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ABSTRACT. Let G be a locally compact group, A(G) the Fourier algebra of G
and VN(G) the von Neumann algebra generated by the left regular represen-
tation of G. We introduce the notion of X-spectral set and X-Ditkin set when
X is an A(G)-invariant linear subspace of VN(G), thus providing a unified
approach to both spectral and Ditkin sets and their local variants. Among
other things, we prove results on unions of X-spectral sets and X-Ditkin sets,
and an injection theorem for X-spectral sets.

INTRODUCTION

Let G be a locally compact group and A(G) the Fourier algebra of G. Recall
that, when G is abelian, A(G) is isometrically isomorphic (by means of the Fourier
transform) to L'(@), the L'-algebra of the dual group G of G. A(G) is a regular
commutative Banach algebra with spectrum A(A(G)) = G. Thus, associated to
every closed subset F of G, is a largest and a smallest ideal, I(EF) and J(E), of
A(G) with zero set equal to E. More precisely,

I(E) ={u € A(G) : u(xz) =0 for all x € E}}
and
J(E) ={u € A(G) N C.(G) : uvanishes on a neighbourhood of E}.
Then J(E) C I C I(E) for every ideal I of A(G) with zero set E. E is called a

spectral set or set of synthesis if I(E) = J(E), and E is said to be a Ditkin set
if w € uJ(E) for every u € I(E). Of course, every Ditkin set is a spectral set.
In addition, there are what might be referred to as local variants of these notions.
Roughly speaking, they arise by replacing I(E) by I(E) N C.(G).

Since Malliavin’s [15] famous discovery that, given any non-discrete locally com-
pact abelian group G, there is a closed subset of G which fails to be a (local) spectral
set for A(G), there has been much effort on producing sets of synthesis and Ditkin
sets. Specifically, so-called injection and projection theorems for spectral sets and
Ditkin sets as well as results about unions of such sets have been established.
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Now, let VN(G) denote the von Neumann algebra generated by the left regular
representation of G on L?(G). Then VN(G) is, in a natural manner, the Banach
space dual of A(G) and an A(G)-module. For a closed subset F of G, the property
that E be a spectral or Ditkin set (respectively, local spectral set or local Ditkin set)
can be expressed in terms of VN (G) (respectively, the set of operators in VN (G)
with compact support). These observations lead us to consider arbitrary A(G)-
invariant linear subspaces X of VN(G) and to introduce the notions of X-spectral
set and X-Ditkin set, thereby in particular providing a unified approach to both
spectral and Ditkin sets and their local variants.

The main results of Section 2 then say that if £ and F are closed subsets of G
such that £ N F is X-Ditkin, then £ U F' is an X-spectral set if and only if ¥ and
F are X-spectral sets (Theorem 2.9) and analogously for X-Ditkin sets (Theorem
2.10). In Section 3 we concentrate on establishing an injection theorem for X-
spectral sets. Thus let H be a closed subgroup of G and X an A(G)-invariant
linear subspace of VN(G). The adjoint of the restriction map from A(G) onto
A(H) assigns to X an appropriate A(H )-invariant linear subspace X g of VN (H).
Then a closed subset E of H is an X-spectral set for A(G) if and only if it is an
Xm-spectral set for A(H) (Theorem 3.4). Our results extend the existing ones, and
some of our proofs in the general case are even more transparent.

1. PRELIMINARIES

Let G be a locally compact group, L'(G) the convolution algebra of integrable
functions on G and C*(G) the enveloping C*-algebra of L'(G). The Fourier-
Stieltjes algebra and the Fourier algebra of G, B(G) and A(G), have been intro-
duced by Eymard [7]. Let P(G) denote the set of all continuous positive definite
functions on G, and let P}(G) = {u € P(G) : u(e) = 1}. Then B(G) is the linear
span of P(G) and can be identified with the dual of C*(G) by means of the pairing
(u, fy = [ f(x)u(z)dz, for f € LY(G) and v € B(G) [1, p. 192]. With point-
wise multiplication and the dual norm, B(G) is a commutative semisimple Banach
algebra [7, Proposition 2.16].

The closed ideal A(G) of B(G) generated by all compactly supported functions
in B(G) turns out to be just the set of coefficients of the left regular representation
pof G on L?(G) [7]. That is, u € A(G) if and only if there are f and g in L?(G) so
that u(x) = (p(x)f,g) for all z € G. The spectrum of A(G) can be identified with
G (point evaluations of functions in A(G)) [4, Théoreme 3.34], and A(G) is regular
in the sense that given any compact subset C' of G and closed subset E of G such
that C' N E = 0, there exists u € A(G) N C.(G) such that u(xz) =1 for all z € C
and u(y) =0 for all y € E [7, Lemme 3.2].

