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ABSTRACT. In this paper the Lipa harmonic approximation (0 < a < %) on
relatively closed subsets of a domain in the complex plane is characterized
under the same conditions given by S. Gardiner for the uniform case. Thus,
the result of P. Paramonov on Lipa harmonic polynomial approximation for
compact subsets is extended to closed sets. Moreover, the problem of uniform
approximation with continuous extension to the boundary for harmonic func-
tions and similar questions in Lipa harmonic approximation are also studied.

1. INTRODUCTION

Let F' be a relatively closed subset of a domain G of the complex plane C. A. Roth
proved in [25] that if f is a uniform limit on F' of holomorphic or meromorphic
functions, then it is possible to select the approximating function m in such a way
that the difference function f —m can be extended continuously to the closure of
F, including the points of F N JG for which f itself has no continuous extension.
Furthermore if f is a Lipa limit of holomorphic or meromorphic functions (0 <
a < 1), it is proved in [7] that it is possible to choose the approximating function
m such that f — m belongs to lip(a, F).

Roth’s result was extended in [9] to solutions of certain partial differential equa-
tions. Also, the main result obtained by M. Goldstein and W. Ow in [16], concerning
the problem of uniform approximation with continuous extension to the boundary
by harmonic functions, was improved in [9] by removing most of the unnecessary
conditions assumed in their work. However a mild restriction on G remains, namely
that G is not dense in C. In this paper, this restriction is eliminated and we obtain
analogous results to those in [7] and [9] for Lipa harmonic approximation. Another
improvement of [16] was done by Gardiner ([I4]) considering that the function to
be approximated extends continuously to the closure of F' in R™ U {o0}.

On the other hand, the characterization of the Lipa harmonic approximation on
relatively closed subsets of a domain in the complex plane for 0 < o < % is perhaps
the main question dealt with in this paper. We prove that, under the same condi-
tions given by S. Gardiner [12] for the uniform case, not only is this approximation
always possible, but also, as in the holomorphic and meromorphic cases, we can
choose the approximating function m such that f —m belongs to lip(c, F'). Thus,
we extend to closed sets a theorem of P. Paramonov about harmonic polynomial
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approximation for compact subsets [22] and we obtain a result of decomposition of
Lipa approximable functions on F' by harmonic functions on G. This result is in
the spirit of the papers of A. Stray ([26]) and S. Gardiner ([I5]) dealing with the
holomorphic and harmonic case respectively.

2. PRELIMINARIES

Denote by h(G) the set of harmonic functions on G and by h(F) the class
of harmonic functions on a neighbourhood of F' relative to G. Following [10], a
function u is said to be A-meromorphic on G if u is harmonic on G, except for
isolated singularities and if in a neighborhood of any such singularity y, u can be
represented in the form

u(z) = sy(x) + uy(z)

where u, is harmonic at y and s, (z) is a finite linear combination of E(x—y) and its
derivatives, F being a fundamental solution of the Laplacian A. Such a singularity
is named a pole. We denote by m(G) the set of A-meromorphic functions on G, by
m(F) the set of A-meromorphic functions on a neighbourhood of F'; and by mp(G)
the set of A-meromorphic functions on G and having no poles on F'.

Let f be a bounded complex function on F'. As usual, the modulus of continuity
wy of f is given by

wy(r) = sup{[f(z) — f(w)| : zw e F, [z —-w[<7}

For 0 < a < 1, consider the seminorm

I flla.r = sup {wi—((f) r> O}
and the function spaces
Lip(a, F) ={f : F = C: [| f[la,r < o0}
and
lip(a, F) = {f € Lip(a, F) : 77wy (r) — 0, as 7 — 0T }.

If f is defined on F, we will say that f belongs to lipio.(a, F) if f € lip(a, K) for
every compact subset K of F. The Lipa norm is defined by

115,r = fllar + 1flloc,F
where || f|loo,F is the supremum norm.
We define
ao(F) = {f € lipioc(a, F) : f € h(F°)}
and

aou(F) ={f € aa(F) : 3g € lip(a, F) and g|p = f}

where F' denotes the closure of F in C.

