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DECREASING FLOW INVARIANT SETS
AND FIXED POINTS
OF QUASIMONOTONE INCREASING OPERATORS
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(Communicated by Joseph A. Ball)

ABSTRACT. In this paper, we obtain some new results about the existence of
multiple fixed points of a kind of quasimonotone increasing operator by the
new method of decreasing flow invariant set.

1. INTRODUCTION

Let E be a real Banach space which is ordered by a cone P, i.e. z, y € E, v <y
if and only if y — 2 € P. P is said to be a solid cone if the interior of P(denoted

as P) is nonempty. The dual cone of P, denoted as P*, is defined as the set of all
continuous linear functionals ¢ on E with p(z) >0, = > 6.

Definition 1.1 ([I]). Let D C E, A: D — E is called quasimonotone increasing
if

r,y€ D, x <y, p€ P, o(x) = ¢(y) = p(Az) < p(Ay).

In paper [2], Hu first studied the existence of fixed points of discontinuous quasi-
monotone increasing operators. Under the conditions that A : R — R" is a
quasimonotone increasing operator and that there are upper and lower solutions of
A, Hu proved the existence of extremal fixed points of A. The paper [3] extended
these results to the more general spaces such as ¢y, P (1 < p < 400), and so
answered the open question in [2].

Recently, the author of paper [4] considered the existence of fixed points of
continuous quasimonotone increasing operators in Banach spaces. Under the con-
ditions that the cone is a regular solid cone, he proved a result about the existence
of fixed points of continuous quasimonotone increasing operators. His method is
by using the ordinary differential equations in Banach spaces.

In this paper, we will consider the multiple fixed points of continuous quasi-
monotone increasing operators in Hilbert space, which has been considered by few
papers up to now. Our method is by using the decreasing flow invariant sets, which
will be developed in the section 2 of this paper.
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2. DECREASING FLOW INVARIANT SETS

Let H be a Hilbert space, f : H — R' a C?7° functional, f'(z) = v — Az and
A : H — H a quasimonotone increasing operator.
Consider the following IVP:

dz

> Ap—
(2.1) a -~ rT

z(0) = zo.

By the theory of ordinary differential equations in Banach spaces, (2.1) has
a unique solution, denoted by (¢, x¢), with right maximal existence interval

[0, n(zo))-
Definition 2.1. Let M be a subset of H. If
{z(t,z0) | t € [0, n(x0))} C M, for all zy € M,

then M is called a decreasing flow invariant set of f.

Obviously, we have the following Lemma 2.1 and Lemma 2.2:
Lemma 2.1. f(x(t, xo)) is decreasing with t on [0, n(xo)).

Lemma 2.2. The following conclusions hold:
(1) H is a decreasing flow invariant set of f.
(2) If {M,|p € A} is a family of decreasing flow invariant sets of f, where A is

an index set, then |J M, and () M, are decreasing flow invariant sets of f.
HEA HEA

(3) For any a € RY, the level sets f= and f= are both decreasing flow invariant

sets of f.
Definition 2.2. Let M and D be decreasing flow invariant sets of f, D C M. Let
Cm (D) = {zo|zo € M, there exists ¢’ € [0,7(zo)) such that z(t',z¢) € D};

then Cp(D) is called a decreasing flow invariant set spanned by the decreasing
flow invariant set D. If D = Cj;(D), then D is called a complete decreasing flow
invariant set of f relative to M.

Remark 2.1. Clearly, we have
(1) H is a complete decreasing flow invariant set of f relative to H;
(2) If Dy, D5 are two disjoint decreasing flow invariant sets of f, then

Cyn (D) NCuy(D2) = 0.

Lemma 2.3. Suppose that the connected set M is a decreasing flow invariant set
of f, D is an open subset of M and a complete decreasing flow invariant set of
f- If D # M, then Op D, the boundary of D relative to M, is nonempty and is a
complete decreasing flow invariant set of f.

Proof. By the connectedness and the fact that D # M, we have 9y, D # ().