Let VN(G) denote the closure in the weak operator topology of the linear span
of {p(z) : z € G} in B(L?*(G)), the algebra of bounded linear operators on L?(G).
Then A(G) is the unique predual of the von Neumann algebra VN (G) [7} Théoreme
3.10], and for T' € VN(G) and u € A(G), we write (T,u) for the value of T at u.
There is a natural action of A(G) on VN(G) given by

(v-T,u)y = (T,vu), T € VN(G),u,v € A(G).

We now have to introduce various A(G)-invariant subspaces of VN(G). To start
with, recall from [7, Chapitre 4] that for T € VN(G), the support of T, supp T,
is the closed subset of G consisting of all x € G such that p(x) is the weak*-
limit of some net (uq * T)a,ta € A(G). Then supp(u - T) C suppu N suppT
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~

[1, Proposition 4.8]. In [9], UC(G) was defined to be the closed linear span of

~

{v.-T:T € VN(G),u € A(G)}. When G is abelian, UC(G) is precisely the
C*-algebra of bounded uniformly continuous functions on the dual group G of

~

G (whence the notation in the general case). As noted by Herz, UC(G) is the

~

norm closure of UC,(G), the set of operators in V. N(G) with compact support. In

~

particular, UC(G) is a C*-subalgebra of VN(G).
Moreover, let Cs(G) be the C*-subalgebra of V N (G) generated by all operators
p(x),z € G, and let C%(G) be the norm closure of {p(f): f € L'(G)} CVN(G).
The collection of operators T in VN(G) for which the set {u-T : u € P}(G) N

~ P

A(G)} is relatively norm compact (weakly compact) is denoted AP(G) (W AP(QG)).

PN o~

Then both AP(G) and WAP(G) are closed, A(G)-invariant subspaces of VN (G).

~ ~

When G is abelian, AP(G) = C;(G) and WAP(G) are the spaces of continuous
almost periodic and continuous weakly almost periodic functions on G , respectively.
In general, we have the following inclusions:

(i) C;(G) € AP(G) C WAP(G);

(i) C3(G) LU C3(G) CUC(G);

(iii) If G is discrete, then UC(G) C AP(G);

(iv) If G is amenable, then WAP(G) C UC(G) (see [I3,[18, ] for details and
problems related to these inclusions).

2. SPECTRAL SETS, DITKIN SETS AND THEIR UNIONS

To begin with, we recall from [3], Bl [TT], [I4] the local variants of the notions of
set of synthesis and Ditkin set. A closed subset F of G is said to be a local spectral
set or set of local synthesis if I(E) N C.(G) C J(E) or, equivalently, if (T, u) = 0
for every u € I(E) N C.(G) whenever T' € VN(G) is such that suppT C E. E is
called a local Ditkin set if u € uJ(E) for each v € I(F) N C.(G). Clearly, every
local Ditkin set is a local spectral set.

Lemma 2.1. Let E be an open and closed subset of G. Then E is of local synthesis.
If, in addition, E has the property that u € uA(G) for each u € I(E), then E is of
synthesis.

Proof. Let T € VN(G) such that suppT C E, and let u € I(E) N C.(G). Choose
v € A(G) such that v = 1 on suppu. Since E is open, suppu N suppT = () and
hence u - T = 0. Thus

(T,u) = (T,uv) = (u-T,v) =0.

Now suppose that there exists a net (vq)q in A(G) such that wv, — u. Then, as
in the previous case u - T = 0 and hence

(T,u) =1Im(T, uve) =lim(u-T,vs) =0,
as required. O

For A(G) (more generally, any semisimple regular commutative Banach algebra
A), it is customary to say that spectral synthesis (respectively, local spectral syn-
thesis) holds for A whenever every closed subset of the spectrum A(A) is a set of
synthesis (respectively, set of local synthesis).



3256 EBERHARD KANIUTH AND ANTHONY T. LAU

Proposition 2.2. Let G be an arbitrary locally compact group. Then

(i) Local spectral synthesis holds for A(G) if and only if G is discrete.

(i) Spectral synthesis holds for A(G) if and only if G is discrete and u € uA(G)
for every u € A(G).

