PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 129, Number 9, Pages 2505-2516

S 0002-9939(01)06189-5

Article electronically published on April 17, 2001

ON UPPER BOUNDS OF CHALK AND HUA
FOR EXPONENTIAL SUMS

TODD COCHRANE AND ZHIYONG ZHENG

(Communicated by Dennis A. Hejhal)

ABSTRACT. Let f be a polynomial of degree d with integer coefficients, p any
prime, m any positive integer and S(f,p™) the exponential sum S(f,p™) =

521 epm (f(x)). We establish that if f is nonconstant when read (mod p),

then |S(f,p™)| < 4.41pm(1_%). Let t = ordp(f’), let a be a zero of the
congruence p~tf/(z) = 0 (mod p) of multiplicity v and let Sa(f,p"™) be the
sum S(f, p™) with z restricted to values congruent to o (mod p™). We obtain

t 1
[Sa(f,p™)| < min{u,3.06}pmpm(17m) for p odd, m > t+2 and dp(f) > 1.
If, in addition, p > (d — 1)(2‘”/(‘1*2), then we obtain the sharp upper bound

m(l——1_
|Sa(f,p™)| < p™ T,

1. INTRODUCTION

In many applications in number theory one is faced with the estimation of ex-
ponential sums of the type

S(f.q) = eq(f(x))

with ¢ a positive integer, f(z) € Z[z] and e,(f(x)) = €2™/(*)/4, These sums enjoy
the multiplicative property
k

i=1

m;

where ¢ = Hle p;* and Zle Xig/p;"" = 1, reducing their estimation to the case
of prime power moduli.

Let p™ be a prime power with m > 1, let f be a polynomial over Z of degree d
and let dp(f) denote the degree of f read (mod p). When m = 1 it was established
by Mordell [29] that for any f and p with d,(f) > 1, one has

1

(1.2) 1S(f,p)| < Vdp' .
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Mordell actually stated his result in a somewhat more complicated manner but the
constant v/d may be easily deduced from the inequality

(dvp — 1) 2d
S(f,p)¢ < ——=dlp
(o) < S
(Vaughan [45] (p. 92)) and the fact that 2d(d!) < d? for d > 4. Weil [46] established
the much stronger upper bound

for any f with d,(f) > 1, from which it is easy to replace the constant Vd in ([2)
with an absolute constant. In Lemma 3.1 we obtain in such a manner the upper
bound

(1.3) 1S(f,p)| < 1.75 p'~1d

for any f and p with d,(f) > 1. The constant 1.75 in cannot be replaced with
1 (for example S(X2 — X,2) = v/2 p'~4), but it can be replaced with a constant

depending on d that tends to 1 as d goes to infinity; see (B3)).
For m > 2 Hua [12], [13], [14] showed that if d,(f) > 1, then

(1.4) 1S(f,p™)| < d*p™(—d),

It is well known that the exponent m(1 — %) in (IZ) is best possible, as a uniform
upper bound on S(f,p™). For instance, if p { a and d|m, then S(aX?¢,p™) =
p™(1=2) as noted by Hardy and Littlewood [10]; see also [6] (Example 9.1) for a
more general example. Chen [4], Chalk [2], Ding [8], [9], Loh [22], Lu [26], [27],
Necaev [31], [B2], Steckin [43] and the authors of this paper [6], [7] made further
improvements in the constant on the right-hand side of (L4)). In [27] Lu established
the constant d — 1. Necaev [31] and Chen M| obtained the sharp upper bound

(1.5) 1S(f,p™)] < pm=a),

under the assumption that p > (d — 1)%. (This interval for p coincides with the
interval where Weil’s upper bound implies |S(f,p)| < pl_é.) The constant 1 in
(CH) is highly desirable for the estimation of S(f,q) for arbitrary ¢ in view of the
multiplication formula ([ITJ).

Steckin [43] proved that the constant d® in (4] can be replaced by an absolute
constant, but he did not indicate how large it must be. In this paper we obtain a
very small value for this absolute constant.