If Ais a class of complex functions on F ’we will denote [A]}  as the set
of all functions which are limits in Lipa norm on F of functions belonging to
A, ie., f € [A]} p if and only if, for each € > 0, there exists h € A such that

f—h € Lip(a, F) and || f — R}, p < e. Also, we use the notation G* = G U {oo}
for the one point compactification of G.
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Definition 1. The function f : FF — C* is said to be LF-approximable on F' by
functions from m(G) (respectively h(G)) if, given € > 0, there are functions m and
e with the following properties:

i) m € m(G) (respectively h(Q)), e € h(F°) Nlip(a, F),

i) f(z) —m(z) = e(z) (z €F),

iii) ||e||27 <e.
The letters LE stand for “lipa extension”. We also introduce the notation

1fllip e = sup {M

|z —wl
Finally, to unify the notation, we understand the Lip0 approximation with lip0
extension to the boundary as the uniform approximation with continuous extension
to the boundary of F referred to C* and we will denote from now on the uniform
norm on F by ||.||o,r-

:z,wEE}.

3. LE-APPROXIMATION BY A-MEROMORPHIC AND HARMONIC FUNCTIONS

In this section we prove that the approximation in Lipa norm by functions from
mp(QG) is equivalent to the L E-approximation by A-meromorphic functions. More
precisely, we shall show that both kinds of approximations are equivalent to the
approximation on compact subsets in Lipa norm. For this purpose, we need the
following version of the Runge’s theorem for closed sets in this norm and a fusion
lemma for harmonic functions in the Lipa norm.

Proposition 1. Let F be a closed subset of C, and let g be any function A-
meromorphic in a neighbourhood of F' and 0 < « < 1. Then, given any € > 0,
there exists a A-meromorphic function r in C such that

Ir = glar<e

and

7 = gllLip1,F < e.

Moreover, for fized u € K, we can choose r such that r(u) = g(u).

Proof. This follows from [5, Theorem 1] considering the space V(F) = C(F)
and the operator L as the Laplacian A. To be more precise and with the same
notation as in [5], given € > 0 and a A-meromorphic function g in a neighbourhood
of F', we can obtain a A-meromorphic function r in C such that r — g coincides
with f € C'(C) on F and | fllcic) < e. Then, by [6, Proposition 3] we get the
Lipl and Lipa approximation on F. Note that r can be chosen such that, for a
fixed point u € K, (r — g)(u) = 0 just by replacing r with r + g(u) — r(u).

Proposition 2 (Fusion Lemma). Let 0 < o < 1. Suppose that K; and K are
compact subsets of C and Ky is a closed subset of C such that K1 N Ky = () and
K UKsUK # C. Ifry and ry are two A-meromorphic functions in C satisfying that
lri—r2||’ & < €, then there exists a constant C = C(K1, K2) and a A-meromorphic
function r in C such that

(1) Ir —rilla, kur, < Ce (i=1,2)

and

(2) lr = rillLipr.x; < Ce (i =1,2).
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Moreover, for fired u € Ko, we can choose r such that

(3) (r—ra)(u) =0.

Proof. The proof follows ideas from [§], [9], [TT] and [24], and as there, without loss
of generality we may assume that ro =0, K1 N K # () and K N K5 # (). Then we
can choose neighborhoods Uy and U; of K7 and K> respectively, such that U; and
U, have C' boundary, U; NUs = () and Us contains the exterior of a ball.

Let M = C\(U;UUz) and H be an infinitely differentiable function with compact
support such that 0 < H <1, H|y, =1 and H|y, = 0.

By assumption, there exists a neighborhood U of K with C' boundary such that
[71]loe.7 < Ce. We set h =7y on UN M and extend this function to M verifying
Il < Ce.