Proof. Suppose first that local spectral synthesis holds for A(G). Using the fact
that this property is inherited by quotient groups and by closed subgroups, it has
already been shown that G must be totally disconnected (see [14] and [§]). Fix a
compact open subgroup K of G and suppose that K is infinite. Then, by a theorem
of Zelmanov [2I, Theorem 2], K contains an infinite abelian (closed) subgroup
H. Now, local spectral synthesis, and hence spectral synthesis, holds for A(H),
contradicting Malliavin’s theorem [15]. Thus K is finite, whence G is discrete.

The converse follows from Lemma 2.1.

For (ii), notice first that, if synthesis holds for G, then v € uwA(G) for each
u € A(G). Indeed, denoting by E the zero set of u , we have Z(vA(G)) = E,

whence uA(G) = I(E). Again, the reverse is a consequence of Lemma 2.1. O

We proceed by introducing the notions that are fundamental to our investigation.

Definition 2.3. Let X be an A(G)-invariant linear subspace of VN (G). A closed
subset E of G is called an X-spectral set or set of X-synthesis if T € X and
suppT C E implies that T € I(E)=.

E is called an X-Ditkin set for A(G) if for every T € X and u € I(F) there
exists a net (vq)q in J(E) such that

(o - T, u)y — (T, u).

Remark 2.4. (a) We shall frequently use the following simple fact. Suppose that
FE is X-Ditkin. Then, given T' € X and u € I(E), there exists v € J(E) such that
(T,u) = (T,vu). To see this, choose v = 0 when (T, u) = 0, and if (T, u) # 0, notice
that {(T,uv) : v € J(E)} =C.

(b) Every X-Ditkin set F is an X-spectral set. Indeed, if T € X such that
suppT C E,u € I(F) and v € J(E) such that (T,u) = (T,vu), then (T,u) = 0
since suppT C E and vu € J(FE) implies that (T, vu) = 0.

Lemma 2.5. Let E be a closed subset of G. Then

(i) E is of local synthesis if and only if E is of UCC(@)—synthesis.

(ii) E is of synthesis if and only if E is of VN(G)-synthesis.
Proof. We show (i), the proof of (ii) being similar (in fact, easier).

Suppose first that F is of local synthesis, and let T € UC’C(é) such that supp T C
E. Choose v € A(G) N C.(G) such that v = 1 on some open neighbourhood V' of
supp?’. Then u —uv = 0 on V for all u € A(G), and this implies v-T —T =0
(see [fl Proposition 4.8]). Now, since suppT C E, we have (T,u) = 0 for all
u € I(E) N C(G). It follows that, for u € I(E),

<T7u> = <U'T7u> = <T,vu) =0,

since vu € I(E) N C.(Q).
Conversely, suppose that E is of UC.(G)-synthesis, and let u € I(E) N C.(G).
We have to show that (T, u) = 0 whenever T' € VN(G) annihilates J(E). Choose

~

v € A(G)NC.(G) such that v =1 on suppu. Then v-T € UC.(G), and hence v-T
annihilates I(F). Thus (T,u) = (T,vu) = (v-T,u) = 0. O
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Lemma 2.6. Let FE be a closed subset of G. Then

(i) E is a local Ditkin set if and only if E is UC.(G)-Ditkin.

(ii) E is a Ditkin set if and only if E is V.N(G)-Ditkin.
Proof. Suppose first that E is a Ditkin set (respectively, a local Ditkin set), and
let u € I(E) and T € VN(G) (respectively, T € UC.(G)). If T € UCC(@), then
choose v € A(G) N C.(G) such that v-T = T. Now, by hypothesis, there exists a
net (vy)q in J(E) such that

Vot — 4 and v, (uv) — uv
in A(G), respectively. It follows that
(v - T —T,u) = (T,vgu—u) —0
in the first case, whereas in the second case

(Vo T—Tou) =(vg-(w-T)=v -Tyu) = { T,vquv —uv) — 0.

~

Conversely, suppose that E is UC.(G)-Ditkin, and let T € VN(G) and u €
I(E) N C.(G)). Choose v € A(G) N C.(G) such that v = 1 on suppu. Since

=

v-T € UC.(G), there exists a net (vq)q in J(E) such that
(Vo - (v-T),u) — (v-T,u),
and hence, since vu = u,
(T, vqu) — (T, u).
Thus (T,u) = 0 whenever T annihilates uJ(F), as required. The proof that F is
Ditkin if it is V. N(G)-Ditkin is even simpler. O

Parts (i) of Lemmas 2.5 and 2.6 were shown earlier in [5, Proposition 7 and
Proposition 9]. However, we have included the simple arguments for completeness.

