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ABSTRACT. We prove several results related to the theorem of Logvinenko and
Sereda on determining sets for functions with Fourier transforms supported in
an interval. We obtain a polynomial instead of exponential bound in this
theorem, and we extend it to the case of functions with Fourier transforms
supported in the union of a bounded number of intervals.

The purpose of this work is to study the behavior of functions whose Fourier
transforms are supported in an interval or in a union of finitely many intervals on
“thick” subsets of the real line. A main result of this type was proven by Logvinenko
and Sereda.

By a “thick” subset of the real line we mean a measurable set E for which there
exist a > 0 and v > 0 such that

(1) ENI|>y-a
for every interval I of length a.

The Logvinenko-Sereda Theorem. Let J be an interval with |J| =0b. If f €
L?, p e [l,400], and supp f C J, and if a measurable set E satisfies (), then

@) 1 llzee > exp(~C- @) N fl

It is a well-known fact that condition () is also necessary for an inequality of
the form

[fllzeey 2 C -1l fllp

to hold. See for example [3], p. 113.
We will improve the estimate (2) by getting a polynomial dependence on v and
show that our estimate is optimal except for the constant C":

Theorem 1.

C-(ab+1)
) NSl

,
1 lloey > (&
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We will also generalize the Logvinenko-Sereda theorem to functions whose Fourier
transforms are supported on a union of finitely many intervals:

Theorem 2. Let Ji, be intervals with |Ji|=b. If f € LP, pe€[l,+0o0], and supp f
n

C U Jk, and if a measurable set E satisfies ([d), then
1

Ifllzr () = e(v,m,abp) - | fllp

5 depends only on the number of intervals

but not how they are placed.

—ab(E)" —p4 2=t
where c(vy,n,ab,p) = (Q) (%) g

Note that the constant C' below is not fixed and varies appropriately from one
equality or inequality to another even without mentioning it.

Proof of Theorem 1. First we treat the case when p € [1,4+00). Without loss of

generality we can always assume that J = [-2, 2]. By consi(%ering f(%£) instead of
f we can also assume that |E N[z, z + 1]| > v Va and supp f C [—%b, %b], just say

supp f C [—%, %] Bernstein’s inequality ([I], Theorem 11.3.3) gives that

/ FOP < (C- ). / P
with C = %

Divide the whole R into intervals of length 1. Choose A > 1. Call an interval I
bad if 3o > 1 such that

[f P > A0 [|fIP.
/ /

Then

p S 1 a@)|p
/ P < / Z:IWU( )
U 1o

I
I is bad I is bad

— - - f(a) P

2 Fro o M
I is bad

= 1

< - - (@) |p

< Y smege
a=1

<

gjlﬁ/w

1
— P
© s [
Choose A = 3 and apply (B)). So

[ ourss fur

U I

I is bad
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Therefore,

(4) / sz [l

Iis qood

We claim that 3B > 1 such that if I is a good interval, then 3z € I with the
property that

F@P <257 b 177 vazo

Suppose towards a contradiction that this is not true. Then

oo 1 N
(5) 2 [l < > gl W et
I a=

Integrate both sides of () over I:

2 [1sp
I

A
Sy
2
3
Q| —
s
2
S|
—
=
R
~
8
N~—
=

INA
NE
~
3 -
—
=
=

1 p
() = =/

Choose B = 3 and apply (B). So

2 [1r<3 [p.
I I

This contradiction proves our claim.
We will need to prove the following local estimate:

[ ez (%) /| ’

ENI

for every good interval I. Without loss of generality we can assume that I = [—%, %]

by considering a shift f(z — n) which has suppf(?—\n) C [~%,%]. Therefore if

y € D(0,R) C D(a, R+ 1), then gk
sl < S
D S LA RO
2 i
" = 25 exp(OBR+ ) [ fllor.