We first prove that Oy D is a decreasing flow invariant set of f. For any zo €
Om D, we consider the IVP (2.1). If there exists ' € [0, n(zo)) such that z(t', z¢) &
Om D, then z(t',z0) € DU (M\DM), where DM denotes the closure of D relative
to M. If x(t', xo) € D, then zg € Cp(D) = D, which contradicts g € Iy D
and the fact that D is an open subset of M. On the other hand, if M\D™ is
nonempty, z(t', z¢) € M\ DM noticing M\ D is an open set relative to M, by the
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continuous dependence of ordinary differential equations on initial data, we know
that there exists a neighbourhood U of zy in M such that for any xf, € U, there
exists ¢ € [0, n(x})) such that z(t’,z)) € M\DM. We may take ), € DNU
such that x(t”, =) € M\D™ which contradicts the fact D is a decreasing flow
invariant set. Thus {x(t,z¢) | t € [0, n(x))} C O D. Since 9y D is a closed set
relative to M, therefore 0j; D is a decreasing flow invariant set of f.

Next, we prove that 0y D is a complete decreasing flow invariant set of f. For
any xo € M, we suppose that there exists t; € [0, n(xo)) such that z(¢1,z¢) € OmD.
Since D is a complete decreasing flow invariant set, then xzo ¢ D. Suppose that
xo € M\DM. Consider the following IVP:

dx
(2.2) P
x(0) = z(t1, xo).
Let Z(t) be the unique solution of (2.2). Let 7 = t; — ¢; then
dr(ty —t,wo)  de(r,z0)  da(r,w0)
(2.3) dt Tdty—1)  dr
=x(t; — t,x0) — A(z(t1 — t,20)).

U

By the uniqueness of the solution of (2.2), we have
(2.4) Z(t) = x(th — t,zp), 0<1t<ty,

and Z(t;) = x(0,z9) = . By the continuous dependence of ordinary differential
equations on initial data, there exists a neighbourhood U of Z(0) in M such that
for any zj € U, there exists t' € [0, n(z})) such that z*(¢') € M\DM, where z*(t)
denotes the unique solution of the equation % = z — Az, z(0) = «§, and [0, n(z}))
denotes the maximal existence interval of z*(t). Specially, we may take 2 € UND,

and consider the following IVP:

& Ar—
(2.5) a T

z(0) = z*(t").
In the same way as the proof of (2.3), (2.4), we have
(2.6) z(t,z*(t")) =zt —t), 0<t<t.

Taking ¢t = ¢’ in (2.6), then we have z(t',z*(¢')) = *(0) = z§ € D. Therefore,
*(t') € Cym(D). Since Cp(D) = D, then z*(t') € D. This contradicts z*(t') €
M\DM. So, zo & M\D™ and x¢ € Oy D. The proof is completed. O

Lemma 2.4. Suppose that the connected set M is a decreasing flow invariant set
of f, and D is an open subset of M and a decreasing flow invariant set. Then
(1) Cp(D) is an open subset of M ;

. : ) . .
(2)if Cu(D) # M. inf (&) > oo, then _inf (&) > inf f(a)

where Oy D and Oy Car (D) denote the boundary of D and Ca(D) relative to M
respectively.

Proof. By the continuous dependence of ordinary differential equations on initial

data, the conclusion (1) holds. Suppose that the conclusion (2) doesn’t hold; then

there exists xg € O Car(D) such that f(zg) < ing f(z). Since f(z) is continu-
r€dm

ous, then there exists a neighbourhood U of z in M such that UNChs (D) # 0 and
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for any x1 € U, f(z1) < ingf(x). In particular, we may take x1 € U N Cy (D)
TEOMm

and consider the IVP(2.1) with initial value z1. Then there exists t' € [0, n(z1))
such that z(¢',z1) € D; therefore there exists ¢ € (0,t') with z(¢,z1) € 9y D. By
Lemma 2.1, we have

t. < i .
flato) < f@) < _int (@)
This is a contradiction. The proof is completed. O

Theorem 2.1. Suppose that M is a closed decreasing flow invariant set of f, f
satisfies the P.S. condition on M, and injt\} f(z) > —co. Then f has at least one
TE

critical point in M, and ¢ = inf/l f(x) is a critical value of f.
T€

Proof. The proof is standard and we only sketch it. Let ¢ = inj& f(x). For any
TE

n € N, there exists zf) such that ¢ < f(zf}) < ¢+ 1. Let z(¢,2}) be the unique
solution of (2.1) and [0, n(zj)) be the maximal existence interval. We have

d
(2.7) 1 @20)) = (f'(@(t 25)), 2/ (8, 25)) = =2/ (8, 25)]* < 0.
For 0 <t <ty < n(ay), by (2.7), we have
(2.8)