Now, we define

| h(z) ifzeM,
fz) = { ri(z) iftzeC\ M,

and
F(2) = Vigf(z) = 5- B« HAf = Hf + g

where

= Y Cy(D’E)+(fDVH)

lv|#0
lv+6|=2

for certain constants C g. Then, except for finitely many singularities in U, the
function F' is A-meromorphic in U; U Us U U. Moreover, since K1 U Ko U K # C,
there exists a ball D = D(a, d) contained in C\ (K; U K3 U K) and we can choose
Y € C*(C), v = 1 outside D and ¢ = 0 on %D. Next, take S = cotp E(x—a), where
co = 5= [ hAHdm that verifies [co| < C||hl|la,p. Thus, if B is a ball containing the
support of H, it follows that

IS15 55 < ClIrlla,x < Ce

«,3B

and, since g — S satisfies the hypothesis of [21, Lemma 2] and ||9H<*y.3B(o B <
ClIfll% 5 (see [200, Lemma 2.4]),

lg = Slla,c < Ce.

Now, if we define F;y = F — S = fH 4+ g — S, arguing as in [L1, Theorem 3] we
get that

|1 F1 — il g,ore < Ce, i=1,2.

Although we can use F; to prove () and (@), in order to prove [B) we may
consider Fy = Fy — F(u), for u a fixed point of K5, which is harmonic in Uy UU;UU
except for finitely many singularities in U;. Applying Propositionl to F> we get a
A-meromorphic function r such that

| F2 — THZ,KlquUK <g,
|1 E> — 7|l Lip1, iy UK UK < €
and r(u) = F3(u) = 0. Thus we obtain
Ir =rilla,riux < Ce (i=1,2)
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and r(u) = r2(u) which prove () and (2). Finally, if we are able to show that
(4) llg = SllLip1,x 0K, < Ce,

by observing that r —ry =r—F1+g—Son Ky andr=7r—F; +¢g— .5 on K5, we
will conclude that @) is satisfied and the theorem will be completely proved.

We now proceed to verify ). Since F is an infinitely differentiable function
except at the origin, if z; and z3 belong to K7 U K5, then

9(21) — g(22)

Z1 — 22
o DPE(y —z1) — D°E(y — z2)
< S ol e [ Vol ).
|0 suppDH 1 2
|a+8|=2

Since the support of DH is at positive distance from K; U K5, there exists § > 0
such that |y — z;| > 6, for i« = 1,2 and y € suppDH. Owing to the fact that
DPE € Lip(1,C\ B(0,0)) it is readily seen that

(5) gllLipt, kUK, < Ce.

To finish, since S is defined as the product of E' and a C*° function that is identically
equal to 1 outside a disc, it follows that ||.S||Lip1,k;uK, < Ce which together with

B) gives {@). O

We are now in a position to state the main result of this section which establishes
the equivalence of the L E-approximation and the Lipa approximation.

Theorem 1. Let F be a relatively closed subset of a domain G in C and 0 < a < 1.
Then the following statements are equivalent:

(a) f can be approzimated in Lipa-norm on F by functions in mp(G).
(b) If K is a compact subset of F, then fix € [mx(C)}, k-
(¢c) f is LE-approximable on F by functions in mp(G).

Proof. (a) = (b) and (c) = (a) are trivial.

(b) = (c) Analogously to the proof of [7| Theorem 3.3], we may suppose that F' is
bounded. Thus, without loss of generality we can assume that 9F NOG is bounded
and B(0,p) N F = () for some p > 0. For n > 1, let Q,, = B(0,n) \ B(0,2). Note
that Q,, C Q,41 and JQ, = C\ {0}. Let G,, be a sequence of bounded domains
such that G,, C Gy1, |UGrn = G and dist(0G,,, 0F N 0G) = %, where OF N G is
a compact set. If we denote V,, = G, N Q,,, then V,, C V,iuq, UV, = G\ {0} and
Vi, C Gy,

For each n = 1,2,..., we now apply the fusion lemma (Proposition 2) with
K1 =V, Ky =C\B(0,n+1)and K = F,, = FNV ;1. Then, there exist constants
a, that correspond to the constant C' in Proposition 2 and we may assume that
the a,, are increasing and a,, > 1.