Theorem 1.1. Let f be any polynomial over Z and p any prime with d,(f) > 1.
Then for any m > 1,

(16) 1S(f,p™)] < 4.41 pm(—a),

The theorem is deduced from a local type upper bound on exponential sums given
in Theorem 2.1. For polynomials of degree 2, it was already known to Gauss that
the best possible constant in (6] is v/2. Necaev and Topunov [33] determined the
best possible constant in (@) for polynomials of degree 3 and 4, 1.986 and 2.263
(rounded to three places) respectively; see also Necaev [31] and [32].

Question 1. What is the best possible constant in (I.6) for a polynomial of arbi-
trary degree? Can one replace 4.41 with 1 4 ¢; with ¢4 — 0 as d — o0?
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Question 2. Is there an absolute constant C' such that for an arbitrary positive
integer q,

(1.7) 1S(f,9)] < C ¢"~ 4,

if f is not a constant function (mod p) for each prime p|q? The following example,
pointed out to us by Igor Shparlinski, shows that it is not enough to merely insist
that f be a nonconstant polynomial (mod p) (dp(f) > 1) for each prime p|g. Let
q = d!. Then

q
Zeq{x(x—i—l)...(x—i—d—l)}:qz 3d T
r=1

Currently, the best upper bounds known for a general modulus are
S(f,q)| < e™Olmalgl—d,
due to Steckin [43], and

_1
IS(f,q)] < et gt~ 7,

due to Qi and Ding [36]; see also Chen [3], 4], Lu [25], [26], Necaev [31], Qi and
Ding [34], [35] and Zhang and Hong [47]. These authors have noted that in order to
make any further improvement one must first obtain a nontrivial upper bound for
|S(f,p)| for p < (d — 1)2, the interval where Weil’s bound is worse than the trivial
bound. There appears to be little progress in this direction for a general polynomial
but progress has been made for the case of sparse polynomials. Indeed, the most
significant nontrivial bound known for small p was already given by Mordell [29],
in the same work where he established (LZ). Let f =" | a; X%, with p{a; and
d; > 1 for all . Then

(1.8) IS(f,p)| < (dids . ..dn(p — 1,d1,ds, ..., dy)) ™ p'~ 2.

This is actually a slightly refined version of Mordell’s result as given by Shparlinski
[40], p. 88. Thus, for instance,

(1.9) 1S(aX? +bX,p)| < dV/4p3/4,

For the case of monomials, several nontrivial upper bounds are available. Heath-
Brown and Konyagin [11], sharpening earlier bounds of Konyagin and Shparlinski
[19], Mullen and Shparlinski [30] and Shparlinski [41], established the following: for
pta,

d5/8p5/87
(1.10) |S(axd,p)| < {d3/8p3/4.

These bounds are sharper than Weil and nontrivial on the interval dé < p < d3.
Konyagin [I8] recently informed us that he can sharpen (LI0) to obtain nontrivial
bounds for p > d3+¢. Konyagin [T7] and Konyagin and Shparlinski [20] give upper
bounds of a much weaker type that are nontrivial for much smaller values of p
relative to d. Shparlinski [39] utilized an upper bound of the type (IIT) to establish
an affirmative answer to the second question above for the case of monomials. See
also Akulinichev [I], Chen and Pan [5], Karatsuba [16], Lachaud [2I], Loxton and
Vaughan [24] and Montgomery, Vaughan and Wooley [28] for further discussion of
this problem.



2508 TODD COCHRANE AND ZHIYONG ZHENG

2. LOCAL UPPER BOUNDS ON EXPONENTIAL SUMS

More precise upper bounds on exponential sums can be given using information
about the zeros f’. Two such approaches are available, one considering the factor-
ization of f’ over C and the other considering the factorization of f’ (mod p). We
take up the latter approach here, and talk briefly about the former approach in the
closing paragraph of this section.

