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ABSTRACT. We find necessary and sufficient conditions for a complete local
ring to be the completion of a reduced local ring. Explicitly, these conditions
on a complete local ring T with maximal ideal m are (i) m = (0) or m ¢ AssT,
and (ii) for all p € AssT, if » € p is an integer of T, then Annr(r) Z p.

1. INTRODUCTION

In this paper all rings are commutative with unity. Local rings are defined to be
Noetherian, while quasi-local rings are not necessarily Noetherian. When we write
(R, M) is a quasi-local ring, we mean that R is a quasi-local ring with maximal
ideal M. In this case R denotes the M-adic completion of R.

In 1986, Lech solved the problem of characterizing completions of local domains,
proving that a complete local ring (T, m) is the completion of a local domain if and
only if (1) m = (0) or m ¢ AssT and (2) no nonzero integer of T is a zero-divisor [6].
Heitmann, in 1993, continued this work by finding all completions of local unique
factorization domains [4]. To be precise, a complete local ring T' is the completion
of alocal UFD if and only if it is a field, a discrete valuation ring, or a ring of depth
at least two with no nonzero integer being a zero-divisor. Following this trend, we
asked the corresponding question for reduced rings: given a complete local ring,
when is it the completion of a reduced local ring? In this paper we prove a theorem
that answers this question.

Theorem 1. Let (T, m) be a complete local ring, and let Ry be its prime subring.
Then T is the completion of a reduced local ring if and only if the following two
properties hold:

(i) m=(0) orm ¢ AssT.

(ii) For allp € AssT, if r € pN Ry, then Annyp(r) € p.

To illustrate the applicability of this theorem, we include two examples of com-
plete local rings and ask whether they are completions of reduced local rings. In
both cases, we know that they are not completions of local domains by Lech’s
Theorem.
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Example 1. Let p be a prime integer, and let 2(,,) denote the p-adic integers. Let

T = i(p) [z, y]/(px,y?). In this case, AssTy = {(,y), (p,y)}, so (i) of Theorem [l
is satisfied. Moreover, the prime subring is Z, and

(zy)NZ = (0),
(p,y)NZ = pZ and xp =0 with x ¢ (p,y).

Thus, by Theorem [1} T} is the completion of a reduced local ring.

Example 2. Let Tp = 2(?) [z,y]/(px,2%). In this case, (p,z) € AssTy and the
prime subring is Z. Note that p € (p,z) N Z and no element outside of (p,x)
annihilates p, so condition (ii) of Theorem [1 is not satisfied. So T3 is not the
completion of a reduced local ring, although the prime subring is reduced.

To prove Theoreml[I], we use a construction based on that of Heitmann [4]. Specif-
ically, we use Proposition 1 in [5] which states that if (4,m N A) is a quasi-local
subring of a complete local ring (T,m), A — T/m? is surjective, and ITNA =T
for every finitely generated ideal I of A, then A is Noetherian and the natural
homomorphism A — Tis an isomorphism. We begin with the prime subring of
T and construct an increasing chain of rings whose union satisfies the conditions
of the proposition. During this process, we construct each ring so that it is re-
duced. However, it is not possible to simply preserve reducedness at each step (see
Example2l). We need to carry through a slightly stronger condition on each ring
R: for all p € AssT, if r € pN R, then Annp(r) € p.

2. PrROOF OoF THEOREM [

Proof of necessity. Assume that T = A for some reduced local ring A. Then we
claim that p N A is a minimal prime of A for any p € AssT. Note that pN A is
a set of elements in A which are zero-divisors in 7', so p N A is actually a set of
zero-divisors in A. Since A is reduced, p N A must be contained in the union of
minimal primes of A; by prime avoidance and minimality, it follows that p N A is a
minimal prime. Now, we will check property (i). If m € AssT, then by our claim,
m N A is a minimal prime of A. But m N A is a maximal prime of A by faithful
flatness, so m N A is the nilradical of A which is (0). Thus m = (m N A)T = (0).
To check (ii), let @ € p N A for some p € AssT. Since pN A is a minimal prime of
a reduced ring A, Apna is a field. Hence, a must be annihilated by an element in
A—(pNA). Since A contains Ry, (ii) follows. O