Let M(G) be the algebra of finite regular Borel measures on G, and for p €
M(G), let p(p) denote the left regular representation operator given by

(o) frg) = /G (0(@)f.g)dp(z), f.g € L3(G).

Proposition 2.7. Let G be any locally compact group. Then every closed subset
of G is p(M(G))-Ditkin.

Proof. Let E be a closed subset of G, and let u € I(E),u € M(G) and € > 0
be given. Let K = {z € G : |u(z)| > €}, then K is compact and K N E = (.
Since A(G) is regular, there exists v € A(G) N C.(G) such that v(z) = 1 for all
x € K,0<wv <1 andwv(x) =0 for all z in some neighbourhood of E. Then
v e J(E) and

(v p(p),w) = (p(p),w)| =

[ 0@ = Dut@)auta)
</ M@ ) < <l

This shows that E is p(M(G))-Ditkin. O
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Proposition 2.8. Let G be a locally compact group such that u € uA(G) for every
u € A(G), and let E be a closed subset of G.

-~

(i) If E is a UC(G)-spectral set, then E is a spectral set.

A~

(ii) If E is UC(G)-Ditkin, then E is a Ditkin set.
Proof. Choose a net (uq)q in A(G) such that ||uqu — u|| — 0.

Suppose first that E is UC(@)—Spectral, and let v € I(E) and T € VN(G) such
that suppT C E. Then, since u, - T € UC(@) and suppu, - T C E, we have that
(g - Tyu) = 0. Hence (T, u) = 0 because (T, uqu) — (T, u).

Now, let E be UC’(@)-Ditkin and let T € VN(G) and u € I(E). We have to
show that there exists v € J(F) such that (T,u) = (T,vu). We can assume that

S

(T,u) # 0. Since u,, - T € UC(G), for each « there is a v, € J(F) such that
(Ug - Tyu) = (ug + T, vou).

Since (T, uqu) — (T, u), (T, u) # 0 and uavs € J(E), we must have that {(T, vu) :
ve J(E)} =C, whence (T,u) = (T,vu) for some v € J(E). O

In the case where G is amenable, part (i) of Proposition 2.8 has been shown, in
a completely different way, in [13] Proposition 7.4].

We now turn to the question of how spectral sets and Ditkin sets behave under
forming unions. To start with, it is worthwhile to mention that Atzmon [I] has
given an example of a regular commutative Banach algebra A with unit and of two
sets of synthesis in A(A), the union of which fails to be of synthesis.

Now, let H be a locally compact abelian group. While the union of two Ditkin
sets in H = A(L'(H)) is Ditkin, one of the main unsettled questions (even for
H = 7Z) is whether the union of two spectral sets is again a spectral set (see [3] for
a survey on this). In the more general context of Fourier algebras A(G), the current
state-of-the-art regarding unions is as follows. Let E and F be closed subsets of
G, and assume that E N F is Ditkin. Then F'U F is a spectral set if and only if £
and F are spectral sets [20] Theorem 4], and the analogous result holds for Ditkin
sets [20, Theorem 1]. Warner points out Reiter’s influence in the formulation and
proof of Theorem 4. In fact, Reiter [17, p. 557] proved the analogue of Theorem
4 for the case that EN F = (). Also, Herz [I0, Theorem 6.4] proved one direction
of Theorem 4. In the sequel we generalize Theorems 4 and 1 of [20] to X-spectral
sets and X-Ditkin sets.

Theorem 2.9. Let G be a locally compact group and X an A(G)-invariant linear
subspace of VN(G). Suppose that E1 and Eo are closed subsets of G such that
Ey N Ey is X-Ditkin. Then E1 U Esy is an X -spectral set if and only if both E1 and
FEs are X -spectral sets.

Proof. Suppose first that Fy and Fy are X-spectral sets, and let T € X such that
suppT C E1 U Ey and u € I(Fy U E3). Since E; N Ey is X-Ditkin, there exists
v € J(Ey N Ey) such that (T,u) = (v-T,u). Since v has compact support disjoint
from E7 N Es, there are compact sets F; and F5 such that
supp(v-T)=FiUF, and F; CE;\(E1NEy)(j=12).