Let € > 0. By hypothesis fr, € [mFp, (C)]}, r,; hence we can find a A-meromor-
phic function ¢, without poles on F,, such that

« €
||f qn”(y,Fn < 2n+1an(n+ 1)

for n=1,2,.... Thus, since F,, C Fp,41,n=1,2,..., we have
€

*
— < — .
”(InJrl Qrz”a,Fn Z”an(n—i— 1)
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Now, for each n, there exists a A-meromorphic function r,, which satisfies Propo-
sition Bland, by following ideas of [7], this implies the Lipa convergence on C*\ G
of

n—1

gn(2) = Y (rk(2) — @41 (2))

k=1
as n — oo. Besides on 0F N OG, since lip(a, OF N IG) is a closed subalgebra, g,
converges to a function ¢ € lip(a, 0F N OG).

Finally, we define

n—1 0o
m(z) = (rk = qer1) + gn + Y (rk — i)
k=1 k=n

and
6(2’): f(z)_m(z) ?fZGE,
o(t) if z€ F\ F.
Then, in a similar way as [0 Theorem 3.3] if @« = 0 and as [7, Theorem 3.3] if
0 < a < 1, it follows that m(z) € mp(G \ {0}), e € lip(a, F) and

If =mlla,r <e.

If 0 ¢ G, the proof is finished. Otherwise, let A be a harmonic function on C\ {0}
such that m — h has a removable singularity at z = 0. Since h is harmonic on the
compact subset F' of C, there exists s € my(C) such that

. €

[l1h — SHa,F < 7
Let p = m — h — s. Then p is A-meromorphic on G and f — p extends lipa to
OF N OG. This completes the proof. o

The following corollaries are a direct consequence of the above theorem and the
characterization of the Lipa-approximation of a,(F') by mp(G) given for @ = 0 in
[2] and for 0 < o < 1 in [20], [21] and [10]:

Corollary 1. All functions of ag(F) can be LE-approximated by functions in
mp(Q) if and only if G\ F and G\ F° are thin at the same points.

Corollary 2. Let 0 < o < 1. All functions of ao(F) can be LE-approzimated by
functions in mp(G) if and only if there exists a constant C > 0 such that

MX(D\ F°) <CM*(D\F)
for every disc D C G.

Now our goal is to study when the LFE-approximation by functions in h(G) is
possible. In other words, we look for conditions on the domain G and the closed set
F in order to apply a pushing poles method in Lipa norm for harmonic functions.
The conditions that appear are the same as in Arakeljan’s Theorem for the uniform
approximation ([T]). We collect them in the following theorem.

Theorem 2. If G* \ F is connected and locally connected at {0}, 0 < a < 1
and m is a function in mp(G), the restriction mp is LE-approzimable on F' by
functions in h(G).
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For a proof of this theorem, we refer the reader to [9, Lemma 3.4] if o = 0. For
the case 0 < a < 1, the proof follows the same line as in [7, Lemma 4.2], where the
pushing poles method is obtained by using partial sums of the Laurent series (see
also [10]).

4. LiPa HARMONIC APPROXIMATION

Recently, S. Gardiner [12] has characterized the uniform harmonic approximation
of ag(F) by functions of h(G) (see also [3], [13] and [I7] for an extensive account of
harmonic approximation results). His result is given in terms of the “holes” of F
and the “long islands condition”. In this section we prove that the same conditions
solve the problem for the lipa harmonic approximation of a,(F) by h(G) when
0<a<i.

Definition 2. Let G be an open subset of C. A subset H of GG is called G-bounded
if H is a compact subset of G. A hole of F will be a connected component of G'\ F
which is G-bounded. We will denote by F' the union of F and all its holes.

Definition 3. We say that a family A of subsets of G satisfies the “long islands
condition” provided that for each G-bounded subset B C G, the union of all mem-
bers of the family A which intersect B is G-bounded.

We need a sort of maximum principle for harmonic function in Lipa-norm on
compact subsets which allow us to “kill” the holes of F. The proof of our results
follows the same ideas as [23, Lemma 1.8 and Lemma 2.2] (see also [19] and [22]
Lemma 3.2]), with some modifications because now the compact K could have holes
in C. We include the proofs for the sake of completeness.