The remainder of this paper deals with the proof of sufficiency. We shall show
that if (7,m) is a complete local ring with properties (i) and (ii) of Theorem [0}
then we can construct a reduced local ring A such that A = T. Note first that
if m = (0), then T is a field, and so T is the completion of a reduced local ring,
namely itself. Thus we now prove the theorem for the case m ¢ AssT. In order
to construct a reduced local ring that completes to T', we will need the following
proposition, which is essentially a “completion-proving machine.” The proof of this
proposition can be found in [5].

Proposition 2. Let (A,m N A) be a quasi-local subring of a complete local ring
(T,m). Assume that A surjects onto T/m? and for every finitely generated ideal I
in A, ITNA=1. Then A is Noetherian and the natural homomorphism A—T
is an isomorphism.
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Let (T, m) be a complete local ring, R a quasi-local subring of T'; and C' a subset
of SpecT. In our construction we will want to choose elements of T' that are
transcendental over R/(P N R) as elements of T//P for all P € C. The following
two lemmas allow us to do this. These lemmas and their proofs can be found in []
as Lemma 2 and Lemma 3.

Lemma 3. Let T be a complete local ring with maximal ideal m, C' a countable
subset of SpecT such that m ¢ C, and D a countable set of elements of T'. If I is an
ideal of T which is contained in no single P in C, then I L |J{P+r|P € C,r € D}.

Lemma 4. Let (T,m) be a local ring. Let C C SpecT, D C T, and let I be an
ideal of T such that I € P for all P € C. Suppose |C x D| < |T/m|. Then
IZU{P+rPeC,reD}.

We will use the following definition in the construction of our reduced subrings.

Definition. Let (R, mNR) be a quasi-local subring of a complete local ring (T, m).
Then R is an L-subring of T iff:

(i) If T/m is countable, then R is countable. Otherwise, |R| < |T'/m|.

(ii) For all p € AssT, if r € pN R, then there exists s € T'— p such that sr = 0.

At each stage of the construction we will want our constructed intermediate
subrings to be L-subrings. In the following lemma, we prove that condition (ii) of
L-subrings will ensure that all of these subrings will be reduced.

Lemma 5. Let R C T be rings. Assume that for allp € AssT andr € pN R, there
exists s € T —p such that st = 0. Then R is reduced.

Proof. Suppose 7 is a nonzero element of the nilradical of R. Let n be the smallest
integer such that r™ = 0. Son > 1 and r"~! # 0. Then r € Annp(r"~!) C p
for some p € AssT. So by assumption, there exists s € p such that sr = 0. Then
s € Annp(r"~1) C p, which gives a contradiction. O

Definition. If R is an L-subring of a complete local ring T', then S O R is called
a B-extension of R if S is also an L-subring of T and |S| < max(No, |R|).

Note that the B-extension relation is transitive.

The crucial lemma of this proof is the following one. We will use it to as-
sist us in constructing rings that satisfy the finitely generated ideal condition of
Proposition [2.

Lemma 6. Let R be an L-subring of a complete local ring (T, m) with m ¢ AssT.
Let I be a finitely generated ideal of R, and let ¢ € IT N R. Then there exists a
B-extension S of R with ¢ € IS.