Now there exist v; € A(G) N C.(G), j = 1,2, such that v; = 1 on a neighbourhood
of F; and suppvi Nsuppve = (). Then (v; +wvo)v-T =wv-T since v1 +v2 =1 on
some neighbourhood of F; U F». Moreover,

supp(vjv) - T CE; and (vv)-Te€X (j=1,2),
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since X is A(G)-invariant. Since E; and E, are of X-synthesis, it follows that
((vjv) - T,u) = 0 for j = 1,2, and hence (v-T,u) =0, as was to be shown.

Conversely, suppose that F; U Es is of X-synthesis, and let T € X such that
suppT C E; and u € I(E4) be given. As above, since Ey N Es is X-Ditkin, (T, u) =
(T,vu) for some v € J(FE1 N E3). Since supp(v - T) is a compact set contained in
Eq \ E2, there exists w € A(G) so that w = 1 on a compact neighbourhood of
supp(v - T') and w = 0 on Es. It follows that

wu € [(EyUEy) and v -T = (wv)-T.
Now, since v - T € X,supp(v-T) C Ey U Ey and E; U E» is of X-synthesis,
(Tyu) = (v-Tyu) = (v-T,wu) =0.

This shows that E; is an X-spectral set. In the same way it is shown that F5 is an
X-spectral set. O

Theorem 2.10. Let G and X be as in Theorem 2.9, and let E and F be closed
subsets of G such that ENF is an X-Ditkin set. Then EUF is an X-Ditkin set
if and only if both E and F are X -Ditkin sets.

Proof. If E and F are X-Ditkin, then so is F' U F, without assuming that E N F
is X-Ditkin. Indeed, given u € I(EU F) and T € X, there exist v € J(E) such
that (T,u) = (T,uv) and then w € J(F') such that (T,uwv) = (T, (uwv)w). Thus
vw € J(EUF) and

(Tu) = (T, u(vw)),

as required.

Conversely, suppose that EN F and E U F are both X-Ditkin, and let T € X
and u € I(E). Since EN F is X-Ditkin, there exists v € J(E N F) such that
(T,u) = (T,vu). Let C = F Nsupp(vu), a compact set disjoint from E. Thus
there exists w € A(G) N C.(G) such that w = 0 on a neighbourhood of E and
w=1on C. So, in particular, w € J(E). Let ' = vu — vwu, then v’ € I(EUF)
since w =1 on C. Since EU F is an X-Ditkin set, there exists v’ € J(E U F') such
that (T, vy = (T,u'v'). It follows that (v — vw)v’ +vw € J(E) and

(T,u)y = (T,vu) = (T,u') + (T, uvw)

= (T,u'v") + (T,uvw) = (T, u((v — vw)v’ + vw)).

This shows that E is X-Ditkin, and similarly for F. O

The following corollary strengthens the second statement of Lemma 2.1 and
hence complements part (ii) of Proposition 2.2.

Corollary 2.11. Suppose that A(G) has an approxzimate identity, and let E be an
open and closed subset of G. Then E is a Ditkin set.

Proof. Since, by hypothesis, the empty set is a Ditkin set for A(G), the claim follows
by applying Theorem 2.10 to F and F' = G\ E. |
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3. THE INJECTION THEOREM FOR SPECTRAL SETS

In this section we are going to prove an injection theorem for X-spectral sets.
Regarding the classical injection theorems for L'-algebras of locally compact abelian
groups we refer to [18, Chapter 7, Theorems 3.8 and 4.5].

To prepare for the setting of the injection theorem, let H be a closed subgroup
of the locally compact group G, and let

r: A(G) — A(H), v — r(u)

be the restriction map. r is norm decreasing [11, Theorem la] and surjective.
More precisely, given v € A(H), there exists u € A(G) such that r(u) = v and
l[ullacay = llvllaca [11} Theorem 1b]; [16, Theorem 4.21]. Thus the adjoint map

" VN(H) — VN(G), (r"(5),u) = (S,r(u)),

u € A(G),S € VN(H), is injective. In what follows we let pc and pg denote the
regular representation of G and H, respectively. Let V Ny (G) denote the weak*-
closure of the linear span of {pg(h) : h € H}. Then VNg(G) is a von Neumann
algebra.

Lemma 3.1. r* is a w*-w*-continuous isomorphism from VN(H) onto VNg(G).