Theorem 3. Let Q) be a complexr domain, K a compact subset of Q and 0 < a < %
Suppose that f € Lip(a, 8k) and let F' be the solution of the Dirichlet problem in
K with boundary values f. Then F € Lip(a, K) and

1Fl o, < Ales K, Q) fll o0k

Proof. Without loss of generality we can suppose that K is connected and K =

K° UK. Let n = dist(K,aQ) and 8 < 2. We need only to show that if

[ fllo.06 <1, then for any x # a € K we have
|F(z) = F(a)| < A(e)|z — a*.

Fix  and a in K, put b =  — a, and G(y) = F(y +b) — F(y). Then G(y) is
harmonic on the set K¢ = {y € K° : y +b € K°} and so attains its modulus
maximun on AK7, that is, at some point y with y € K or y +b € K. So it is
enough to consider the case a € OK and z € K°.

Denote by K' = {z € K : dist(z,0K) > 3} and consider a first case where
a € OK° and 2 € K’. In this case,

IS ll00k
ﬁoz

If ¢ K', using the triangle inequality, we can reduce the situation to the case that

a is the nearest point to  on dK. Write 6 = |z — a| = dist(xz,0K). For j =1,2, ...

consider the sets

|F(z) = F(a)| <2

|z — al®.

T, ={ycdK:(j—1)<|y—al <jd}.
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Note that I'; # 0 only for j < %l + 1, where d = diamdK.

If Q is a domain in C and E C 99 is a Borel set, write w(y, 2, E) for the harmonic
measure of E at the point y relative to Q. Put w; = w(z, K’O,I‘j). Let ko be such
that koo < n < (ko + 1)d. Then for k = 1,2, ..., kg we claim that

A
(6) D wi < 7

i>k

with A > 1 an absolute constant.

For k = 1, (@) is immediate because Zj>1 wj < 1. For 2 < k < kg consider the
connected component Dy, of {y € K°: |y —a| < kd} which contains z. Note that
by construction Dy is simply connected. From the properties of harmonic measure
it follows that

(7) ij < w(x, Dy, Sk)

i>k

where S, = {y € Dy : |y — a| = kd}.

Consider a linear mapping from the disc {y € R? : |y — a| < ké} onto {t € R? :
|t| < 1}. Let Dy, be the image of Dj, under this mapping, S}, the image of S, and
t the image of . Then |t| = % and according to the theorem of Milloux-Carleman
(A8, pp. 347-350]), we have

2 (7 ‘ 1-1
(8) w(z, Dk, Sk) = w(taD;gasllc) < T (5 Caresm (1 + g)) .

Hence, if k < kg, then w(x, Dy, Si) < % and thus (B) is proved.

Now from the definition of harmonic measure and the maximum principle we
can get

J
(9) |F(x) = F(a)] <) _(j6)"w;
=1

where J is the integer part of ¢ + 1. Indeed, consider the function G(y) = F(y) —

F(a) which belongs to a(K) and satisfies
G| = 1f(y) = fla)] < (56)"

for y € I';. Then for all y € K°
J
Gl < D (10 wly, K°,Ty),
j=1

and (@) follows from the last inequality by replacing y with .
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Let us maximize the sum in (@) as a function of w = (w1, wa,...,ws) under the
restrictions

w; < 1,
wrtws+..+wy < i
=
A
wy3tws+...+wy < ﬁ,
Why + Wkot1 + ... Fwy <

Who+1 +wk0+2 + . twy <

and w; >0 (j =1, 2, s J) It is not difficult to see that the maximun is attained
at w = 1, wj = \/— \/_ for j =2,3,...,ko and w; for j = ko, ..., J verifies the
last restriction with the equality. Finally, from @) we get

J ko J
[F2) = Fla)l < D (0% <3_(0)" 3+ D (70)°w
J=1 J=1 j=ko+1
; oA A(diamK)® o  A(diamK)*
< ;(.75) T SAs .
A(diamK)* 1 _
< AOé 6 @ 5a:Aa,K79(50{
< Y ) 158

Minor adjustments to the proof of above theorem prove the following result.

Theorem 4. Suppose that under the conditions of the above theorem we also have
f elip(a,0K). Then F belongs to lip(a, K).