For any polynomial f with integer coefficients and prime p let ord,(f) denote
the largest power of p dividing all of the coefficients of f. Thus in Z[X] we have
pode (N f. Set t = t(f) = ord,(f’) and let A = A(f,p) be the set of zeros of the
congruence

(2.1) p 'f'(x) =0 (mod p).

We call A the set of critical points associated with the sum S(f,p™). For any o € A
let v = v, denote its multiplicity as a zero of (2I). Write

S(f,pm) = Zsav

where for any integer «,

(2.2) So. = Sal(f,p™) = epm (f(z)).

(]

r=1
z=a (mod p)

Refining earlier work by Chalk [2] and Ding [§] we established in [6], Theorem 2.1,
the following: If p is odd and m >t + 2, or p = 2 and m >t + 3, then

(i) If o ¢ A, then S, (f,p™) =0.

(ii) If o is a critical point of multiplicity v, then
(2:3) [Sa(f,p™)] < vpriTpm (7)),

with equality if v = 1.
(iii) If M is the maximum multiplicity of the set of critical points, then
(2.4) 1S(£, ™) < (Y va)prepm =),
acA

The inequality in (24)), first conjectured by Chalk in [2], was also obtained
independently by Loh [22] and Ding [9]. In this paper we refine this result and
prove

Theorem 2.1. Let f be a polynomial over Z and p a prime with dy(f) > 1. Sup-
pose that p is odd and m >t +2 orp=2 and m >t + 3. Set A = (%)5 = 3.0517...
and dy = d,(p~f'). Then

(i) For any critical point o of multiplicity v we have

|Sa(f,p™)] < min{w, A} p77pm (=77,
with equality if v = 1.
t 1
(i) [S(f.p™)] < A proeTp™ T,
Under the hypotheses of the theorem we immediately deduce the inequality

(2.5) |S(f,p™)| < 3.06(> " 1)pmpm - ari),
acA
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We also offer the following local version of the result of Chen and Necaev given
in (TH).
Theorem 2.2. Let f be a polynomial over Z of degree d, let p be an odd prime
with p > (d — 1)2¥=2) and d,(f) > 1, and let m > 2. Then

(i) For any critical point « of multiplicity v we have |Sq(f,p™)| < pm(7

(i) 1S(f,pm)| < p™7 T < preli=d),

1
).

The same result would hold for p > 4d, if we only knew that for such p, |S(f, p)| <
pl’é for any f with d,(f) > 1. The upper bound in (i) is sharp. In fact if v =1,
then we always have equality in (i). Also for f = X9 there is a single critical point
a = 0 of multiplicity ¥ = d — 1 and we have for d|m, S, (f,p™) = pm(lfﬁ).

Another approach for bounding exponential sums was taken up in the work of
Smith [42], Loxton and Smith [23] and Loxton and Vaughan [24], with the latter
obtaining the bound

ST _
(2.6) IS(f,p"™) < (d— 1)p€+1pm(1 e}rl),

where e is the maximum multiplicity of any of the complex zeros of f', 7 = 0 if
d<p 17=1ifd>p, and § = ord,(D(f’)), where D(f’) is the different of f.
The results of the former two papers were weaker, but their method may still be
of interest because of the connection made between the estimation of S(f,p"™) and
the estimation of the number of solutions N (F,p™) of a polynomial congruence

F(z)=0 (mod p™).
For instance, when m is even Smith [42] proved

(2.7) IS(f,p™)| < N(f/,p™/?)p™/2,

and then applied the following upper bound of Sandor [37]: For any polynomial F
over Z with content coprime to p and having nonzero discriminant D,

N(F,p™) < deg(F)p"/?,

for m > I, where p'||D. Huxley [15] and Loxton and Smith [23] extended Sandor’s
bound to arbitrary m > 1. Steckin [43] proceeded in the opposite direction using
upper bounds on S(f,p™) to obtain upper bounds for N(F,p™). Further improve-
ments on N(F,p™) were made by Stewart [44] and Stewart and Schmidt [38]. In
particular Stewart [44] showed that if D # 0, then

N(F,p™) < 2pl'/2l 4 deg(F) — 2.