Proof. We proceed by induction on m, the number of generators of I. Let ¢ € IT
N R. First consider the case m = 1 where I = yR for some y € R. We first
partition AssT = {p1,... ,p,} U{d1,... ,q,} so that y € p; for all i and y & q; for
all j. Without loss of generality, take p1,...,pr to be the maximal elements of the
set {p1,...,pu}. Since R is an L-subring, by condition (ii), for each ¢ < k, there
exists s; € p; such that s;y = 0. For all 4,5 < k with ¢ # j, choose an element
Tij € p; — p;. Define u; = s; Hf# ri;. Then u,; ¢ p; and u; € p; for all j # ¢ while
u; annihilates y. Now define s = Ele u;. Then sy = 0 while s & p; for all 7 < k,
and consequently, s & p; for all i < p.
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Since ¢ € yT, ¢ = yt for some t € T. Note that ¢ = y(t + as) for any choice
of a € T. For each i, let D; be a full set of coset representatives for those choices
of v € T which make T+ v € T/p; algebraic over R/(p; N R). Let D = |JD; and
C = {p1,...,pu}. Notice that R satisfies condition (i) of the L-subring, m ¢ C,
and sT € p; for all i. Therefore we may apply Lemma[3l when T'/m is countable or
Lemma [l otherwise, which gives us an element as € sT such that as ¢ J{p; +v|i <
p,v € D}. Sot' =t+as ¢ | J{pi+(t+v)]i < p,v € D}. Thereforet’ =t +as € T/p;
is transcendental over R/(p; N R) for all 4.

We claim that S = R[t']nngp is the desired extension. It is clear that ¢ € IS,
R C S CT, S is quasi-local, and that |S| < max(Rg,|R|). Therefore we only need
to check condition (ii) of L-subrings. It suffices to check condition (ii) on R[#].
Pick 5B € AssT.

Case 1 : P = p; for some 1.
Let f € p; N R[t']. Write f = r,(t')" + --- + ro for some r; € R.
Since t’ € T/p; is transcendental over R/(p; N R), we see that each
rj € p; N R. By condition (ii) on R, for each j, there exists b; & p;
such that b;r; = 0. Thus H?:l b; annihilates f but is not contained
m p;.

Case 2 : P = g, for some 1.
Let f € q; N R[t']. Writing f as before, we see that y"f € R.
So y™f € g; N R. By condition (ii), there exists b ¢ g; such that
by™ f = 0. Notice by™ & q;.

This completes the m = 1 step of the induction.

Now let m > 1. So I = (y1,...,Ym)R for some y1,... ,ym € R. Define
J =1, ,Ym-1)R. Weknow ¢ =t1y1+---+t;mym for some ty,...  t,, € T. Just
as in the m = 1 case, we choose s € Anny(y,,) such that s € p for all p € AssT
containing ¥,,. Define t' = t,, +ags +aiy1 + - - + a@m_1ym_1 where the a;’s are to
be chosen later. Observe that ¢ = t'y, +ty1+- - -+, _1Ym—1 where t; = t; — a;Ym.

For all 0 < i < m, define C;={p€AssT|y; € p}. Also let Cy ={p € AssT|s & p}
= {p € AssT|ym € p}. Finally, define C = CoUCL U---UCp—1. As in the
m = 1 case, we can use Lemmas Bl and ll to choose ag such that Z,, + ags € T/p is
transcendental over R/(p N R) for all p € Cy. Once this is done, we can choose aq
such that ¢, + ags + a1y € T/p is transcendental over R/(pNR) for allp € Cy. We
continue this process all the way to a,,_1. Observe that with these choices, t’ € T'/p
is transcendental over R/(pN R) for all p € C. We claim that R’ = R[t'|ngp is a
B-extension of R. R’ is clearly quasi-local and satisfies |R’'| < max(Ro, |R|). Again,
it suffices to check condition (ii) on R[t].

Let p € AssT.
Casel : pe(C.

Let f € p N R[t']. The proof is the same as Case 1 when m = 1.
Case2 : p ¢ C.

