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AN ADDITION THEOREM FOR THE COLOR NUMBER
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ABSTRACT. There is a close relation between the color number of a continuous
map f: X — X without fixed points and the topological dimension. If f is
an involution, the color number is also related to the co-index. An addition
theorem for the color number is established thus underscoring the interrelations
between color number, dimension and co-index.

1. INTRODUCTION

Our main result is an addition theorem for the color number of maps that is
similar to the addition theorem of dimension theory. All topological spaces under
consideration are metrizable. All mappings are assumed be continuous.

Definition 1. Suppose that f: X — X is a map of a topological space to itself.
A subset B of X is called a color of the map f if f~1(B) N B = ) or, equivalently,
f(BYN B =10. A coloring of f is a cover of X consisting of colors of f.

Note that if B is a color of f, then so is f~(B). It is known that every map
has a coloring consisting of three colors; see [§] and [6]. The situation is totally
different if we consider colorings consisting of open or closed sets only. As usual,
an open coloring is a coloring consisting of open colors.

Definition 2. Suppose that f: X — X is a fixed-point free map. The color number
C(f) is the minimal cardinality of an open coloring of f.

Note that the color number C(f) may not be finite. We then write C(f) =
oco. If, for example, « is the antipodal map on the unit sphere in Hilbert space,
then C(a) = oo. A less elementary example, due to Mazur, is related to the
Galvin-Prikry lemma from infinite combinatorics [§, Theorem 3.4]. By contrast,
closed maps with bounded fibers on a finite-dimensional space have a finite color
number [4]. For a fixed-point free homeomorphism f of an n-dimensional space we
have C(f) < n+ 3. If moreover f is an involution, then C(f) < n+ 2; see [1]. The
color number of the antipodal map of the n-dimensional sphere is equal to n + 2.

Suppose that f: X — X is a fixed-point free map. We say that a subset A of X
is dnvariant if f(A) C A. For an invariant subset A of X the restriction f: A — A
is denoted by fa. It is to be noted that a color of f4 is a subset of A. The following
addition theorem is our main result.
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Theorem 1. Suppose that X is a metric space. Let f: X — X be a fixed-point
free map such that X = AU B for invariant subsets A and B of X. Then C(f) <
C(fa)+C(fB) —1.

We will prove this theorem in the next section. The relation between the color
number and the co-index will be discussed in section 3.

2. PROOF OF THE MAIN RESULT
The following simple lemma will be very useful.

Lemma 1. Let f: X — X be a fized-point free map and suppose that A is an
invariant subspace. Suppose that the subset C' of the subspace A is a closed color
of fa. Then there exists an open subset W of X such that f;l(C) CW and W is
a color of f.

Proof. The colors C' and f;l(C’) are disjoint closed subsets of the subspace A.
Hence, these colors are separated subsets of X. It follows that there are disjoint
open subsets U and V of X such that f;*(C) C U and C C V. Define W =
UNf~1(V). One readily verifies that W is an open color which contains fgl(C). O

Corollary 1. Suppose that f: X — X is a fixed-point free map and that C is a
collection of n colors of f each of which is open or closed. Then there exists an
open coloring of f with cardinality at most n.

Proof. Taking X = A in Lemmal[I]we can replace each closed color B in the coloring
fYC) of f by an open color U such that B C U. O

From the corollary it follows that the color number of a map f: X — X is the
minimal cardinality of a cover of X consisting of colors that are open or closed. The
following lemma relates an open coloring of an invariant subspace to a collection of
open colors of the space.

Lemma 2. Suppose that f: X — X is a fized-point free map and that the subset A
of X is an invariant subspace. Let U be an open coloring of fa consisting of m

colors, m € N. Then there exists a collection V consisting of at most m open colors
of f such that AC V.

Proof. In a standard fashion, in the subspace A there is a closed shrinking G of U.
Then G is a closed coloring of f4 and so is the collection H = fgl(g). By LemmalTl
for each member H of H there is an open color V of f such that H C V. Let V be
the collection of all V' obtained in this way. O

Proof of the main theorem. We may assume that both f4 and fp have a finite
color number, say n = C(fa) and m = C(fp). By Lemma ] there exist families
U={U;|i=1,.,n}tand V={V;|j=1,...,m} of open colors of f such that U
covers A and V covers B. The union VU W is a coloring of f with n + m colors.
To complete the proof we remove one of the colors so as to obtain the required
coloring of f. Consider the collection of open sets W = {U; | i =1,...n—1}U
{V;|j=1,..,m—1} Define R=X\{JW. We claim that R is a closed color
of f. To show that R is a color we prove f}(R)NR = (. Let y € f~(R). Without
loss of generality we may assume that y € A. Since A is invariant, f(y) € A. As
f(y) € R, we have f(y) € U,. Since U, is a color, y € U,, whence y € U; for
some i < n. It follows that y & R, whence f~*(R) N R = (). This proves the claim.
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The collection WU{ R} is a coloring of f, each element of which is open or closed.
According to Corollary[] the color number of f is at most n +m — 1. O

3. COLOR NUMBER AND CO-INDEX

The antipodal map of the n-dimensional sphere S, is denoted by «,. The
Borsuk-Ulam theorem states that there is no equivariant map from a,, to «,, if
n > m. This fact has been employed by Conner and Floyd to define the co-index
of a fixed-point free involution [3].

