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ABSTRACT. Let Y be a closed, oriented 3-manifold. The set Fy of homo-
topy classes of positive, fillable contact structures on Y is a subtle invariant
of Y, known to always be a finite set. In this paper we study Fy under
the assumption that Y carries metrics with positive scalar curvature. Using
Seiberg-Witten gauge theory, we prove that two positive, fillable contact struc-
tures on Y are homotopic if and only if they are homotopic on the complement
of a point. This implies that the cardinality of Fy is bounded above by the
order of the torsion subgroup of Hi(Y;Z). Using explicit examples we show
that without the geometric assumption on Y such a bound can be arbitrarily
far from holding.

1. INTRODUCTION

Let Y be a closed, oriented 3—manifold. A contact structure on Y is a 2—
dimensional distribution of the form ¢ = ker§ C TY, where 8 € Q!(Y) is a 1-form
on Y such that 8 A df > 0 at every point of Y. Note that, according to our defi-
nition, a contact structure & = ker 6 is equipped with a co—orientation given by 6,
an orientation given by the restriction of df, and the two put together yield the
given orientation on Y. Usually, such contact structures are called co—orientable
and positive, but since we are not going to deal with their not co—orientable nor
negative counterparts, the terminology will be abused throughout the paper. In
any event, we refer the reader to [4] and [6] for a good introduction to contact
structures.

By the work of Martinet and Lutz [I3] every closed, oriented 3—manifold has a
contact structure, but Eliashberg showed that certain contact structures which he
called overtwisted are not so interesting. In fact, they are completely determined
up to isotopy by the homotopy type of Y [I]. On the other hand, not overtwisted
or tight contact structures capture deeper information about Y and are still quite
mysterious.

A contact structure £ = ker 0 on a closed oriented 3—manifold Y is called sym-
plectically fillable, or just fillable, if there exists a symplectic 4-manifold (X, w) such
that 0X =Y as oriented manifolds while § A w > 0 at every point of Y. Fillable
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contact structures are tight [3], [11], while no example of a tight but not fillable
contact structure is known at present.

The set Fy of fillable contact structures considered up to homotopy (as co—
oriented 2-plane fields) on Y is a subtle invariant of Y. By a theorem of Eliashberg
and Thurston [5], the cardinality of Fy is an upper bound for the number of homo-
topy classes of taut foliations on Y. Using a suitable version of the Seiberg—Witten
equations, Kronheimer and Mrowka proved that Fy is always a finite set [10]. This
is the main general fact known about Fy. In this paper we build on the results
of [10] and [I2] to study the set Fy under the assumption that ¥ admits metrics
with positive scalar curvature. The following is our main result.

Theorem 1.1. LetY be a closed oriented 3—manifold carrying metrics with positive
scalar curvature. Then, two fillable contact structures on Y are homotopic if and
only if they are homotopic on the complement of a point.

By a result of Gompf ([8], Corollary 4.19), the conclusion of Theorem [[1] holds
for contact structures on spherical space forms with tight universal cover. On the
other hand, as pointed out in [§], there exist many fillable contact structures on
spherical space forms all of whose covers are overtwisted.

As we explain in section [2] the following is an immediate consequence of Theo-

rem [L.1].

Corollary 1.2. Let Y be a closed oriented 3—manifold carrying metrics with posi-
tive scalar curvature. Then,

(1) [Fy| < [ Tor Hy(Y;Z)|
where Tor H1(Y'; Z) is the torsion subgroup of H1(Y;Z) and | | denotes cardinality.

Both Theorem [Tl and Corollary [L2 fail if one drops the geometric assumption
on Y. In section @l we show this by proving that if Y,,, n € N, is the integral
homology 3—sphere with the surgery presentation given in Figure[Il we have

(2) |Fy, | > n.

Therefore, the difference between |Fy | and | Tor H1(Y;Z)| can be arbitrarily large
in general.