This means that y,, € p while y1,... ,ym—1 € p. So JT C p. Let
f € pNR[]. Define & = —(thy1 + -+ th,_1Ym—1) € JT. Then
Ymt' = ¢+ &1. Therefore for any j, defining

J .
&= (2)Cj_k£f7

k=1
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we have that & € JT and (yn,t')! = ¢/ +&;. Soif f = r,(t')" +
Tno1(#)"~1 + - 4 79, then

Ymd = 1Yt )" + o1y (Yt )" 4 4 oy,
= (1™ + T 1 ymc™ 4 roy™)
+ (Tnn + Tno1Ym&n—1 + - + 1yl '&1).
Setting

5 = 7Anfn + Tnflymgnfl + -+ ler?n_lfl S JTv

we get y f —& € R since ¢ € R. Then since f € p and JT C p,
yr f —& €pNR. So by condition (ii) of L-subrings, there exists
u € T — p such that u(y), f — &) = 0. Meanwhile, for each ¢ < m,
y; € pN R, there exists u; € T'— p such that u;y; = 0. Then

<H Ui) uyp [ = <H uz'> u§ =0
i<m i<m

since £ € (y1,... ,Ym—1)T. Notice that y, (HKm uz) u & p, satis-
fying condition (ii).
This completes the proof that R’ is a B-extension of R.

Now consider ¢ = ¢ — t'yy,. Recall that ¢ = 'y, + thyr + - + ), _1Ym—1 SO
that ¢’ € JT N R[t']. Since JR' is generated by m — 1 elements in R’, which is an
L-subring, our induction hypothesis shows that there exists a B-extension S of R’
with ¢/ € JS. Then ¢ € 1S, so S is the desired ring. O

The following lemma helps us satisfy the surjectivity condition of Proposition

Lemma 7. Let R be an L-subring of a complete local ring (T, m) with m ¢ AssT,
and let w € T'. Then there exists a B-extension S of R and an element v € S such
that u — v € m2.

Proof. Because m ¢ AssT, m? is not contained in any associated prime. For each
p € AssT, let D, be a full set of coset representatives for those choices of ¢ which
make u +1 € T/p algebraic over R/(p N R). Let D = J,cper Dp- As before, we
use Lemma [3 when 7'/m is countable or Lemma [4] otherwise to obtain ¢ € m? such
that u+¢ € T'/p is transcendental over R/(p N R) for all p € AssT. Let v =u+1
and S = R[v]mnrp)- Then S satisfies condition (ii) of L-subrings by the same
argument as in Case 1 of the m = 1 case of the proof of Lemma[6. The cardinality
condition |S| < max(Ro, |R|) is obvious. O

Definition. For Q a well-ordered set and « € €, define v(a) = sup{§ € Q|8 < a}.

The next lemma shows that condition (ii) of L-subrings is preserved when we
take the union of a chain of B-extensions.

Lemma 8. Let  be a well-ordered set with least element agp, (T, m) a complete
local ring, and Ry, an L-subring of T. Suppose { R }acq is an increasing chain of
L-subrings such that if y(a) < a, then Ry is a B-extension of Ry (), and otherwise
Ro =Ugca Bp- Then S = ,cq Ra satisfies condition (i) of L-subrings, and also
|S| < max(No, |R040|7 |Q|)
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Proof. If p € AssT and r € pN S, then r € pN R, for some a € Q. Then since
each R, is an L-subring, it is clear that condition (ii) of L-subrings holds for S. We
prove by transfinite induction that for all o € €,

|Ra| < maX(Nm |R0(0|7 |Q|)

Assume that |Rg| < max(Ro, |Ra,|, [€2]) has been proved for all 8 < a. If y(o) < «,
then the inequality is clear by the induction hypothesis. Otherwise, we have

|Ra| = U Rp

B<a

> |Rgl

B<a
{8 € Q|F < a}| - max(Ro, |Ray |, |€2]) by the induction hypothesis
maX(NOa |R0to|a |Q|)

IN

<
<

Using this,
S| < Q- max(Ro, [Ray |, [2]) = max(Ro, |Ragl, [£2])-
O

Lemma 9. Let R be an L-subring of a complete local ring (T, m) with m ¢ AssT,
and let w € T'. Then there exists a B-extension S of R such that

(1) S contains an element v of T such that v =7 € T /m?.

(2) For every finitely generated ideal I of S, ITNS = 1.