Inserting this upper bound into (Z77) may, for some f, lead to a sharpening of
the constant in (Z8]), in the case that e = 1 and d > p!/%. A direct application
of the bound on N(F,p™) in Stewart and Schmidt [38] doesn’t appear to lead
to any improvement on (2.6). It may be possible, however, to state a new (and
more precise) upper bound on S(f,p™) in terms of information given by the p-adic
solution tree of f’, following the ideas of Stewart and Schmidt [38].

3. LEMMAS

The proofs of Theorems 2.1 and 2.2 require several lemmas. We start with a
weaker version of Weil’s upper bound that, for our purposes, is more useful.
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Lemma 3.1. Let f be a polynomial over Z of degree d. Then for any prime p with
dy(f) > 1 we have

(3.1) 1S(f,p)] < 1.75 p' 4.

Proof. First we note that the classical upper bound of Weil,

holds for any f and p with d,(f) > 1 except for the case where d = 2 and p = 2. In
the latter case the upper bound in ([B]) is trivial. Suppose now that (d, p) # (2, 2).
We claim that in this case we have the stronger upper bound

(3.3) 1S(f,p)| < (d—1)¥p'~a,

whenever d,(f) > 1. To see this, suppose first that p < (d —1)?. Then we have the
trivial upper bound |S(f,p)| <p < (d— 1)2/dp1_5. If p > (d— 1), then we deduce
the upper bound in (B3) from the upper bound of Weil. O

For any o € A define
(34) o :=ordy(f(pY +a) — f(a)), 9a(Y)=p 7 (f(pY +a) - f(a)).

The following recursion relationship is well known and can be found for example in
[6], Proposition 4.1.

Lemma 3.2 (The Recursion Relationship). Suppose that p is an odd prime and
m>t+2, orp=2andm>t+3, orp=2,t=0 and m = 2. Then

(i) If « ¢ A, then S, = 0.

(i) Ifa € A and 0 < o < p, then

(3.5) Sa(f,0™) = epm (f(a))p” ™ S(gas ™),
where
m—o\ __ 1::1_” epm—"(ga(s)) me > g,
(3.6) S(goup ) = {pmg ifm <o
Set
(3.7) 7= ordy(go(Y)), 91(Y) :=p g (Y).

In [6], Lemma 3.1, we established the following relations.

Lemma 3.3. We have

S t+2 ifpisoddorv>1,
“lt4+1 ifp=2andv=1.

(ii) oclv+1l+4+t—r.

o —t+ordy(dy(g)) < v+ 14 ordy(dy(g)),
c<v+1+t—71.

(iv) dp(gr) <o+17—-t—1<w.

(v) P7ldp(9)-
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Lemma 3.4. Define \; = ¢ fori = 1,2,3 and A\; = X for i > 4, where X is the
value given in Theorem 2.1. Then for 1 <i < d we have

AMATT < QN

Proof. For any fixed ¢ > 1 the function f;(z) := )‘Tx)\% attains its maximum
value at © = (i + 1)/ < i+ 1, and is decreasing for larger values of x. Thus for
d > i, the maximum value of f;(d) occursat d =iord =1i+1. Now, f;(i) =X < A
and f;(i+1) = \(1+ %))\ﬁ < ), as can be seen by considering the different cases
i=1,2,3 and i > 4. O

4. PROOF OF THEOREM 2.1

The proof is by induction on m. We start by noting that the inequality in part
(ii) of the theorem,

