I1) + (q− 1)(pe1 − 1). However, t = 1 implies
d2 < d1, and so pe1 max(I1) + (q − 1)(pe1 − 1) > (q − 1)(pe2 − 1). Thus ϕ satisfies
the condition of Lemma 2.7. As in the previous case we choose the maximal integer
ε ≥ 0 such that deg(ϕ) ≥ cpr + 1 + εpe2 + (q − 1)(pe2 − 1). Then by Lemma
2.7 there exists a monomial γ with deg(γ) = cpr−e2 + 1 + ε, m(γ) ≤ m(η) and
xp

e2−1
q ϕ = γp

e2
ϕ′ for some ϕ′ ∈ I [pe1 ]

1 , and we see as above that deg(ϕ′) ≤ q(pe2−1).

Set ψ = γ′
∏s
i=2 v

pei−e2

i ; then ψ ∈ Î =
∏s
i=2 I

[pei−e2 ]
i , m(ψ) ≤ m(η), and

pe2 deg(ψ) = deg(xp
e2−1
q η)− deg(ϕ′)

≥ cpr + pe2 + max{dj : 2 ≤ j ≤ s+ 1} − q(pe2 − 1)

= cpr + 1 + max{
s∑
i=j

pei max(Ii) + (q − 1)(pej − pe2) : 2 ≤ j ≤ s+ 1}.

Since degψ is an integer we get

deg(ψ) ≥ cpr−e2 + 1

+ max{
s∑
i=j

pei−e2 max(Ii) + (q − 1)(pej−e2 − 1): 2 ≤ j ≤ s+ 1}.

Thus we may apply our induction hypothesis to ψ and Î and conclude that
xp

r−e2−1
q ψ ∈ νpr−e2 Î for some monomial ν with deg(ν) = c+1 and m(ν) ≤ m(ψ) ≤
m(η). This yields the desired conclusion.

We are now in the position to prove Theorem 2.2.

Proof of 2.2. Let ρ =
∏s
t=1 u

prt

t w, ut ∈ G(It) and w is a monomial such that
deg(ρ) = d. Let j < m(ρ). We must show that xjρ/xm(ρ) ∈ I≥d. Apply induction
on s, case s = 0 being trivial. If m(ρ) = m(η), η =

∏s−1
t=1 u

prt

t w, then we may apply
the induction hypothesis because deg(η) = d− deg(up

rs

s ) ≥ max{δ′t : 1 ≤ t ≤ s− 1}
for δ′t =

∑s−1
i=t p

ri max(Ii) + (mt − 1)(prt − 1). By the induction hypothesis I ′ =∏s−1
t=1 I

[prt ]
t has I ′≥deg(η) stable and so xjη/xm(η) ∈ I ′≥deg(η). Hence xjρ/xm(ρ) =

(xjη/xm(η)up
rs

s ∈ I≥d.
We may suppose from now on that m(ρ) = m(us) > m(η). Set q = m(us),

dt =
∑s−1
i=t p

ri max(Ii) + (q − 1)(prt − 1). We have δ′t ≥ dt if and only if mt ≥ q.
In particular δ′s ≥ ds since ms ≥ q. If mt < q, then max(It) ≤ (q− 1)(prt+1−rt − 1)
since atk ≤ prt+1−rt − 1, and so dt+1 − δ′t = (q− 1)(prt+1 − 1)− (mt − 1)(prt − 1)−
prt max(It) > (q− 1)(prt+1 − prt)− prt max(It) ≥ 0. Thus δ′t < dt+1 if mt < q. The
same argument shows that dt ≤ dt+1 if mt < q.
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By backwards induction on j we now show that

max{dt : j ≤ t ≤ s} ≤ max{δ′t : j ≤ t ≤ s}.(2)

We have already seen that (2) holds for j = s. Suppose the inequality holds for
j + 1. If mj ≥ q, then δ′j ≥ dj , and so (2) is implied by the induction hypothesis.
If mj < q, then δ′j < dj+1, dj ≤ dj+1, and hence δ′j < dj+1 ≤ max{dt : j + 1 ≤ t ≤
s} ≤ max{δ′t : j + 1 ≤ t ≤ s}. Hence max{δ′t : j ≤ t ≤ s} = max{δ′t : j + 1 ≤ t ≤
s} ≥ max{dt : j + 1 ≤ t ≤ s} = max{dt : j ≤ t ≤ s}, as desired.

Now since by (2) we have deg(xjη) = 1 + deg(η) = 1 + deg(ρ) − prs max(Is) =
1 + max{δ′t : 1 ≤ t ≤ s} ≥ 1 + max{dt : 1 ≤ t ≤ s}, we may apply Lemma 2.8 for
s− 1, xjη ∈ I ′ and q. Then there exists e ≤ m(η) such that xp

rs−1
q (xjη) = xp

rs

e η′

for some η′ ∈ I ′. Thus xjρ/xm(ρ) = (xeus/xm(us))
prs η′ belongs to I, because Is is

stable.

For a monomial u, we set pa(u) = maxk : µk 6=0{Dk} if u is not a multiple of x1.
Otherwise u = xµ1

1 v such that v 6∈ (x1), and we set pa(u) = µ1 + pa(v) (cf. Section
1). By our main theorem we have reg〈u〉 = pa(u). More generally we get

Corollary 2.9. Let I be a p-Borel ideal with Borel generators u1, . . . , um. Then

reg(I) ≤ max{pa(u1), . . . ,pa(um)},
and equality holds if I is principal p-Borel.

Proof. For each i = 1, . . . ,m, the ideal 〈ui〉≥d is stable for d ≥ pa(ui). Thus I≥d
is stable for d ≥ max{pa(u1), . . . ,pa(um)}. Therefore the assertion follows from
Proposition 2.1.
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