Proof. Without loss of generality we can suppose that there exists a function ()
non-decreasing, such that () — 0 as § — 0 and

[f (@) = fy)l <e(jz —yl)lz —y|*

for any z,y € K. Now repeating the proof of the above theorem we get

|F(x) — F(a)] < Z (46)(56) wJ<Z (6) (j6)™ —+ Z e(j8)(j8)"

7j=1 Jj=ko+1
ko ; .
v A Ae(diamK) (diamK)®
S e(j6 ) a—g +
> <(j0)(j6) I T

Jj=1
k:o R

< ) A5%e(j6)j 0% + Ae(diamK)dE 6% = 5% (0)
j=1

where £1(§) — 0 as § — 0. O
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Our main result is the following;:

Theorem 5. Let I be a relatively closed subset of a domain G C C and 0 < a < %
Then the following statements are equivalent:

a) All functions of a(F') can be LE-approzimated by functions in h(Q).

b) All functions of an(F) can be approximated in Lipa-norm on F by functions
in h(Q).

¢) i) OF = 9F.
il) The holes of F satisfy the long islands condition.
iii) G\ F' is locally connected at {co}.

Proof. a) = b) is trivial.

b) = ¢) For a = 0, see [12, Theorem 6] and [I5 Corollary 1] (the conditions ii)
and iii) together are equivalent to (G, F') satisfies the (K, L)-condition defined in
[13]). We consider now the case 0 < o < 3. If a(F) = [h(G)]}, s it is readily seen
that h(F) C [h(G)];, p and therefore h(F) C [A(G)]; p- Thus (G, F) is a uniform
Runge pair for harmonic functions, i.e. all functions of A(F') can be uniformly
approximated by functions from h(G). Now by [12] and [4] the conditions i), ii)
and iii) hold.

c) = a) Suppose now that i), ii) and iii) hold. Since G* \ F is connected,
for each point z € F we choose a disk U, C G such that the complement of
U. N F is connected. Take an exhausting sequence {G,} of G, where each G,, is
a bounded domain and 0G,, consists of finitely many Jordan curves. Now suppose
z € Fn =Fn G, and choose a disk V, C U, such that the complement of (VZ N
Fn) is connected and hence f\Vzm £, 1s approximable in lipa-norm by harmonic

functions in a neighborhood of V, N F,, ([20]). Besides, by taking into account the
localization theorem given by P. Paramonov and J. Verdera [21], we have that f
can be approximated in Lipa-norm by harmonic functions in a neighborhood of E,.
Now, from Proposition [land Theorem [ f can be approximated in Lipa-norm on
F by functions in m #(G). Thus, since G \ F" is connected and locally connected at

{00}, by Theorem[Z] one has that every function in a, (F') can be L E-approximated
by functions in h(G).
The proof will be complete if it is proved that under these conditions every

function in a, (F') can be extended to a function in a,(F'). But the conditions i), ii)
and iii) imply that ao(F") = [h(G)]j p and consequently all functions in ao(F) can

be extended to a function in ag(F') (see, [12], [4]). Hence all functions f in a(F)

can be extended to a function in ag(F) Naqe(F). On the other hand, the condition
ii) guarantees that there exists a sequence {K,} of compact sets verifying:

a) F=UK,, K, C Kpy1,
b) OK,N(F\F)=0.
Hence f € ao(Ky) Naq(0K,), and if 0 < o < % from Theorem Al we prove that

f € aq(K,) which implies f € aq(F). O

Remark that if % < a < 1, then Theorem[Hlis not true. It is still an open question
if it holds for a = % Also observe that for R™, with n > 3 and « € [0, 1], there
is no purely geometric criterion in order for a,(F') to coincide with the closure of

harmonic functions on G in the norm ||.||%,  (see [22] for details).
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Finally, an immediate consequence of the proof of Theorem[H is the next result
of decomposition for the class [h(G)]}, ¢

Corollary 3. Let F' be a relatively closed subset of G such that G\ F is connected
and locally connected at {oo} and 0 < a < 1. Then [R(G)]}, p = aau(F) + h(G),

i.e.

ife >0 and g € [M(G)]}, p, there exist g1 € aqu(F) and g2 € h(G) such that

g1l r <€ and g = g1 + g2 on F.
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