Proof. By Lemma [7, there exists a B-extension S(®) of R which contains some v
with o =% € T/m?. Let

Q = {(I,¢)|I finitely generated ideal of (¥ and ¢ € IT N S},

Note that || < max(Ro, |S@]) = max(R, |R|). When  is finite, by transitivity
of the B-extension relation, we can simply apply Lemma [0l || times to construct
a B-extension S™) of SO with IT N S©® C 1SM for any finitely generated ideal
I of SO, In the case when Q is infinite, we well-order  in such a way that there
is no maximal element. Let ag be the initial element. We shall inductively define
the family of L-subrings {Sa }acq, starting from S,, = S(®. Let us assume that
Sp has been defined for all 5 < a. If y(a) # « and y(a) = (I, ¢), we use Lemma
Gl to define S, to be a B-extension of S, such that c € IS,. If y(a) = a, define
So = Up<q 9s; by Lemmal[8, this is an L-subring. So by induction, {Sa}acq is
a family satisfying the hypotheses of Lemma Bl Now, define S() = Uacqa Sa- By
Lemma [ this is a B-extension of S(®). Now let I be a finitely generated ideal
of S© and let ¢ € IT NSO, If a is the successor of (I,¢) in Q, then we have
(I,c) = y(a) < a. So by construction, ¢ € IS, € ISM. Thus IT NS C 150
for any finitely generated ideal I of S(©).

We repeat this process for each m € N to obtain B-extensions S(™*1 of §(m)
such that for every finitely generated ideal I of S(™), IT N S(™) C 18+ Define
S=U, S By Lemma[8, S is a B-extension of S(©), so by transitivity, S is a
B-extension of R. Let I = (z1,...,2;) be a finitely generated ideal of S, and let
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¢ € ITNS. Then there exists n such that ¢ and all z; belong to S™. Then by
construction,

ce ((z1,-.. ,zk)S(”))Tﬁ S C (z1,...,2,)8™) C 1S =1.
Hence, we have IT NS = I for any finitely generated ideal I of S. |

We now have enough tools to prove sufficiency of the conditions in Theorem [l

Theorem 10. Let (T, m) be a complete local ring with m ¢ AssT, and let Ry be the
prime subring of T. Assume that for allp € AssT, r € pN Ry implies Anny(r) € p.
Then T is the completion of a reduced local Ting.

Proof. Note that our condition on Ry implies that Ry localized at m N Ry is an
L-subring. Call this localized ring Sp.
Claim. |T/m?| < |T/m|N*! where N is the number of generators of m.

Proof. m/m? is generated over T/m by N elements. So |m/m? <
2
|T/m|N. Because 225 = T'/m, it follows that |T/m2| = [m/m2|-|T/m|

m/m2 —

< |T/m|N+L, O

When |T/m?| is finite, we can simply apply Lemma B1|7/m?| times to obtain an
L-subring A satisfying the conditions of Proposition[2, completing the proof. When
T/m? is infinite, then the claim above shows that |T/m| = |T/m?|. In this case,
let Q be a full set of coset representatives of T/m?, and well-order it in such a way
that 0 is the initial element and every element has strictly fewer than |Q| = |T/m|
predecessors. We shall define a family of L-subrings {S, }acq inductively, starting
from Sp. Assume that Sg has been defined for all 5 < a. If v(a) # «, define S,
to be the B-extension of S,y we obtain by applying Lemma [ using S.,) and
the coset represented by v(«). If y(«) = «, define S, = U5<a Sg. By the way Q
is ordered and by Lemma[§, S, is an L-subring. Now define A = Uacqa Sa- This
is not necessarily an L-subring, but it still satisfies property (ii), so by Lemma [}
A is reduced. By the way we ordered (2, every element of 2 appears as v(a) < «
for some o € Q, so it follows that the natural map A — T/m? is surjective.
Moreover, by a similar argument as in the proof of Lemma [0, IT N A = I for any
finitely generated ideal I of A. So A satisfies all the hypotheses of Proposition
Thus we conclude that A is a reduced local ring which completes to T'. O
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