(4.1) 1S(f,p™)| < ApTFrpm - ae)

where dy = dp(p~'f’), can always be deduced from part (i) as follows: If p™~* <
1
A4+ then the upper bound in (&) is trivial, that is, p™ < )\pﬁpm(kdl“).
Suppose now that p™~* > A\1+1 Since S, = 0 for a ¢ A, we have
dy
i _1
1S(L™) <D 1Salfsp™I <> nidipTip™ ),
acA i=1
where, for each i, n; denotes the number of critical points of multiplicity i. Rewrit-
ing the expression, using the bound p™~* > A%1+1 and then applying Lemma 3.4
in turn we obtain

dy ‘
: (m—t)(i—dy)
[S(f,p™)| < pdlfﬂpm(l’dllﬂ) (Z ngAip GO )

i=1

dy .
< pitet i ) (Z ni A)

i=1

dy
< di < Zm) pTp U m) < ApTE A,
1

i=1

We proceed now to the proof of part (i) of the theorem. Suppose first that p is
odd and that m >t + 2. If v < 3, then part (i) follows from (2:3). Thus we may
assume v > 4. In this case the inequality in part (i) is just

(4.2) 1Sa(f,p™)] < A pritpm1=idn),

When m = 2, then since ¢ > 2 we obtain from (B.H) that |S,(f,p?)| = p <

p2(17%+1), which is stronger than (£2]). Suppose now that m > 3 and that the
result is true for all smaller values of m. We consider four cases: ¢ > m, o =m—1,
m—-—1l—-7<oc<m-2ando<m-—2-—r.

Case i. Suppose first that ¢ > m. Then we have the trivial upper bound

m—v—1 t

[Sal < pm ! = p T ) < priTpm i),

with the last inequality following from Lemma (ii).
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Case ii. Suppose next that 0 = m — 1. We start by noting that by the inequality
o0 <v-+t+1—7of Lemma 3.3 (ii) we have trivially
|Sa] < p™t < 2T,

unless 7 = 0 and p > 2""!, and so we may assume that p > 2+, Let d, = dp(ga).
We note that, since f is nonconstant, dy(ge) > 1. By Lemma B3 (iii) we have

(4.3) dp <v+1+ordy(dy).

Suppose that ord,(d,) > 1. If d, = p, then by @3) p < v + 2, contradicting
our assumptions that p > 2"*! and v > 2. Otherwise d, > 2p and thus since
ord,(d,) < d,/2 we have by (£3) that

1
p< §dp <d, —ordy(d,) <v+1,

again contradicting our assumptions.
Thus we must have ord,(d,) = 0 and so by 3), d, < v + 1. It follows from
(BH) and the upper bound of Lemma 3.1 that

1 1
[Sal :p071|5(ga,p)| < 2pa < 2p™ 1=

o—v—1—t

= 2pu¢+1pm(17%+l)p v+1

By Lemma B3] (ii) we then obtain ({Z).
Case iii. Suppose that m — 1 —7 < o < m — 2. In particular, we must have
7 > 1. Then we have the trivial estimate

m—v—1

|Sa| < pmt = ptHT pm- )

(4.4)

otT—v—1 1 t 1

S p%—*—lpuiﬁ-lpm(l_%ﬁ-l) S pr 1pu+1pm(1_u+l)

?

with the latter inequality following from Lemma B3] (ii). Now, by Lemma B3 (v)
P7|dp(ga). Since 7 > 1 and dp(gq) > 1, it follows from Lemma B3] (iii) that

p—1<p" —7 <dp(ga) —ordy(dp(ga)) <v+1

Thus for v > 2 we have p7+1 < (v +2)/vF1 < 41/3 < 2. and so ([EZ) follows from
@),

Case . Suppose finally that ¢ < m — 2 — 7. In this case we can apply the
induction assumption to the sum S(gq,p™?) and obtain from (35) and (Z1]) that

[Sal = 07718 (g p™ )| < ApT T pTI MmN T,

where do = dp(p~7"¢g.,). Now from Lemma B3] (iv) we have da < v and thus since
m—o — 7 > 0 we obtain

T+o—v—1

Sl < Ap7lpTEpmm ) < Ny TR (o),

and thus (Z2) follows from Lemma B3 (ii). This completes the proof of the theorem
for the case of odd p.

