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A CHARACTERIZATION OF HEAT BALLS
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ABSTRACT. We discuss an inverse mean value property of solutions of the
heat equation. We show that, under certain conditions, a volume mean value
identity characterizes heat balls.

1. INTRODUCTION

There are many papers that deal with the inverse mean value property for har-
monic functions (see [3] for an excellent survey). Above all, U.Kuran [2] gave a
simple and elegant proof of the following result, which means that harmonic func-
tions characterize a ball: Let D be an open set in n-dimensional Euclidean space,
with finite volume |D| and containing the origin 0. If

(1) h(0) = ﬁ/})h(mdm

holds for every integrable harmonic function h on D, then D is a ball centered at
the origin. Note that the boundary of a ball is a level surface of the Newtonian
kernel (or logarithmic kernel if n = 2). Similar mean value results for heat operator
are less well-known. In this paper we will give a result on the characterization of
heat balls - which are level surfaces of the Gauss-Weierstrass kernel - by a mean
value property for temperatrures.

For any point P in (n + 1)-dimensional Euclidean space R"*!, we write P =

(z,t) = (z1,... ,2Zn,t). Let H denote the heat operator and H* its adjoint; that is,
n n
0? 0 0? 0
H = A d H* = Z 4+ 2.
2o 92 "o M 2. 52 "o
i=1 g i=1 g

We use W to denote the Gauss-Weierstrass kernel, defined by

~f (4rt)" % exp(—||z||?/4t) if t >0,
Wiz,t) = { 0 it <0,
where ||z| = (22 + - + 22)1/2,
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Let Py = (zo,t0) € R™™ and ¢ > 0. We shall use two kinds of ball with centre
Py and radius ¢. The first is the usual open ball

B(Py,c¢) = {(x,t) € R" 2 ||z — 20| + (t — t9)? < c?},
and the second is the heat ball
Q(Py,¢) = {(z,t) € R" ™ W(xo — z,to — t) > (4mc) "2},

It is easy to check that Q(Pp,c) is a convex subdomain of the cylinder {(z,t) €
R ||xg — 2|2 < 2nc/e, tg —c <t < to}.

Mean value theorems for temperatures that involved integrals over heat balls
were established by Pini [4] (see also [§]) and Watson [6]. Here we consider the latter
form as the kernel is simpler, but the method works for either and the same result
holds for the Pini kernel. More precisely, we will prove the following inverse mean
value property. Here, and subsequently, x4 denotes the characteristic function of
aset Ain R"H!,

Theorem. Let ¢ > 0, and let D be a bounded open set in R"1. If the following
conditions are satisfied, then D = Q(0, ¢).
(i) The function

T 2
Ft) = (xo(e8) ~ xa.(e D) 10

belongs to LP(R"T1) for some p > (n/2) + 1.
(ii) For all (y,s) € R"*1\D,

2
W T n n/2y
//D (.13 -y, t— S) H t2|| drdt = 2 +2(7TC) /2 (y7 _S) :

Conditions (i) and (ii) require some explanation. In the harmonic case, the con-
dition that corresponds to (i) is that 0 € D, which means that D is indistinguishable
from the appropriate ball in the vicinity of 0. The direct analogue in the present
case is that D is indistinguishable from (0, ¢) in the vicinity of 0, and condition
(i) is a generalization of that. In the harmonic case, although Kuran assumed (1)
for all integrable harmonic functions, he actually used it only for certain Poisson
kernels (and constants). The direct analogue of (ii) was later used by Aharonov,
Schiffer and Zalcman in [I] (along with the essence of Kuran’s argument) to prove
another characterization of balls by harmonic functions.

2. PROOF OF THE THEOREM

Due to the fact that the centre of a heat ball lies on the boundary, many methods
that work for the harmonic case cannot be adapted to the heat equation. Our proof
is based on an argument in [5, p.30]. The necessary potential theory can be found
in [1].