Definition 3. The co-index ¢(7) of a fixed-point free involution 7 on a topological
space X is the minimal number n such that there exists an equivariant map from 7
to au,. If there exists no such map, ¢(7) = co.

Surprisingly, the color number and the co-index of a fixed-point free involution
are intimately related.

Theorem 2. If 7: X — X is a fized-point free involution, then C(1) = ¢(7) + 2.

Proof. Let 7: X — X be a fixed-point free involution. We first show that C(7) <
c(T) + 2. We may assume that c¢(7) is finite. Thus there exists an equivariant
map from 7 to an antipodal map a,, on S™ for some n, that is, there exists a map
f+ X — 5™ such that for = ay o f. A coloring of a,, with n + 2 colors is pulled
back onto a coloring of 7 to obtain a coloring of 7. It follows that C(r) < ¢(7) + 2.

To show that the opposite inequality C(7) > ¢(7) + 2 also holds, we may assume
that C(7) is finite, say C(7) =mn. Let {U; | i = 1,...,n } be an open coloring of 7
and let { f; | ¢ = 1,...,n} be a partition of unity subordinate to the open coloring.
Fori=1,...,n, let g;: X — R be the map defined by g¢;(z) = fi(x) — fi (7(z)).
Using the g; as coordinate functions we define the map ¢g: X — R"™. Note that
g (r(x)) = —g(z). For every z in X, the sum over the coordinates of g(x) is 0, so
g(X) is contained in an (n — 1)-dimensional hyperspace V of R™. Observe that
fi (7(z)) = 0 whenever f;(z) > 0, x € X. It follows that the image g(X) does
not contain the origin. By dividing each g(z) by its norm we get an equivariant
map from 7 to the antipodal map on S™~2 (the unit sphere in V). It follows that
e(r) <C(r) —2. O

Conner and Floyd used the co-index to generalize the Borsuk-Ulam theorem for
involutions on closed manifolds. The following addition property of the co-index
now readily follows from the addition theorem of color numbers.

Corollary 2. Let 7: X — X be a fized-point free involution such that X = AU B
for invariant subsets A and B of X. Then ¢(1) < ¢(1a) + ¢(78) + 1.

This addition theorem is a slight generalization of the addition property discussed
in [3], as the invariant subsets are not necessarily closed. As an application of the
addition property, we show that the co-index has a decomposition property which
is similar to the decomposition property of topological dimension functions [5].

Corollary 3. Suppose that 7: X — X is a fizxed-point free involution. For every n
in N the following holds: c(t) < n if and only if there exists a decomposition
X =XoUX1U---UX, into invariant subspaces X; such that the co-index of Tx,
is zero for each i.
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Proof. If X admits such a decomposition, then by repeated application of the ad-
dition property it follows that ¢(7) < n. We show that the opposite implication
holds. Let {U; | i = 1,...,m + 2} be an open coloring of 7. Start with X_; = 0
and inductively define X; = (U; U a(U;)) \ X;—1. Obviously C(X;) = 2, whence
¢(X;) = 0 for every 4. This gives the required decomposition. O

Our final corollary is known [II], but we include it here, since it is a straightfor-
ward application of the addition property.

Corollary 4. Letn € N. If 7: X — X is a fixed-point free involution on a space
of dimension dim X < n, then C(1) < n+ 2.

Proof. By induction. An involution on a zero-dimensional space can be colored
by 2 colors [8]. A space of dim X < n admits a decomposition X = F UG into
a zero-dimensional F,-subset F' and a set of dimG < n — 1. Then F U 7(F) is
an invariant zero-dimensional subset. Its complement C' is invariant and at most
(n — 1)-dimensional, since it is contained in G. By the induction hypothesis the
color number of 7¢ is at most n+ 1. Now apply the addition theorem for the color
number. |

4. REMARKS

The proof of Corollary[ can also be applied to a fixed-point free homeomorphism.
If h: X — X is a homeomorphism on a n-dimensional space, then X admits a
decomposition into n 4+ 1 zero-dimensional, invariant sets. If in addition A is fixed-
point free, then the color number of an invariant zero-dimensional subspace is at
most 3. Repeated applications of the addition property then show that the color
number is bounded by 2n+ 3, but this upper bound is not sharp. The sharp bound
of n + 3 is derived in [1].

Conner and Floyd’s addition property for the co-index is sharp; hence so is the
addition property for the color number.

A relation between the color number and the genus g(7) of a map [7] is suggested
by the proof of CorollaryBl For an involution 7 we have: ¢(7)+1 = g(7) = C(7)—1.

The example of [8) Theorem 3.4] shows that there exist maps on finite-dimen-
sional spaces with color number oco. It is natural to ask whether for every map
with color number oo there is a zero-dimensional invariant subspace such that the
restriction to that subspace has color number co. We are unable to resolve this
question.

If a map has a finite coloring consisting of Borel sets, then the map can be colored
by 3 Borel sets (cf. [8, Lemma 2.1]). The antipodal map « of the unit sphere S in
Hilbert space ¢2 has C'(«) = oo but admits a coloring by 2 Borel sets, namely,

Au:{<xi>i€S|(E1:$2:...:{Ek<£Ek+1, k€N}

and A; = a(Ay).
A recent survey of the co-index and other invariants as well as some new results
are given in [6].
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