Suppose now that p = 2 and that m > ¢ + 3. Again, by (2.3) we may assume
that v > 4. The inequality in ([Z) is trivial if m < 2v + 2 + ¢ and so we may
assume that m > 2v 4+ 3 + t. By the inequality ¢ < v+t + 1 — 7 of Lemma
(ii) it follows that m — o > 7 + 3. Thus we can apply the recursion relationship of
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Lemma 3.2 and obtain from the induction assumption that
|Sal = 27718 (g0, 277)| < A27 27 2(mm A7) < NI o ),

completing the proof.

5. PROOF OF THEOREM 2.2

The proof of Theorem 2.2 follows the same line of argument as the proof of
Theorem 2.1. We need only add the following lemma.

Lemma 5.1. Let f be a polynomial of degree d, let p be a prime with p > 4(d—1)
and dp(f) > 1, and let m > 2. If for each critical point o associated with the sum

S(f,p™) we have |So(f,p™)| < e
(5-1) ()| < p =T < (=D,

Proof. If p™ < (p/d1)®*1, then using the trivial upper bound |S,(f,p™)| < p™~!
we have [S(f,p™)| < Y pea|Salfip™)] < dip™t < pm(lfﬁ). Next, if there
is a critical point a of multiplicity dy, then it is the only critical point and we
have |S(f,p™)| = |Sa(f,p™)| < pm(l_ﬁ), by assumption. Finally, suppose that
p™ > (p/d1)4 Tt and that every critical point is of multiplicity less than di. We
note that

it1
di\ Tt
(—_1)1 <4, for1<i<d —1.
i
This can be checked directly for i = 1,2, 3 and for ¢ > 4 it follows from Lemma 3.4.
It follows that

i1

d di—i
p24(d—1)24d1>d1<—,1) . for1<i<d —1,
7

and thus
i—dy
p\ .
(—) <i/dy, forl1<i<d;—1.
dy
Letting n; denote the number of critical points of multiplicity ¢, we obtain

di—1

1SCLP™ < Y 1Sa(fp™) < S nap™ D)
=1

acA

m(l— 1 ) dlil m(i—dy)
< P dp+1 E nip(i+1)(d1+1)

i=1

di—1 .
<pmitTme) (Z m(p/dl)%)

i=1

dy—1

i=1
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The proof of Theorem 2.2 proceeds by induction. Suppose that p is odd with
p > (d— 1)@= that m > 2 and that f is a polynomial over Z with d,(f) > 1.
If d =1 or d = 2 the result is well known. Suppose now that d > 3. Then, in
particular, ¢ = 0 and p > 4(d — 1). We shall prove by induction on m that for any
critical point a of multiplicity v,

(5.2) |Sa(f,p™)] < pmO-7),
The cases m = 2 and o > m are identical as before. Suppose next that o =m — 1.

_a
By Weil and our assumption on p, |S(ga,p)| < p' "7, and thus since dp <v+1
we obtain

_1__1_ __1
S0l = P77 S (ga, p)| < pm T < pmUTTET),

Since 7 = 0 the third case never occurs. Finally suppose that ¢ < m — 2. In this
case we apply the induction assumption to |S(ga,p™ ?)|. Let d2 = dp(gl,). By
Lemma 5.1 it follows that

1Sal = P78 (gas ™ )| < pa_lp(mfg)(lfﬁ) < pmwiT)

as before.

6. PROOF OF THEOREM 1.1

Let f be a polynomial over Z and p any prime with d,(f) > 1. If d = 1,
then S(f,p™) = 0 and so we may assume d > 2. If m = 1, then the theorem is
just a weaker version of Lemma 3.1. If 2 < m < t 4+ 1, then using the fact that
p' < dy(f) < d we have the trivial upper bound

IS(f,p™)| < p™ < 3pmI=),
for in this case

ph<d <32 <30ET <35,
and so p™/? < 3. If p=2 and m = ¢ + 2, then p™/4 = 257 < (4d)*/4 < 3 and so
the trivial bound suffices again. If p is odd and m > ¢+ 2 or p = 2 and m > 3,
then by Theorem 2.1 (ii) and the fact that p' < d we have

|S(f,pm)| < )\pt/dpm(lfi) < )\dl/dpm(lfé) < )\31/3pm(17%).
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