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AN INFINITELY GENERATED INTERSECTION
OF GEOMETRICALLY FINITE HYPERBOLIC GROUPS

PERRY SUSSKIND

(Communicated by Jozef Dodziuk)

In memory of my parents

Abstract. Two discrete, geometrically finite subgroups of the isometries of
hyperbolic n-space (n ≥ 4) are defined whose intersection is infinitely gen-
erated. This settles, in dimensions 4 and above, a long-standing question in
Kleinian and hyperbolic groups reiterated at a problem session chaired by
Bernard Maskit at the AMS meeting 898, March 3–5, 1995, a conference in
honor of Bernard Maskit’s 60th birthday.

Introduction

In 1960, as a generalization of a theorem of Howson [Ho], Greenberg [Gr] proved
that if J and H are finitely generated subgroups of a Fuchsian group, then J ∩H
is finitely generated. For Kleinian groups (dimensions 2, 3) and hyperbolic groups
(discrete subgroups of the isometry group of hyperbolic n-space, n ≥ 2), generaliza-
tions of the above came along in the 1980’s and 90’s ([Su, SuSw]) where the stronger
condition (equivalent in dimension 2) of geometric finiteness replaces that of finitely
generated. To wit: If J and H are geometrically finite subgroups of a hyperbolic
group, then J ∩H is geometrically finite. These results are part of a large stable of
theorems in which two subgroups J and H of a hyperbolic group, each possessing
some finiteness property (e.g., analytically finite component subgroups, finitely gen-
erated Fuchsian or Kleinian groups, geometrically finite hyperbolic groups, function
subgroups, topologically tame Kleinian subgroups – see [An2] for a useful survey
and bibliography), have an intersection, J ∩H , possessing some finiteness property
or in which the limit set of J ∩H is, with the possible exception of some isolated
points, equal to the intersection of the limit sets of J and H .

In the theorems stated above, the proofs require, in an essential way, the hy-
pothesis that the groups J and H together lie inside a (possibly larger) discrete
group. The question of whether this hypothesis is necessary in these (and other
similar) theorems has been asked (see [Ba, Su]), yet there appears to be no example
in the literature that shows that it is. Indeed, several authors cited in the refer-
ences have attempted to resolve this question. While the problem remains open in
dimensions 2 (Fuchsian case) and 3 (Kleinian case) the following example, which
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makes use of parabolic screw motions not available in lower dimensions, provides
two geometrically finite hyperbolic groups in dimension 4 (and higher) whose in-
tersection is infinitely generated (and hence, is not geometrically finite). The use
of parabolic screw motions, though not strictly necessary – a loxodromic element
with an irrational twist would also suffice (see below) – is motivated by Apanasov
who showed [Ap] that parabolic fixed points in hyperbolic groups need not have
invariant horoballs.

Background

The group of isometries of hyperbolic n-space, M öbn = Isom(Hn), acts on the
upper half-space Hn = {(x1, x2, . . . , xn−1, t) ∈ Rn |t > 0} endowed with the stan-
dard metric of constant negative curvature, −1, and also acts on the boundary
∂Hn = Rn−1 ∪ {∞} as a group of conformal homeomorphisms. An element g 6= id
of Isom(Hn) is elliptic if it has a fixed point in Hn. If g is not elliptic and has
exactly one fixed point in ∂Hn, then g is parabolic; otherwise, g is loxodromic. A
subgroup G of Isom(Hn) is a hyperbolic group if G is discrete. G is discrete if and
only if G acts discontinuously on Hn. If g is an elliptic element in a hyperbolic
group, then g has finite order. The regular set, Ω(G), is the subset of ∂Hn on
which G acts discontinuously. The limit set of G, Λ(G), is the complement in ∂Hn
of Ω(G). A commonly used characterization of a geometrically finite group, G,
which holds in all dimensions, is: the thick part of the Nielsen convex core of G
is compact. This definition, due to Thurston, is one of five equivalent definitions
that hold in arbitrary dimension (see [Bo] for a full discussion). In dimensions 2
and 3, this definition is equivalent to the existence of a finite sided fundamental
polyhedron for the action of G on Hn. In dimension 2, G is geometrically finite if
and only if G is finitely generated. (See [Ma2] and [Bo] for definitions and details
concerning the background above.)

