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ABSTRACT. Let 1 < p < 0o and n > 2. The authors establish the LP(R™t1)-
boundedness for a class of singular integral operators associated to surfaces
of revolution, {(¢t,¢(|t|)) : t € R™}, with rough kernels, provided that the
corresponding maximal function along the plane curve {(¢, ¢(|t|)) : ¢t € R} is
bounded on LP(R?).

1. INTRODUCTION

Let n > 2 and y € R™. For the Calderén-Zygmund type kernel
Q(y)
K@%ZWWMM)

and a suitable function ¢ on [0, 00), we define the singular integral operator T' along
the surface

L= {(y,o(ly])) : y e R"}
by

(1) Tf(z,s)=p.v. | [flz—y,s—o(y])K(y)dy.

R7l
Here and in what follows, we always assume that b is a measurable function on
[0,0), © is homogeneous of order zero on R", integrable on S"~! and satisfies

(2) /SH?1 Q(y) do(y) = 0.

The kernel K (y), which has radial roughness introduced by the factor b(|y|), was
first studied by R. Fefferman in the context of singular integrals on R™ ([9]).
In [10], Kim, Wainger, Wright and Ziesler proved the following theorem.
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Theorem A ([I0]). Let ¢ € C%([0,0)) be convez, increasing and ¢(0) = 0. Let
Qe C=(S" 1Y) satisfy (2) and b= 1. Then T in (1) is bounded on LP(R™™1) for
1<p<oo.

In [3], Chen and Fan generalized the above result by requiring that Q belongs to
a Block space introduced in [I1] and b € L*°([0, 00)).

Theorem B ([3]). Suppose Q@ € B2(S"~1) for some 3 > 0 and r > 1. If the
mazimal operator vy on R given by

ok+1

1
vyg)(x) = sup —
(vp9)(x) SUPOF .,

lg(z — ¢(t))| dt

is a bounded operator on LP(R) for 1 < p < oo, then T is bounded on LP(R"*1) for
1<p<oo.

The main purpose of this paper is to consider the LP boundedness of T" when
Q € H'(S" 1), the Hardy space on the sphere; see [5] and [4] for the definition.
The method that we use in this paper comes from the work of Duoandikoetxea and
Rubio de Francia ([6]) and its extension obtained in Fan-Pan ([g]).

To state our main result, we need to introduce the maximal function Mg asso-
ciated to the plane curve {(z,¢(|z|)) : = € R}. For any measurable function f on
R?, M, f is defined by

k41
1 /2
(3) My f(x1,22) = ot | |f(z1 —t, 22 — ¢([t]))| dt.
Here is our main theorem.

Theorem 1. Let ¢ : [0,00) — R be continuously differentiable on (0,00) and
satisfy

(1) — ¢(0)] < Ct*

for some a > 0 and small t, where C is a constant independent of t. Let ) €
HY(S™ 1), be L>(0,00)) and T be given by (1). Then T is bounded on LP(R"1)
for 1 < p < oo, provided that M in (3) is bounded on LP(R?).

The condition imposed on ¢(t) for ¢ ~ 0 ensures that the integral in (1) exists
in principle-value sense when, say, f € S(R**1).

The LP(R?) boundedness of M, is known for many ¢’s. Below we shall mention
a few prominent cases:

(i) If ¢ is a real-valued polynomial, then M, is bounded on LP(R?) for p > 1;
see [13].

(ii) Let h(t) =t¢'(t) — ¢(t) for t > 0. If ¢ : R — R is of class C?(0, o0), convex on
[0,00) and ¢(0) = ¢'(0) = 0 and there exists an £ > 0 so that for each t > 0,
R'(t) > eh(t)/t, then My in (3) is bounded on LP(R?) for p > 1; see Theorem
1.5 in [2]. Moreover, if ¢ is either even or odd, convex on [0,00), and there
exists a 0 < C' < oo so that for each ¢ > 0, ¢'(Ct) > 2¢/(t), then M, in (3)
is bounded on LP(R?) for p > 1. For details, see [1] or [2].

(iii) For ¢(t) = t* with a € (0,1], My is bounded on L?(R?) for p > 1; see [12].
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2. PROOF OF THEOREM 1

We begin with the definition of the space H!(S"~!). For f € L'(S""!) and
x € 8", we define

P = sw | [ Pt
o<t<1|Jgn-1
where
1—¢?
P, =
for y € S™~ L.

Definition 1. An integrable function f on S"~! is in the space H'(S"~1!) if and
only if

IP*Fll sty = /S P f@)]do(e) < oo

and we define
||f||H1(S"*1) = HP+fHL1(S"*1)-

A very useful characterization of the space H*(S™~1) is its atomic decomposition.
Let us first recall the definition of atoms.