to

ta .
e(ta, aB) — a(ty, 25| < / ||x'<t7x3>||dt§</ I (&, 2)|2dt) ¥ (£ — 1)

t1 ty
< (f(ag) — )2 (ta —t1)2,
Now, we prove that n(zf) = +oo. Otherwise, if n(zf) < +o0, by (2.8),
we know that ||z(t2,z]) — z(t1,23)| — 0 as t1 — n(zf)~, t2 — n(xf)~. Thus

there exists #* € M such that li(m) x(t,zfy) = x*. Consequently, the maximal
t—n(zy)~

interval of existence of z(¢,x3) would be [0, n(af) + é(x*)) for some d(z*) > 0,
which is a contradiction to the maximality of [0,n(z{)). Thus, n(zf) = +oc. By
(2.7), for any ¢ > 0, we have

t
18 )Pt = 0(0.8))  Flat o)) < (o) — < +ox.
0
Consequently, there exist t,, € {z(t,z{)|t € [0, n(zf))}, tn — +00, such that

€< J(altn,af)) < S@) S et oy 7 ltn, T <

Then, by the P.S. condition, we know the conclusion holds. The proof is completed.
O

By Lemma 2.3 and 2.4, we have the following Theorem 2.2.

Theorem 2.2. Suppose that the connected set M is a decreasing flow invariant set
of f, and D is an open subset of M and is also a decreasing flow invariant set.
Then

(1) Cy(D) is a decreasing flow invariant set and Cyr(D) is an open subset of
M;
(2) if Car(D) # M, then Oy Chrr(D) is a complete decreasing flow invariant set;

. : - . 5 '
(3) if Cre(D) # M and Iegﬂlin(x) > —o00, then xem;%fM(D)f(x) > xelgﬂin(x)
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For applications in the sequel, we give the following similar result.

Theorem 2.3. Suppose that the connected set M is a decreasing flow invariant set

of f, D is a closed subset of M, D # 0 (D denotes the interior of D relative to

M), and D is also a decreasing flow invariant set. Also suppose that [ satisfies the

P.S. condition on Oy D and has no critical point on Oy D and ing f(z) > —o0.
rEdMm

Then the conclusions (1)-(3) in Theorem 2.2 hold.

Proof. We only need to prove that Cy(D) is an open subset of M. For any zg €

Cr (D), it is easy to prove that there exist ¢ € [0, n(zg)) such that (¢, zo) € D.
Then by the continuous dependence of ordinary differential equations on initial
data, we know that Cjs(D) is an open subset of M. The proof is completed. O

Remark 2.2. The main results in this section come from [7].

3. FIXED POINTS OF QUASIMONOTONE INCREASING OPERATORS

In this section, we will discuss the multiple fixed points of quasimonotone in-
creasing operator.

Lemma 3.1 ([5]). Let P be a cone in E, and also a distance set. Assume that

(1) u,v € C[to, to+a), E], f € C[to,to+a)x E, E] and f(t,z) is quasimonotone
increasing in x for each t € [to,to + a);

(2) w(t) — F(tu(t) V() — (L o(t)), € [to,to +a);

(3) 1t 5)— Ft.m)l| < g(t, |l —yl), = € E\P, y € OP, where g is a unigueness
function.

Then u(ty) < v(to) implies that u(t) < v(t), t € [to, to + a).

Now, let us formulate some conditions.

(H1) Let H be a Hilbert space, P C H a solid cone, and f : P — R! a C?7°
functional. Suppose that f/(z) =z — Az, A: P — P is quasimonotone increasing,
and f satisfies the P.S. condition on P.

[e] [e]
(H3) There exist 29 € P, yo € P such that Azg < xo, Ayo > yo.

Remark 3.1. Under the condition (Hy), by Lemma 3 in [6], we know that P is a
decreasing flow invariant set.

Theorem 3.1. Suppose that (Hy), (Hz) hold and that
(1) yo £ xo;
(2) ieng f(z) > —o0, f has no critical points on OpD1, where D1 = [0, zo].
x 1
Then A has at least two fized points on P.