Now we will give a local estimate for analytic functions.
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Lemma 1. Let ¢(z) be analytic in D(0,5) and let I be an interval of length 1 such
that 0 € I and let E C I be a measurable set of positive measure. If |p(0)| > 1 and
M= |m|i)i|¢(z)|’ then

EIRS

In M

(8) sup |6(2)] < <£> " sup o(2)].

xel |E| zEE
Proof of Lemma 1. Let a1, as, ..., a, be the zeros of ¢ in D(0,2). If

D T A QG
o) =) 1] 525 = 96) 35

then |g(0)| > 1 and lmlzg |g(2)| < M by the property of Blaschke products. Applying
EIRS

Harnack’s inequality to the positive harmonic function In M — In|g(z)| in D(0,2)
we have
max(ln M —1In|g(z)]) < 3ln M.
lz[<1
Therefore,
min |g(z)| > M 2.
|z]<1
This gives us
max |g(z)]
min |g(z)]
We can give a similar estimate for Q:

n
max 4 —agz
max|Q(a)] e 11 | | n
- < - < 3",
glel?@(x” min [] |4 — axz]|
[2|<1 =1

From the Remez inequality for polynomials ([2], Theorem 5.1.1) it follows that

sup | P(x)] < (%) - sup | P(z).

eel zeE
Therefore,
max | P(z)]
s 2)] < max|g(z)] S
suplo(e)] - < maxlg(@)] - e
zel
o suglp(xﬂ
< M3.3"(— ] -mi a0
< (f77) -mipote) max Q)
x

< s (|—g|) - sup |6()].

zeE

In M

From Jensen’s formula it follows that n < T-5-.

Therefore,
In M

sup |6(z)] < (i) " sup 6()].

wel |E| €E
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Corollary. Ifp € [1,00), then

InM | 1
m2 tp

C P
©) ol < (i) Mollmce
It follows from (B) that

In M
€

Hrel:lo@)l < (5) " leleml e e>o0.

|2

If we put € = 5, then

2

zel:|d@) < (%> Tl <

22
5 -
Therefore,

p > N . p
E/|¢| = /X|¢|Z(2E)11“1\24'|¢|L°0(1) 191

(\V4
SE
—
=

Y2
TN
m‘g
~_
b

O

Now we are in a position to proceed with the proof of our theorem. We can
assume that [, |f[? = 1. Then 3x¢ € I such that |f(zo)] > 1. Applying (@) to
¢(z) = f(z+x0), I —x0 and (ENIT) — zo we have

In M
EnI\" =zt
[z () e
I

ENI
Apply (@) to get

M <  max |f(2)]
|2I<4+3

2v exp(5Ch).

IN

Therefore, we have

(10) = (2 [
e

ENI
Summing (I0) over all good intervals and applying (@) we have

Jir = [
E

En U I
I is good
0 Cbp+2 /
S @
> (2 i
J I
I is good

vV

@)™ e
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Replacing b with ab and choosing a new C' we have
» 5y Cabp+2 »
> (= . .
Jisr= (2 [
E

If p = oo, then the proof is almost the same: | fllz~¢ y 1) = [[fllec- If I is

I is good
Cb+1
gOOd, then ||f||Loo(Em]) Z (%) . HfHLoo([) Hence,
7\ b+l
Il = (E) - Iflle.
The proof of Theorem 1 is complete. O

If we keep track of all the constants and do the calculations more accurately,
then we can get that if p € [1, 00),

o\ 33ab+3
3 > | = : 5
1 lze = (555) 151
if p = o0,
S ¥ 33ab+1
P L I 1

However, if we try to minimize the factor in front of ab, then we can get the following

estimate:

v )“1:” +e)-ab+A(e

1fllzoce = (%
The following example suggests that the right behavior of the estimate in the
Logvinenko-Sereda theorem is v to the power of a linear function of ab and how far

we are from the exact factor in front of ab.
Let E be a 1-periodic set such that

)
\[fllp Ve >0.

11 1 1 ~v 1 ~1
En[—=,2]=[-=z—=+2n[z-2 2
Ni=335l=l3-3+31Nl5 - 53]

and let
b
: ix )
_(sin(27x) | T
o) = (22)

If b is large enough, we have
b

A
1l < (&)™ 171

and suppf C [—%, %]

Remark 1. When ab is sufficiently small, the proof of the theorem is much simpler:
1

if ab < 1, then || f||zr(g) > %Hfﬂp This can be proven very easily. If p € [1, +00),
we have
y

f@p =1 - [ roar > L0 [

|f'(y)|p _/|f/|p . apfl

I

vV
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where z,y € I, |I| = a. Hence,

o [1r@ris = [( [ irapds ) dy

ENI I ENI

1
. p_ 4P /\p
B0t | 5 [157 -0 171
I I

Therefore, % P > 5 If|f|p - a”lf|f’|p. Summing over all intervals T we

i
S fur = g fur-e fier
. o fur=(5) o fur
> %/Ifl’?