Definition 2. A function a(-) on ™71 is a regular atom if there exist £ € S"~!
and p € (0,2] such that

(i) suppa C S" "N B(&, p), where B(§,p) = {y e R" : |y —&| < p};
(i) [lall o (gn-1) < p~"th

(i) [ atw)daty) ~0.

1

A function a(-) on S"! is an exceptional atom if a(-) € L>(S""1) and
llallpee(sn-1) < 1.
The following can be found in [5] and [4].

Lemma 1. For any f € H'(S"™!) there are complex numbers \; and atoms (reg-
ular or exceptional) a; such that

F= A
J
and

1 e sy ~ D IAl-

J

The following lemma is a simple corollary of Theorem B.

Lemma 2. Let ¢ be the same as in Theorem 1. Let Q € L"(S"71) for some
1<r<oo,n>2andT be given by (1). Then T is bounded on LP(R"*1) for
1 < p < oo, provided that My in (3) is bounded on LP(R?).
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Proof. 1t suffices to show that the LP(R?) boundedess of M, implies the LP(R)
boundedess of the maximal operator vy.
For N € N, let

k+1
1 2

vy g)(x) = s or ) lg(z — ¢(t))| dt.

Then for f(z,y) = X[o,2x+2)(2)g(y),
Xio,25+11 () (1 9)(y) < (M f)(z,y)-
Thus
2D gl Loy < IMofllLo@e) < Coll fllLee) = Co2 V277 g|| Lo wy.-
By letting N — oo (after dividing both sides by 2(N*+1/P) we obtain

lvsgllLr@ < szl/pHgHLP(]R)-
This finishes the proof of Lemma 2. O

The following lemma in [7] is one of our main tools.

Lemma 3. Let I, m € N and {05 : 0 < s <!l and k € Z} be a family of
measures on R™ with ooy = 0 for every k € Z. Let {asj: 1 <s<land 1l <
J <2} C(0,00), {ns:1<s<I}C(0,00)\{1}, {Ms: 1<s<I}CN, and
Ly : R™ — RMs be linear transformations for 1 < s < 1. Suppose

() lloskll <1 fork€Z and 1 < s <lI;

(ii) [Gsx ()] < CEILE))~ 2 forE €eR™, k€Z and 1 < s <1;

(iil) [Gsk — Fs—1,6(E)| < C(E|LsEN) ¥ for E eR™ k€ Z and 1 < s < 1;

(iv) For some q > 1, there exists Ag > 0 such that

< Agllfllzoqm)
La(R™)

for all f € LYR™) and 1 < s <.

Then for every p € (2—‘1 %), there exists a positive constant C, such that

q+1’
Z(Tz,k * f

kEZ

sup [ |0k | * f|
kEZ

< Gl fllemy
Lp(R™)

1/2
(b) (Z |owk * f|2> < Gyl flle@m)

kEZ Lp(R™)
hold for all f € LP(R™). The constant C,, is independent of the linear transforma-
tions {Ls}L_;.

The following result is just Lemma 5.1 in [7], which follows immediately from
Lemma 6.2 in []] and is an extension of an earlier theorem due to Duoandikoetxea
and Rubio de Francia in [6].

Lemma 4. Let s, m € N, n € (0,00) \ {1}, 61, 02 > 0, and L : R® — R™ be
a linear transformation. Suppose that {o}}rez is a sequence of measures on R™
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satisfying:

() llowll <1 for k € Z;

(i) [GR(€)] < Clmin{(1*|LED", (*ILE =} for € € R and k € Z;
(iii) For some q > 1, there exists Aq > 0 such that

lo™ (D La@m) =

sup | o] * f]| < Agllf |l aem)
kEZ La(R™)
for all f € LY(R™).
Then for p € (f%, (i_q1)7 there exists a positive constant Cp, = C(p, s,m,n,d1,062)
such that

< Gl flle@m)y

Zak*f

kEZ Lr(R™)
and
1/2
(b) (Z ok f|2> < Cpllfllzo@m)
kez Lo @)

hold for all f € LP(R™). The constant C), is independent of the linear transforma-
tion L.

In order to handle truncation in the phase space, we need the following useful
lemma, which is Lemma 6.4 in [g].

Lemma 5. For s < d, let H: R® — R® and G : R? — R? be two nonsingular
linear transformations and ¢ € S(R®). Define J and X, = X, (¢, G, H) by

(Jf)(x) = f(G'(H' ® idga-s))(x)
and
X f (1) = TH(10,] @ ga-s) % T f)(@),

where x € R, r >0, G* and H* are respectively the transposes of G and H, idga--
is the identity operator on R™%, dga—. is the Dirac delta operator on R, and
O € S(R?) satisfies ® = ¢. Let X = X(p, G, H) be given by

X f(x) = sup | X, f(z)].
r>0
Then for 1 < p < oo, there exists a positive constant Cp = C(p, ¢, s,d) such that

I X fllze@ey < Cpll fllLr@e

for all f € LP(RY). The constant C, is independent of the linear transformations
G and H.