Proof. Let Dy = {x € P : x > yo}. Since H is a Hilbert space and P is a closed
convex set, we know that P is a distance set. It follows from Lemma 3.1 that D;
and Ds are two decreasing flow invariant sets of f. Since yg € xg, then D;N Dy = ().
By the definition of Cp(D;), we know that Cp(D1) N Dy = 0, Cp(D1) # P. It
follows from Theorem 2.3 that 0pCp(D1) is a decreasing flow invariant set and that

@)z it f@)> oo

c1 = inf
2z€dpCp(D1)

Let co = ing f(z). By Theorem 2.1, 1, ¢o are critical values and there exist 1,29
zeDy
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such that
x1 € 0pCp(D1), x2 € D1; f(x)=c¢;, i=1,2.

Clearly, x1, xo are two fixed points of A on P. The proof is completed. O

Theorem 3.2. Suppose that (Hy), (Hz) hold and that

(1) yo < wo;
(2) there exists a zg € Dy with zg £ xo such that
(3.1) max{ f(0), f(z0)} < inf  f(x),

z€0p(D1ND3)

where Dy = [0, x0], D2 = {z € Plx > yo};
(3) f has no critical points on Op(D1 N Dy); inf  f(z) > —oo.

xe€D1UD>
Then A has at least five fixed points.

Proof. Let D3 = Dy N Dy. It follows from Lemma 3.1 that D; and Dy are two
decreasing flow invariant sets of f. Thus Dj is also a decreasing flow invariant set.
Then, by (3.1), we easily prove that 6 ¢ Cp, (Ds), zo ¢ Cp,(D3). It follows from
Theorem 2.3 that dp, Cp, (D3), 0p,Cp,(D3) are two decreasing flow invariant sets
of f.

Let Fy = D1\Cp, (D3), F» = D3\Cp,(D3). It is easy to prove that F; (i = 1,2)
are decreasing flow invariant sets of f.

Let ¢y = inf T), Co = in z), c3 = inf f(x), ¢4 =
! anchpl(Dg)f( ) 2 $68D20D2(D3)f( ) 3 r€F f( ) :

inf f(z), ¢; = inf f(z). By Theorem 2.1, we know that ¢; (i = 1,2,3,4,5) are
rcF> r€D3

critical values, and there exist five points z; (i = 1,2, 3,4,5) such that f(z;) = ¢;.
Clearly, z; (i =1,2,3,4,5) are five fixed points of A. The proof is completed. O

Remark 3.2. In Theorems 3.1 and 3.2, we give the results on the multiple fixed
points of a quasimonotone increasing operator under the condition that the lower
solutions may not be less than the upper solutions, which is different from all the
known results on the fixed points of a quasimonotone increasing operator. Our
method is also different from all the known results.

Remark 3.3. Clearly, our results can be applied to the case when A is increasing.

Example. Let H = R?, P = RT x RT. Consider the mapping A : R? — R?,

1 1 1
A((z1,22)) = (§(1 +sinzy) + 1% % +57(1 + cosxa)), (x1,12) € R2.

It is easy to see that A : P — P is a quasimonotone increasing operator. Let
f(@1,m2) = $(a3 4 23) — g(@1,22), g(x1,32) = §a1 — Fcosay + F2172 + 5wy +

5msinxg. Then we have

(3g(£€1, x?) ag(xla x2)
8331 ’ 81‘2

1 1 1
) = (g(l +sinxy) + 7% ot 5m(1 + cosxa))
= A((21,22)),
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Of (@1,22) Of(w1,22), _ _0g(x1,x2) 9g(x1,2)
( 81‘1 ) 81‘2 ) - (xlva) ( oz, ) 81‘2 )

=x— Az

where x = (z1,22). Let 29 = (§,7), yo = (7,87). Then we have

1 1 1
Azg = (< (1 +sin E) + —m, <m + 57(1 4 cosm))

8 2 4 78
1 T 1 T
= (Z+Z’§W) < (gaﬂ) = Zo,

1 1
Ayo = (g(l + sin) + 27, i + 57(1 + cos 8m))

1
= (3 +2m,10.257) > (m, 87) = yo.

It is easy to see that yo > x, and so yo € x9. We also easily know that f(x1,29) >

-3, (z1,22) € [0, 3] x [0, w]. Therefore %glf ]f(:c) > —3. It is easy to check
xze |0, xo

that

A # (5ow), Alwm) #(em), 0<e <5 0<y<m

So, f has no critical point on the boundary of [0, F] x [0, 7|. By Theorem 3.1, we
know that A has at least two fixed points on P.
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