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ABSTRACT. Let m be a square-free positive integer. Let r4(K) denote the
4-class rank of a quadratic field K. This paper examines how likely it is for

ra(Q(v=m)) = ra(Q(y/m)) and for r4(Q(v—m)) = ra(Q(vm)) + 1.

1. INTRODUCTION

Let K be a quadratic extension of the field of rational numbers Q. Let C'(K) de-
note the 2-class group of K in the narrow sense. It is well known that rank C'(K) =
t — 1, where t is the number of primes that ramify in K/Q. Let r4(K) denote the
4-class rank of K in the narrow sense; i.e.,

(1.1) ra(K) = dimg, ((C(K))?/(C(K))*)

where (C(K))! = {c¢' : ¢ € C(K)} for positive integers i, and Fy is the finite
field with two elements. In Equation (1.1), we are viewing the elementary abelian
2-group (C(K))?/(C(K))* as a vector space over Fs.

Now let m be a square-free positive integer. It is known (cf. [2], [6]) that

(1.2) ra(Q(vm)) < r4(Q(V=m)) < r4(Q(v/m)) + 1.

We will consider the following question: how likely is it that r4(Q(v/—m)) =
r4(Q(y/m)), and how likely is it that 74(Q(v/—m)) = r4(Q(v/m)) + 17 A direct

answer could be obtained if we could compute

iy sauare-free m < z 2 ra(Q(v=m)) = r4(Q(v'm))}|

T—00 [{square-free m < x}|

or

i [{square-free m < z : r4(Q(v/=m)) = r4(Q(yv/m)) + 1}

T—00 [{square-free m < x}|

where |S| denotes the cardinality of a set S. However, computing these limits
appears to be very difficult. Instead, we shall use a somewhat different approach.
Although the limits we compute are not guaranteed to equal the above limits, our
results do provide some insight into this question.
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First we introduce some notation. For positive integers ¢, nonnegative integers
1, positive real numbers z, and square-free positive integers m, we define

AR = {Q(/=m) € Avi : 1a(Q(V=m)) = r4(Q(Vm))},
AP~ {Q(/=m) € Apiy : a(Q(V=m)) = 14 (Q(vim)) + 1} .

We then define the following densities:

1.3 ai; = lim ———,
43 N A
(1)

1) . |At,i;z|

) = Al
(2)

(1.5) aEQ.) = lim —|At’i;x|

(1.6) Ooo,i = tlim ai,
(1.7) a&;),i = lim ag,lz')a
(1.8) a((i),z = tlirglo a(?)

(1.9) (oo = ———
[I(1—27%)
k=1
fori=0,1,2,---. Furthermore, E;}io (so,; = 1, and, of course, a; = ag})’i + a((i)’i.

To obtain the likelihood that r4(Q(yv/—m)) = r4(Q(y/m)) and that r4(Q(v/—m)) =
ra(Q(v/m)) + 1, we let

(o]

(1.10) a1 =Y all),
=0
(oo}

(1.11) ar=> a2, .
=0

We shall prove the following theorem.
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Theorem 1. Let oy and ag be defined by Equations (1.10) and (1.11), and let
ao,i be given by Equation (1.9). Then

o0
a1 =Y 2 a5 ~0.610321 ;
=0
o0
an =3 (1 -2 )an,; ~ 0.389679 .
=0

Remark. Theorem 1 is also valid if we use the 4-class rank in the usual sense rather
than the narrow sense (cf. discussion on p. 491 of [4]).

2. PROOF OF THEOREM 1

From the discussion on p. 491 of [, it suffices to consider m = py - - p; with
distinct odd primes py,---,p; and with an odd number of primes p; = 3 (mod 4)
when analyzing A;., and its subsets in our counting arguments. For convenience
we label the primes so that

(2.1) pi=1 (mod4)forl1<i<s,

(2.2) pi=3 (mod4)fors+1<i<t

where s > 0 and ¢ — s is odd. Now the 4-class rank of K = Q(y/—m ) satisfies
(2.3) ry(K)=t—1—rank My

where M} = [b;;] is the ¢ x (¢ — 1) matrix with entries in Fo defined by Legendre
symbols as follows:

Pj) e

— 1, if ¢ ,

(2.4) () =4 " p "

—J>, if i = j,
Di

for1<i<tandl<j<t—1(cf Equation (2.6) in [4]). Here P; = p, if p; =1
(mod 4), and P; = —p; if p; =3 (mod 4). As discussed on p. 492 in [, it is also
true that

(2.5) ra(K) =t—1—rank Mg

where M is the ¢ X ¢ matrix with entries defined by Equation (2.4), except with
1 <j <tinstead of 1 < j <t—1. Furthermore, the sum of the entries in each row
of My is zero, and the sum of the entries in each column of My is zero.