The construction

The following construction in the boundary, ∂H4, may be extended to H4 in
the standard way. Let j, a pure translation, be the parabolic motion fixing ∞
given by (x, y, z) 7→ (x, y, z + 1). Let U1, U−1 be spheres with centers (0, 0, 1

4 ) and
(0, 0, 3

4 ) respectively, each with fixed radius r, 0 < r < 1
4 . Let g be the isometry

of H4 whose action on ∂H4 is given by reflection in U1 followed by reflection in
{(x, y, z) | z = 1

2}, the perpendicular bisector of the line segment joining the centers
(0, 0, 1

4 ) and (0, 0, 3
4 ). Let J = 〈j, g〉 be the group generated by j and g. Note that

g maps the outside of U1 onto the inside of U−1.
Let i be the isometry of H4 given by

(x, y, z) 7→ (x′, y′, z),(
x′

y′

)
=
(

cos θ − sin θ
sin θ cos θ

)(
x
y

)
,

where θ is an irrational multiple of π. i acts on ∂H4 as an irrational rotation
about the z-axis. Let h = ji. Put H = 〈h, g〉. Note that Λ(J) = Λ(H) ⊂ Z =
{(0, 0, z) | z ∈ R} ∪ {∞}, J and H leave Z invariant, j and h have the same action
on Z and i commutes with j, g, and h.
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An easy argument (e.g., use the Klein combination theorem [Ma2]) shows that
both J and H are discrete and free. Since J and H leave Z invariant, J and H
act on the two dimensional hyperplane {(0, 0, z, t) | z ∈ R, t > 0}. Thus, J and H
may be regarded as (identical) Fuchsian groups acting on this copy of H2. Since in
dimension 2 geometric finiteness is equivalent to discrete and finitely generated, J
and H are geometrically finite.

Theorem 1. Let J and H be as above. Then:
(1) G = 〈j, h, g〉 is not discrete,
(2) jngj−n = hngh−n for all n ∈ Z,
(3) J ∩ H = 〈jngj−n |n ∈ Z〉 is infinitely generated, free, and is free on the

generators jngj−n = hngh−n, n ∈ Z.

Proof. For (1) it suffices to note that G contains the elliptic element i = hj−1 of
infinite order. Since i commutes with g and j it is immediate that jngj−n = hngh−n

for all n ∈ Z, proving (2).
For (3), suppose that

γ = jn1gm1jn2gm2 . . . jnsgms = hp1gq1hp2gq2 . . . hptgqt ∈ J ∩H.

Using the commutativity of i again,

hp1gq1hp2gq2 . . . hptgqt = jp1gq1jp2gq2 . . . jptgqti(
∑t
i=1 pi).

Since j and g preserve each half-plane in ∂H4 which bounds Z, it follows immedi-
ately that

∑t
i=1 pi = 0. Therefore, γ may be written as

γ = (jp1gj−p1)q1 (jp1+p2gj−(p1+p2))q2 . . . (j
∑
pigj−

∑
p1)qt

and so J ∩H is generated by the elements jngj−n, n ∈ Z. Since J and H are free,
J ∩H is free. It remains to show that J ∩H is free on the generators an = jngj−n,
n ∈ Z.

For n ∈ Z put U1
n = jn(U1), U−1

n = jn(U−1). U1
n (U−1

n ) is the sphere U1

(U−1) translated by n along the z-axis. The spheres U1
n, U−1

n , n ∈ Z, are mutually
disjoint and any in the collection lies outside any other in the collection. The
element aen, where e ∈ {+1,−1}, consists of reflection in Uen followed by reflection
in the perpendicular bisector of the segment joining the centers of U1

n and U−1
n .

As above one easily sees that the outside of Uen is mapped to the inside of U−en by
the element aen. The following standard argument shows that J ∩H is free on the
generators an, n ∈ Z. Let p be a point lying outside of all of the spheres U1

n, U−1
n ,

n ∈ Z. Suppose γ = ae1n1
ae2n2

. . . aesns , ni ∈ Z, ei ∈ {+1,−1}, i = 1, . . . , s, where if
ni = ni+1, i = 1, . . . , s − 1, then ei = ei+1. The point p lies outside Uesns so that
aesns(p) lies inside U−esns . Thus aesns(p) lies outside U

es−1
ns−1 so that aes−1

ns−1a
es
ns(p) lies

inside Ues−1
ns−1 . Continuing in this way one sees that γ(p) lies inside U−e1n1

. Therefore
γ(p) 6= p so that γ 6= id. Therefore, J ∩H is free on the generators an = jngj−n,
n ∈ Z.

The construction and proof above do not depend in an essential way on the use of
parabolic elements; rather they depend on the existence of an orthogonal direction
for the axis of an irrational twist. For example, the construction and proof above
remain essentially the same if the element j is taken to be the loxodromic element
(x, y, z) 7→ (5x, 5y, 5z), U1 and U−1 are the spheres of radius 1 and centers 3 and
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−3 respectively, where g, as before, maps the outside of U1 onto the inside of U−1,
and h = ji.

The quotients in H4 of J and H are neither cocompact nor finite volume; more-
over, J and H are “elementary” hyperbolic groups in the sense that they both leave
invariant the same 2-dimensional hyperplane. Are there examples of cocompact,
finite volume or nonelementary groups which produce a similar result concerning
the need for 〈J,H〉 to be discrete?
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