Now let A, (0, 00) denote the set of functions b on (0, c0) satisfying

1 R
sup —/ [b(t)|7 dt < 0.
r>0 1 Jo

Fory = (y1,- ,yn) € R, let § = (y1, -+ ,yn—1) € R"1. We denote the north
pole (0,---,0,1) on S" ! by p;. Let F: R x R®™ — R be of the form

(4) F(t,y) = t'q(y) + Wi(t,y) + Wa(t),
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where ¢ : R ! — R is a polynomial, W satisfies

o'W,

5

(5) ot
and Wa(+) is an arbitrary function.

The following estimate on the oscillatory integrals is Proposition 5.3 in [8] and

is of considerable importance to us.

(t,y) =0,

Lemma 6. Let p € (0,1/4), I € N, m >0, ¢q(y) = Z;nzo q;(y), where g;(-) is a
homogeneous polynomial of degree j on R"~! for 0 < j < m. Let F(t,y) be given by
(4) and (5). Suppose that b € A, for some v > 1 and §(-) is a function satisfying
(a) supp() C B(p1,p);
(b) 1l oe(sm-1y < p"F
If we assume qm(y) = 3 5= o pY° and ||gm || = >_18=m ||, then there exists
a positive constant C such that

ok+1

J.

The constant C may depend on I, m, n, and b(-), but it is independent of k, p,
Wi(e,-), Wa(+), and the coefficients of q(-).

Proof of Theorem 1. Since Q € H*(S"') and [, , Qy)do(y) = 0, there are
regular atoms a;(-) and {C;} C C such that

Uy) = Z Cja;(y)

iF(t,y) |b kl m T
g 1e Q(y) dt<C(2 ||qm||) .

by Lemma 1.

Therefore, we only need to be concerned with the case where Q(y) is a regular
atom on S"~!'. By Lemma 2 and using a rotation if necessary, we may assume that
there is a p € (0,1/4) such that

Supp(Q) C B(plvp)v where pL = (07 e aov 1);

20y <o~ [ 0w doty) =0

For any integrable function a(-) on S"~! and a suitable mapping I : R" — R"+1,
we define the sequence of measures {o4r 1 rez by

[ Fdoari= | Frw) 2 b (1y)) dy
Rn+1 {yeRm:2k < |y|<2k+1} |yl

For y € R"\ {0}, let 7 = (y1/lyl, -+, yn—1/ly])- Let N = [22-1] 4+ 2 (this N is
chosen so that we can have both (9) and (10) for j = N). For j =1,--- N —2, let
b= (~1)75 (5 = 1) (2= j+ /L. Thus

(1 —t)Y/2 = Zbltl| <t

for t € [0,1/4].
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We now define the mappings I'g, I'y, -+, I'y by

In(y) = (v, o(ly])),
Ti(y) = (W7, [yl +b1[g1> + -+ b 5?9 Y), o(lyl), j=2,--- ,N -1,
Ti(y) = (yly, [yl o(lyl)),

and

To(y) = (0, lyl, o(lyl))-

For £ = (&1,...,&) € R™ and n € R, we shall establish estimates (ii) and (iii)
in Lemma 3 for {|cor, x(&,n)]: 1 <j <N and k € Z}. By an inequality on page
551 of [6], we have

ok+1

R e dt

©  Bare&nl< [ | [ eermoiag) dog) o) 7
2k Sn—1

< CI2MIEN7V )19 Lo (sn1)

< C[2k|p3(n—1)€n|]—1/6.

One observes that the variable n does not appear in the previous inequality. The
same is true for the Fourier estimates obtained from here on.

Now, for 2 < j < N — 1, we have
2k+1

|oa,r, k(& n)| S/

2k

(€1, )T+ T2 0T () do (o) b(1)|
| (v) doty) 1606

By applying Lemma 6 with ¢(§) = —[($1,-++,&n1) - T + & 121 bs[G>], m =
2(j—1), y=2and I = 1, we obtain

—16G=T)
(7) |Gar, k(& n)|<C {2k ’PQ(j_l)ﬁnH e
Finally, by Lemma 6 with m =1, v =2 and [ = 1, we have

2k+1

(8)  [GorsEn) < /

2k

[ e g do)| o)
Sn—1

<C[2°|p(&r, )]

oo~

Let

—_

Ll(fan) = p(fla"' 757171)7 0, = o)

8
. 1
LJ(&; 77) = p2(j 1)571; 0] = 16(] — 1)