Using [|(f*)']lx < %bele we can get a similar result. The proof for p = oo is even
easier.

In a similar way we can treat the case when 1 — ~ is sufficiently small depending
onab: if p€[l,00) and 1 —v < ﬁpab, then Hin,,(E) > | f5.

Vv

have

Y

Proof of Theorem 2. Let Ji, = [\, — %, Ak + %], k=1,2,...,n. First we will prove
a special case of Theorem 2:

Theorem 2'. If \py1 — A\, >20>0 (k=1,2,...,n—1), then
||f||Lp(E) > c(')/an7a/b7p) . HfHLi”

SV 4y p=1
where ¢(y,n,ab,p) = (%)ab(”) e
Proof of Theorem 2'. Let f(z) = > fi(z—Ax) where suppf C [—5, 2] and f(z) =
k=1
> fr(z)e? =, The following lemma gives an estimate of || f¢||, from above.
k=1

Lemma 2.
(11) [ fellp < Cllfll, (k=1,2,...,n).

Proof of Lemma 2. Let ¢ be a Schwartz function such that supp (2) C [-1,1] and
¢p(x) = 1 for x € [-1,4]. Then fi(z) = f- p(£2%). Therefore, fr = f *
(b(bx)ei™+=). Applying Young’s inequality we have [|fill, < | flp- 6] O

We will also need the following auxiliary lemma:
n .
Lemma 3. Ifr(z) = 3 pr(z)e*, where py(z) is a polynomial of degree < m—1
k=1
and E C I is measurable with |E| > 0, then

(p—1)
(12) el o) < <—)
(I) |E|

'HTHLT’(E)~



3044 OLEG KOVRIJKINE

Proof of Lemma 3. First we prove the statement for pure trigonometric polynomi-
n

als, i.e., if g(z) = 3 cre* then
k=1

(p=1)

o\ %
(13) gl < (W) Nollrco.

This follows from a theorem on trigonometric polynomials by F. Nazarov ([4],
Theorem 1.5) saying that

C|I| n—1
(14) llgll ooy < (W) gl (-

An argument similar to the proof of the Corollary to Lemma 1 shows that (I3)
follows from ([[4)).

If p(x) = Y. a;z! is a polynomial of degree m — 1, then it can be approximated
=0
uniformly on an interval with a trigonometric polynomial of order < m

m—1 e“‘” -1 l m—1 i
P = Y () = Y

=0 =0

eire_q
X
ric polynomial of order mn,

because x = iirr%) uniformly on an interval. Applying (I3)) to the trigonomet-

@) = Y prla)e™

k=1

and taking the limit we have the desired result

(p=1)
Cl\"™
It < () Nrllooe)
[l
We will need the Taylor formula
- gl(s) l 1 f (m) m—1
g(z) = 0l (—s) + m—1) g™ () (@ — 1) dt
— M
= po)+ gy IO O
(m—1)!

S

where p(z) is a polynomial of degree m — 1.
Now we are in a position to proceed with the proof of Theorem 2’.



SOME RESULTS RELATED TO THE LOGVINENKO-SEREDA THEOREM 3045

First we assume that p € [1,00). Divide the whole R into intervals of length a

each. Consider one of them: I = [s,s + a]. Then

f@) = 3 fule)ee

k=1

= > prla)e™ + ,Z M’“’c/f(m
k=1

= r(z)+T(x)

Applying Holder’s inequality we have

. » N nP*l n z (m) .
Jrere < ZmEd 1o
I I s
np—lapm - (m)p
(15) < 2 / 7P,

IN

-t / P +27 / i
C|1| pnm—(p— 1)
< (@vn) - [rrer [

[
I

m 1dt

)™ dt|Pdx

C pnm—(p—1)

< (%) ES / g7 2t / ) 42 1/|T|p
v
o\ (p—1) pnm—(p— 1)

< (5 fwe(5)

<

O\ P (p—1) O\ P (p—1) np lapm -
(€) e+ (9) Y / el
7 ENI 7

The second inequality is based on Lemma 3. The last follows from (I5]).