Put Q = Q(0,¢) and o = 2"*2(7c)™/2. By the volume mean value property of

temperatures in [6l p.409], we have // l|z||?/t*dx dt = o and
Q

2
(2) //Q W(x —y,t—s) Ht—QH dx dt = aW (y, —s) Y(y,s) € R"T\Q.
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Since D is bounded, there is s < 0 such that D N (R™ x {s}) = 0, so that

a = af Wy, —s)dy
R'IL

_ /R (//D Wz —y,t—s) ”fQHQ da:dt) dy

2
= // Il g g,
p t?
and hence

3) // IIIJCH2 dedi — // Hfﬂll2 d dt

Now for (y,s) € R"!, we put

s) = W(x —y,t— Wcl d
= Yy, t—8) 2 4z t,
D

vo(y, s) equal to the corresponding integral over ,

u(y,s) = aW(y,—S)—’U(y,S)

and

Uo(y, 8) = OéW(y, _S) - vo(ya S) :
Then (ii) implies that

(4) u(y,s) =0 V(y,s) € R"N\D,
and (2) implies that
(5) uo(y,s) = 0 V(y,s) € R"T\Q.

In [6], the volume mean value theorem was established by integrating the corre-
sponding surface mean. By the example in [§], for each (y, s) the surface mean of
W(z —y,t — s) over O is (4mc) " 2AW (y, —s). Therefore, for all (y,s) € Q we
have

uoly, s) = aW (y, —s) — 2"+1a"/2p / P (4 l) 2 AW (y, —s))de
0

(6) > aW(y, —s) — 2”+1ﬂ"/2n/ 2w (y, —s)de
0
= 0.

We assert that v —vg € C(R™*!). Let f be the function defined in (i). Observe
that condition (ii), with (y, s) chosen so that s = 0, implies that supp (f) C R™ x
(—00,0]. For each a < 0, let f, denote the restriction of f to R™ x (—o0,a), and
let K, = supp (f) N(R™ x [a,0]). If a < 0, then f, is bounded, so that the function

(y,s) — / W(x —y,t —s)fo(z,t)dzdt
Rn+1
is continuous. Since

H* (/ W(x—y,t—s)f(x,t)dxdt) =0 Y(y,s) € R"I\K,,
K,
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it follows that v — vy € C(R"*1\K,). Since a is arbitrary, v — vy € C(R""1\Kj).
Finally, if ¢ := p/(p — 1), the exponent conjugate to p, then ¢ < (n + 2)/n and for
some constant M we have

v — wol(y, 8) < M|s| "m0 24 f

so that condition (i) implies that (v — v)(y,s) — 0 as s — 0.

To prove that D = Q, it is sufficient to show that xyp = xq a.e. on R"*!. For
then u = wg, so that (4) and (6) imply that Q@ C D. Therefore Q2 = D\ K for some
relatively closed subset K of D with measure zero. Since Q° = , it follows that
D =Q.

Suppose that xp # xqo on a set of positive measure. Since xyg = xn a.e.,
we can choose Py € D\Q, in view of (3). If L is any line through P, we can
choose Q1,Q2 € LN OD such that Py belongs to the segment Q1Q2. If Q1 and Q2
both belonged to €, then by convexity Py would also belong to £, which is false.
Therefore D\ Q # (. Moreover, 9D\Q contains a point (o, s9) with the property
that every ball centred there meets D, = DN (R" x (sg,00)). For otherwise 9D\Q
would be contained in the union of a sequence of parallel hyperplanes, and so D
would be unbounded. Choose a ball B, centred at (yo,5s0), such that BN Q = (.
The function u is an H*-subtemperature on B, is not an H*-temperature on BN D,
and is zero at (yo, so) by (4). Since BN D4 # (), the maximum principle therefore
implies that

sup u > 0.
B

Put

m = Rmaﬁ (u — up) and E = (u— Uao)fl(m)-

Since BN Q = (), we have ugp = 0 on B. Therefore supg(u — ug) > 0, and hence
m > 0. Because ug > 0 by (5) and (6), we have v > 0 on F, and hence E C D by
(4). On the other hand, for all (z,t) € D we have

[l
t2

so that u — ug is an H*-subtemperature on D. The maximum principle now implies
that ENJD # (, a contradiction. Hence D = ().

H(u—uo)(z,t) = (1= xa(z,1)) >0,
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