Ly(&m) = p*" Ve, On =
Then by (6)—(8), we have
(9) Ga,r, k(€ m)| < CI2°[L;(& )]~

for1 <j <N, keZ, £e€R"and n € R. Next we shall verify that for (§,n) €
R, kcZand1<j<N,

(10) |b-\Q7Fj ,k(gv 77) - aQij—lyk (57 77)| < C2k|LJ (57 77)|

[



2938 SHANZHEN LU, YIBIAO PAN, AND DACHUN YANG

Let us begin with j = N. In this case, we have

|Ga.ry k(&) —Fary_, k()]

2k+1
) 1512\ /2 1S N-2p ~12s dt
/S B (6 tn[(A=yl™) /" =135 bs[91™°] 1) Q(y) dg(y)' |b(t)]—

= /’E
2

<C t|£n|p2(N71)”Q”Ll(S"*l)?
2k

< C2F|p* Ve, | = C128 L (€,m))-
For 2 <j < N —1, we have

G, k(€1) = Far, k(€ n)|
2k+1

jék Sgn—1

< O2F|p*0= V¢, | = C128L (¢, n)).

N dt
o itEnb; 17207 1‘|Q )| do(y)[b(t)|—

Finally, for j = 1, we have
Ga,rs k(€)= Fa,rew(€m)]

ok+1

< CQkﬂKfla e 7£n71)| = C|2kL1(£777)|
This completes the proof of (10). O

—ait(&q,--- 1)y dt
eS0T 1 Q)| do(y)b(1)| T

We still need to verify condition (iv) in Lemma 3. It suffices to establish the
LP(R™) boundedness of the operators o¢, ; defined by

00, ()(x,s) = sup|(o1q),r, k * f) (@, )],
kEZ
where j=1,--- N, 2 € R", se Rand 1 <p < .
Let us begin with og, ; which is given by
Us*'z,l(f)(% 5) = sup |(U\Q|,F1,k * f)(% 8)|-
keZ
Choose 0§ € C5°(R™ 1) such that §(t) = 1 for |[t| < 1/2 and 6(¢) = 0 for |¢t| > 1. For
k € Z, we define v, by

De(€,m) = 0(25p(&1, -+ €n=1))F|a,ro.k (€M)

for £ € R™ and € R. Let 74 = 0|q|,r, s —Vk. Then by (10) and |7|qr,%(&, )| < C,
we have

76 (€M) < [310),r,.k(E M) — Tla)re.x (1)
+1=002%p(&1, -+ &n1)I10),ro.k (€ )]
< C 12L& m)| +125p(&1, -+ L €nan)]
= C2¥[La(&,m)]-
If 28| Ly (€, m)| > 1, by (9), we have

7€, m)] < C@F[Lo(&m)) Y%
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Thus,
(11) (& m)| < C [min{2¥|La (&, m)], (2K Lo (&, m) )11 °.
Let
()@, 5) = sup (7] * f)(@, 9)|, v*(F)(x,s) = sup (vl * F)(x, 5)]
kEZ keZ
and
1/2
gf(f)($,8)={ZI(Tk*f)(x,S)IQ} .
keZ
Then
(12) ol 1 ()@ 8) < gr ()@, 5) + v (f)(, 5)
and
(13) T (f)(,8) < ol 1 (F) (@, 8) + v (|f) (@, )

< gr(IFD (2, s) + 207(| f]) (2, 5).
By the LP(R?) boundedness of M, and Lemma 5, for 1 < p < oo, we have
(L f Dl e @n+ry < Cpll fll Lo@ntr)-
Also, from (11), it is easy to deduce that
lg- ()l z2@n+1) < CllfllL2@n+r).-
Thus, (13) implies that
I (DlL2@nery < CllFllL2@nen)-
By invoking Lemma 4, we obtain
lg- (P ze@nsry < Cpll fllpo@n+r)
for 4/3 < p < 4. Thus, by (13) again, we obtain
(14) 17 (Dllze@nsry < Cpllfll Lo @nery

for 4/3 < p < 4. By using (14), (13) and repeating the preceding argument, we
obtain

g (P)llLr@nery < Cpllfllo@nsr)
for 1 < p < co. Now, from (12), it follows that
Harﬂ\,l(f)||LP(R”“) < Cpll fllpr ey

for 1 < p < o0.
Similarly, we can show that

(15) loia),; (FllLe@n+ry < CpllfllLo@n+1y
for 1 < j < N. Now, by (9), (10), (15) and Lemma 3, we have

Z oQry .k * f

kEZ

< Cpll fllLemnery
Lp(Rn+1)
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for 1 < p < co. Noting that

Qy)
ly|"

S (onrars Dles) = [ fo=ps— o)) T b ds,

kEZ

we thus obtain a proof of our theorem.
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