Proof. Clearly, r* is w*-w*-continuous. To see that 7* is a homomorphism, we
first observe that if z € H, then r*(pg(z)) = pe(z). Hence r* preserves products
on D = (pu(z) : © € H). Since multiplication in a von Neumann algebra is
separately continuous in the w*-topology, it follows that r*(ST) = r*(S)r*(T') for
any S, T € VN(H). Now r* also preserves involution. Indeed, if T" € D, then
clearly r*(T*) = (r*(T))*. It T € VN(H) is arbitrary, let (Ty)o be a net in the
linear span of D such that T, — 7T in the w*-topology. Then 7T — T* in the
w*-topology, and hence

P (1) = o (T) = lm(r* (Ta)* = (7))

To see that r* is surjective, it suffices to show that X = r*(VN(H)) is w*-closed
in VN(G). Since r* is a x-homomorphism of the C*-algebra VN(H) into the C*-
algebra VN(G), X must be norm-closed. By the open mapping theorem, X; =
{T € X : |T|| < 1} is contained in 7*(V N(H)s) for some § > 0, where

VN(H); ={Se€VN(H):|95]| <d}.
We claim that X; is w*-closed. For that, let (T,), be a net in X; such that
T, — T in the w*-topology. Then, for each «, there exists S, € VN(H)s such
that r*(S,) = T,. After passing to a subnet if necessary, we can assume that
Sa — S in the w*-topology for some S € VN(H);s. Since r* is w*-w*-continuous,
it follows that To, = r*(S,) — r*(S) and hence that T'= r*(S) € X. As VN(G)1
is w*-closed, T' € X;. Thus X; is w*-closed, and hence X must be w*-closed by

the Krein-Smulian theorem [6] p. 429, Theorem 7]. O
Lemma 3.2. (i) r*(UC.(H)) = UC.(G) N VNu(G).

(ii) r*(UC(G)) = UC(G) N VNu(G).

(iii) 7*(pu (M (H))) = pc(M(G)) NVNu(G) .

(iv) r*(C (H)) = C3(G) NV Nu (G).

EV) r*(AP(H)) = AP(G) NV Ngu(G).

vi) r*(WAP(H)) = WAP(G) NV Ng/(G).
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Proof. (i) Let T € UC.(H). There exists w € A(H) N C,(H) such that w - T = T.
Next, there exists v € A(G) N C.(G) extending w. In fact, choose u; € A(G) such
that r(u1) = w and ug € A(G)NC,(G) such that us = 1 on the compact set supp w.
Then v = uyus € A(G) N C.(G) and r(v) = w. It follows that, for all u € A(G),

(r*(T),u) = (r*(w-T),u) = (w-T,r(u)) = (T,r(vu))

= (r"(T),vu) = (v-r*(T), u),
whence *(T) =v - r*(T) € UCC(@) NVNg(G) (Lemma 3.1).
Conversely, suppose that S € UC.(G)NV Ng(G), and let T € VN (H) such that
r*(T) = S (Lemma 3.1). Since supp S is compact, there exists v € A(G) N C.(G)
such that v = 1 on some open neighbourhood of supp.S. Then v-S = S and

r(v)-T € UC.(H). It follows that r* (r(v)-T) = 5. Indeed, for all u € A(G),
(r*(r(v) - T),u) = (r(v) - T,r(u)) = (T, r(vu))
= (r"(T),vu) = (v-S,u) = (S,u).

Thus UC,(G) N VNg(G) C r*(UC.(H)).

(ii) r*, being a *x-homomorphism of C*-algebras, is a closed map. Therefore
r*(UC’(fI)) is a closed subalgebra of VN(G) containing UcC.(G)n VN (G) (by
i)). So (ii) holds.

(iii) Let p — fi denote the embedding of M (H) into M(G) given by {(fi,¢) =
(u, p|H) for p € M(H) and ¢ € Cy(G). Then, for p € M(H) and u € A(G),

(o () ) = (pra (), r(u)) = / u(t)du(t)

H

_ / u(@)di(@) = (pa(), ).
G

Thus 7*(pg (1)) = pe(f). In addition, pg(ir) € VNE(G) since supp ft = supp pu C
H. This shows r*(pg(M(H))) C pa(M(G)) NV Ng(G).
Conversely, let v € M(G) be such that pg(v) € VNg(G). Then (see [ (4.7)])

supp v = supp pe(v) C H.

It follows that p € M(H), the measure induced by v, satisfies i = v and hence
r*(pu(p) = pc(v). Thus pe(M(G)) NV NE(G) Cr*(pa(M(H)).