Now we let L = Q(y/m). Since there are an odd number of primes p; = 3
(mod 4) that divide m, then m = 3 (mod 4). So t 4+ 1 primes ramify in L/Q;
namely p1,---,p; and 2. The 4-class rank of L satisfies

(2.6) ra(L) = (t+1) — 1 —rank M,

where M} = [c;;] is the (¢ + 1) x ¢ matrix over Fo whose entries satisfy
bijif(i#jand1<i<t 1<j<t)orif ({=jand1<i<s),
bij+1ifi=jands+1<¢<t,

0if i =t+ 1 and 2 splits in Q(\/ﬁj),

1if ¢ =t + 1 and 2 remains prime in Q(\/ﬁj) .

(27) Cij =
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Let My, denote the ¢ x ¢ matrix consisting of the first ¢ rows of Mj .
Lemma 1. Rank M = rank Mg + 1.

Proof. Write
B } By

M fr—
" Bs 134

where B; is an s X s symmetric matrix over Fy, By is an s X (t — s) matrix over
Fo, By is the (t — s) x s matrix which equals B (the transpose of By), and By is a
(t — s) x (t — s) antisymmetric matrix over Fy (i.e., bj; = bj; + 1 for i # j). These
properties follow from Equation (2.4) and quadratic reciprocity. Note that

Bi | BY

B Bf

B3}B4+I+J

(2.8) M =

where [ is the (t — s) x (¢t — s) identity matrix, and J is the (t — s) x (¢ — s) matrix
with each entry equal to 1. Now from Equations (2.7) and (2.8) and our definition
of ML,

By | By+1

B3 | Ba+1+2J

since 2. is a zero matrix over Fy, and where

(2.10) H=|------

Now let v € F{. (Think of v as a column vector.) If the last (¢ — s) entries in v
contain an even number of 1’s, then

(2.11) Mpv = MEv+ Hv=MEv .

Let

(2.12)

W = {M}Ewv : v € Fi with an even number of 1’s in the last (¢ — s) entries in v} .
If the last (¢ — s) entries in v contain an odd number of 1’s, let v1 = v 4 vg, where
vg = [0,-++,0,1]7. Note that the last (¢ — s) entries in v; contain an even number
of 1’s, and v = v; + v2. Then

MEv = MEv, + MEv, .

Clearly MZv, € W. Next, note that MLve = MLvs, where vg = [1,---,1,0]T,
since the sum of the entries in each row of M} is zero. But then M7 v3 € W since
v3 has an even number of 1’s in its last (¢ — s) entries. Thus

Mkv=MEvi+ MEvs e W .

So W is the column space of M%, and from Equation (2.11), we know that the
column space of My, contains W. Also, since the matrix H in Equation (2.10) has
rank equal to 1, then from Equation (2.9), we know that

(2.13) rank M} < rank My < rank M{ +1 .

Now let vy be the vector in F4 with each component equal to 1. Then My is the
zero vector in F4 since the sum of the entries in each row of M% is zero. Then from
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Equations (2.9) and (2.10), Mpv, is the vector in F4 whose first s components are
0’s and whose last (¢ — s) components are 1’s since ¢ — s is odd. Then the sum of
the entries in Mpv, is 1. But then Mpv4 does not belong to the column space of
ME since the sum of the entries in each column of MZ is zero. Thus from (2.13),
we see that

rank My, = rankM% +1=rank Mg +1

which completes the proof of Lemma 1.

We let
(2.14) w = rank Mg =rank My — 1 .

We now consider the (¢ + 1) x t matrix M whose first ¢ rows form the matrix M.
From Equation (2.7), we observe that the entries in the last row of M} satisfy

o =t o)
(t+1)j = 1, ifp;=+3 (mod38).

Since the primes are equally distributed among the residue classes 1 (mod 8) and
+3 (mod 8), it is intuitively clear that each entry in the last row of M is equally
likely to be a 0 or a 1. (This can be proved using character sums similar to those
used to prove Propositions 2.1 and 5.1 in [4]. See [3] and [5] (or [1]) for more
details on character sum calculations.) Then, of the possible 2¢ matrices M} whose
first ¢ rows form My, 2'7% satisfy rank M} = rank My, and (2! — 217%) satisfy
rank M} = rank M, + 1. From Equation (2.6) and the above discussion,

_ 1 _ 3 h 1 2—(t—1—w)
(2.15) rq(L) = {t w  with probability

t—2—w with probability 1 — 2~ (t—1-w)
Then Equations 2.5, 2.14, and 2.15 give

ry(K) = ra(L) with probability 9—(t—1-w)
r4(L)+1 with probability 1 — 2~ (¢=1=w)

Then letting i = ¢t — 1 — w and using Equations 1.3, 1.4, and 1.5, we get

al(t’li) = 2_iat,i and aEQ.) =(1- 2_i)at7i .

K
Taking the limit as t — oo, we get

ag)’i = 2_iaoo,i and agj),i =(1- 2_")@0071- .

Then summing over all ¢ > 0, we get Theorem 1.
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