Summing over all intervals I we have

pnm—(p—1) pnm—(p—1) p—1_pm
Jur < (£) / i+ (£) nt_a Z / Tl

pnm—(p—1)
< (%) / i+ (£
o\ P (p—1) - C
< (5) / (S
pnm—(p—1) pn
< <9> Ifl” (9 P
0 y m

pnm—(p—1) p—1 pm pm n
n a
/|fk|p

pnm—(p—1) p pm
) n ab /|f|p

|f|”~
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The second inequality follows from Bernstein’s Theorem. The third is an application
of (II). The last inequality is due to Stirling’s formula for m! and the fact that
n < 2™,

n
Choose m such that it is a positive integer and (%)

1R

< %, eg,m=1+
[(%) - ab] for some C > 0. Therefore,

n

o\ PrH(S) " ab~(p-1)
/Ifl” < (;) -/Ifl”
E

p(£)"-ab+pn—(p—1)
T
E

The proof for p = oo is similar and even simpler. The proof of Theorem 2’ is
complete. O

Now we can proceed with the proof of Theorem 2. We will apply induction on
n. For n = 1 the theorem follows from Theorem 2’ or the usual Logvinenko-Sereda
Theorem. Suppose the statement is true for n < m. Let n =m + 1.

If Mgy1 — A >20>0 (k=1,2...), then the result follows from Theorem 2.

If 0 < Apy1 — Ak < 2b for some k, then we can replace b with 3b reducing the
number of frequencies A\;. Therefore, by induction

O -Sa(E)" a5
e > () S
c\(m+1) pot1
C —ab( <) —(m+1)+251
> () Nl
The proof of Theorem 2 is complete. O

The purpose of this theorem is to prove the existence of a constant ¢(vy, n, ab, p) >
0 depending only on the number of intervals and not how they are placed rather
than to get the best possible estimate.

Final remark. By a “thick” subset of R we mean a measurable set E for which
there exist a parallelepiped II with sides of length a1, as, ..., ag parallel to coordinate
axes and 7 > 0 such that

(16) [EN I+ z)| =~

for every x € R?. Theorems 1 and 2 can be easily extended to higher dimensions
with polynomial dependence on «y for the former. The proofs are analogous to the
previous proofs. We can assume that I is a unit cube. Define good cubes in a
similar way. The main issue is how to obtain a local estimate for good cubes. If | f|
attains its maximum in a cube II at y € II, then following an idea of F. Nazarov
we can use spherical coordinates centered at y to find a segment [ in II such that
y €I and lb;pll‘ > C(d)~, and reduce our problem to a 1-dimensional one. In case
of Theorem 1 we can define an analytic function of one complex variable which
coincides with f on I. In case of Theorem 2 we will approximate f on I with a
polynomial defined on 1.
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Theorem 3. Let J be a parallelepiped with sides of le@gth b1, b2, ...,bq parallel to
coordinate axes. If f € LP(R?), p € [1,+00], and supp f C J, and if a measurable,
set E satisfies ([I0Q), then

da
¥ ) C(dJrkZ::l ayby

)
1o > (g 11l

By an example similar to the one after Theorem 1 (with suppf in a neighborhood of
a main diagonal of J with the direction of b = (b1, ...,bq) and E periodic along the
same direction with period ~ a-b/|b|) we can show that this estimate is optimal
except for the constant C.

Theorem 4. Let J; be parallelepipeds with sides of length by, b, ...,bq parallel to
coordinate azes. If f € LP(R?), p € [1, +o0], and supp fc LnJJl, and if a measurable
set E satisfies ([I6), then '

1fllLecey = e(v,n,a-b,p,d)|| fllp

(2
where c¢(y,n,a-b,p,d) = (%) !
of parallelepipeds but not how they are placed.

)7L. zd: akbk—n"l‘pT_l
k=1 depends only on the number
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