(iv) If h € H, then clearly 7*(pg(h)) = pa(h). Hence r*(C5(H)) C C;(G) N
VNgu(G). Since r* has closed range and r*(C5(H)) contains pg(h) for all h € H,
(iv) follows.

(v) Notice that r(A(G) N PY(G)) = A(H) N P'(H) [11, Addendum to Theorem
1] and w - r*(S) = r*(r(u) - S) for every S € VN(H) and v € A(G). Thus, if
S € AP(H), then

{u-r*(8):ue AG)N PG} =r*({v-S:ve A(H)N P (H)})
is also relatively norm compact. So r*(S) € AP(G) NV Ny(G).
Conversely, if T € AP(G) NV Ng(G), then there exists S € VN(H) such that
r*(S) = T. Now, given v € A(H) N P(H), there exists u € A(G) N P}(G) such

that 7(u) = v, and then r*(v - S) = u-7*(5) = u - T. It follows that
{r*(v-8):ve A(H)NPYH)} C{u-T:uec AG)N P (G)},
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which is relatively compact in the norm topology of VN (G). Since r* is isometric,
{v-S:ve€AH)NPYH)} is relatively compact in the norm topology on VN (H).
(vi) is proved similarly. O

Remark 3.3. (a) It should be noted that if H is a closed subgroup of G, then
r*(C;,, (H)) € C;(G) if and only if H is open [2, Theorem 5.4].

(b) For any A(G)-invariant linear subspace X of VN(G) and closed subgroup H
of G, let

Xy =r" (X).

Then Xp is an A(H)-invariant linear subspace of VN(H). Indeed, if v € A(H)
and v € A(G) such that r(u) = v and S € Xp, then

r*(v-S)=u-r"(S) € X.

Hence v- S =r*  (u-r*(9)).
(¢) If S € Xy and supp S C FE, then suppr*(S) C E. In fact, suppose that
x € suppr™(S). Then there exists a net (uq)q in A(G) such that

r(r(ua) - §) = ta - 1°(5) = pa(x) = r*(pm ().
By Lemma 3.1, 7(uq) - S — pu(z).

Theorem 3.4 (Injection theorem for X-spectral sets). Let X be an A(G)-invari-
ant linear subspace of VN(G). Let H be a closed subgroup of G and E a closed
subset of H. Then E is an X -spectral set for A(G) if and only E is an X g-spectral
set for A(H).

Proof. Suppose first that E is of X-synthesis, and let S € Xy = r*fl(X) such
that supp S C E. Then 7*(S) € X and suppr*(S) C E (Remark 3.3). Then, by
hypothesis, for every u € I(E),

0= <T*(S)au> = (S,r(u))

Since r(I(F)) = {w € A(H) : w|E = 0}, it follows that E is of X y-synthesis.
Conversely, suppose that F is of X g-synthesis, and let T' € X such that suppT C
E. Since H is a set of synthesis [I9, Theorem 3|, T" annihilates I(H). Thus there
exists a unique S € Xy such that r*(S) = T. Clearly, supp S C FE also, and hence,
by hypothesis, (T, u) = (S,r(u)) =0 for all u € I(E), as required. O

Remark 3.5. Applying Theorem 3.4, Lemma 3.2 and Lemma 2.5, we obtain, in
particular, injection theorems for spectral sets and local spectral sets. The injection
theorem for local spectral sets has previously been shown in [5, Proposition §],
whereas the injection theorem for spectral sets appears to be new.

REFERENCES

[1] A. Atzmon, On the union of sets of synthesis and Ditkin’s condition in regular Banach
algebras, Bull. Amer. Math. Soc. 2 (1980), 317-320. MR 81b:43007

[2] M.B. Bekka, E. Kaniuth, A.T. Lau, and G. Schlichting, Weak*-closedness of subspaces of
Fourier-Stieltjes algebras and weak™-continuity of the restriction map, Trans. Amer. Math.
Soc. 350 (1998), 2277-2296. MR [98h:22004

[3] J. Benedetto, Spectral synthesis, Academic Press, 1975. MR [58:29850b

[4] C. Chou, Almost periodic operators in VN(G), Trans. Amer. Math. Soc. 317 (1990), 229-253.
MR 190d:43004

[5] A. Derighetti, Quelques observations concernant les ensembles de Ditkin d’un groupe locale-
ment compact, Monatsh. Math. 101 (1986), 95-113. MR 88¢:43006


http://www.ams.org/mathscinet-getitem?mr=81b:43007
http://www.ams.org/mathscinet-getitem?mr=98h:22004
http://www.ams.org/mathscinet-getitem?mr=58:29850b
http://www.ams.org/mathscinet-getitem?mr=90d:43004
http://www.ams.org/mathscinet-getitem?mr=88c:43006

SPECTRAL SYNTHESIS FOR A(G) 3263

[6] N. Dunford and J.T. Schwartz, Linear operators. I, Interscience Publishers, 1958. MR
22:8302
(7] P. Eymard, L’algébre de Fourier d’un groupe localement compact, Bull. Soc. Math. France
92 (1964), 181-236. MR B7:4208
[8] B. Forrest, Fourier analysis on coset spaces, Rocky Mountain J. Math. 28 (1998), 173-190.
MR 199h:43020
[9] E.E. Granirer, Weakly almost periodic and uniformly continuous functionals on the Fourier
algebra of any locally compact group, Trans. Amer. Math. Soc. 189 (1974), 372-382. MR
49:1017
[10] C. Herz, The spectral theory of bounded functions, Trans. Amer. Math. Soc. 94 (1960), 181-
232. MR 24:A1627
[11] C.Herz, Harmonic synthesis for subgroups, Ann. Inst. Fourier 23 (1973), 91-123. MR[50:7956
[12] A.T. Lau, Uniformly continuous functionals on the Fourier algebra of any locally compact
group, Trans. Amer. Math. Soc. 251 (1979), 39-59. MR 80m:43009
[13] A.T. Lau and V. Losert, The C*-algebra generated by operators with compact support on a
locally compact group, J. Funct. Anal. 112 (1993), 1-30. MR [94d:22005
[14] N. Lohoué, Remarques sur les ensembles de synthése des algébre de groupe localement com-
pact, J. Funct. Anal. 13 (1973), 185-194. MR 50:14069
[15] P. Malliavin, Impossibilité de la synthése spectrale sur les groupes abéliens non compacts,
Inst. Hautes Et. Sci. Publ. Math. 2 (1959), 61-68. MR [21:5853
[16] J.R. McMullen, Extensions of positive definite functions, Mem. Amer. Math. Soc. 117, 1972.
MR 56:3573
[17] H. Reiter, Contributions to harmonic analysis. VI, Ann. Math.(2) 77 (1963), 552-562. MR
27:1778
[18] H. Reiter, Classical Harmonic Analysis and Locally Compact Groups, Clarendon Press, 1968.
MR 146:5933)
[19] M. Takesaki and N. Tatsuuma, Duality and subgroups. II, J. Funct. Anal. 11 (1972), 184-190.
MR [52:5865
[20] C.R. Warner, A class of spectral sets, Proc. Amer. Math. Soc. 57 (1976), 99-102. MR
53:14025
[21] E.I. Zelmanov, On periodic compact groups, Israel J. Math. 77 (1992), 83-95. MR 94e:20055

FACHBEREICH MATHEMATIK/INFORMATIK, UNIVERSITAT PADERBORN, D-33095 PADERBORN,
GERMANY
E-mail address: kaniuthQuni-paderborn.de

DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF ALBERTA, EDMONTON, ALBERTA,
Canapa T6G 2G1
E-mail address: tlau@math.ualberta.ca


http://www.ams.org/mathscinet-getitem?mr=22:8302
http://www.ams.org/mathscinet-getitem?mr=37:4208
http://www.ams.org/mathscinet-getitem?mr=99h:43020
http://www.ams.org/mathscinet-getitem?mr=49:1017
http://www.ams.org/mathscinet-getitem?mr=24:A1627
http://www.ams.org/mathscinet-getitem?mr=50:7956
http://www.ams.org/mathscinet-getitem?mr=80m:43009
http://www.ams.org/mathscinet-getitem?mr=94d:22005
http://www.ams.org/mathscinet-getitem?mr=50:14069
http://www.ams.org/mathscinet-getitem?mr=21:5853
http://www.ams.org/mathscinet-getitem?mr=56:3573
http://www.ams.org/mathscinet-getitem?mr=27:1778
http://www.ams.org/mathscinet-getitem?mr=46:5933
http://www.ams.org/mathscinet-getitem?mr=52:5865
http://www.ams.org/mathscinet-getitem?mr=53:14025
http://www.ams.org/mathscinet-getitem?mr=94e:20055

	Introduction
	1. Preliminaries
	2. Spectral sets, Ditkin sets and their unions
	3. The injection theorem for spectral sets
	References