2n+1 positive half-twists
1
/

i
F1GURE 1. The homology 3—sphere Y,,

The paper is organized as follows. In section[Z we discuss the relationship be-
tween 2—plane fields and Spin“—structures, and we restate Theorem [[1] in terms
of the latter as Theorem ZIl This is a natural intermediate step because Spin®
structures are strictly related with the gauge theoretical techniques involved in the
proof, given in section [3l In section [] we quickly recall Eliashberg’s Legendrian
surgery construction and we apply it directly to prove (2).
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Recent work by Giroux [[7] and by Honda [9] yields a classification of tight contact
structures on lens spaces, showing in particular that all tight contact structures
on lens spaces are fillable. The results of Giroux and Honda are consistent with
Theorem [[11], were obtained independently and do not rely on gauge theory.

2. 2-PLANE FIELDS AND Spin® STRUCTURES

In this section we recall the well-known relationship between oriented 2—plane
fields and Spin® structures. The discussion allows us to interpret the statement of
Theorem [T 1]in terms of Spin® structures, which are directly related to the Seiberg—
Witten equations and the techniques of the next section. We restate Theorem [I.]]
in this alternative language as Theorem 2], and we explain how to derive Corol-
lary

Let Y be a closed oriented 3—manifold. Due to the presence of the orientation on
Y, a co—orientation of a 2—plane field £ on Y is the same thing as an orientation on
&. Hence, from now on we shall think of co—oriented 2—plane fields on Y as oriented
2-plane fields as well. Choose a Riemannian metric on Y and let = denote the
space of oriented 2—plane fields on Y. An oriented 2—plane field £ € = determines
a lift of the structure group of the principal frame bundle Pgos) of Y from SO(3)
to U(2), i.e. a U(2)-principal bundle Py 2y together with a principal bundle map
Py — Psoy = Pyea)/U(1). Such a lift is called a Spin®structure on Y. The
isomorphism class of the Spin® structure determined by ¢ depends on £ only through
its homotopy class [¢]. Therefore, there is a natural map

p: m(2) — Spin®(Y)

and we set te = p([{]).

Any trivialization of the frame bundle of Y identifies 7 (Z) with the set [Y, S?] of
homotopy classes of maps from Y to the 2—sphere, and via the Pontryagin construc-
tion one can think of [V, S?] as the set Fry of framed 1-dimensional submanifolds of
Y up to framed cobordism. Moreover, a trivialization identifies H 2(PSO(3) ; Z) with
H?(Y;Z) x Z/2Z, and since Pya) — Pso(s) restricts to the fibers of Psosy — Y
as the only non-trivial U(1)-bundle, the set Spin®(Y") of Spin® structures on Y is
identified with a copy of H?(Y;Z) inside H2(PSO(3);Z). Therefore, via Poincaré
duality a trivialization of the frame bundle of Y identifies the set of Spin® structures
onY with H;(Y;Z). Under the above identifications the map from Fry to H1(Y;Z)
induced by p sends a framed submanifold ~y¢ — corresponding to the homotopy class
[€] — to the homology class [y] € Hy(Y;Z) supported by the underlying oriented
submanifold, and ¢1(¢) = 2PD([y]) € H?(Y;Z). Moreover, it is not difficult to
show that if Y is connected, for every t¢ € Spin®(Y’) the fiber p~!(t¢) can be iden-
tified (in a non canonical way) with Z/d(t¢)Z, where d(t¢) € Z is the divisibility of
c1(§), defined to be zero if ¢;(§) is a torsion element (see e.g. [8], Proposition 4.1).

Let & be a fillable contact structure on a closed oriented 3—manifold Y carrying
positive scalar curvature metrics. Then, Y is connected and ¢1(§) is a torsion
class [I2]. In view of the previous discussion, the fiber p~!(t¢) is a copy of Z, so
there exist infinitely many distinct homotopy classes of 2—plane fields inducing the
same Spin® structure t¢ on Y. In the next section we prove that the homotopy class
of the fillable contact structure £ is the only homotopy class of oriented 2—plane
fields, among the infinitely many inducing the same Spin® structure, which can be
realized by a fillable contact structure. This can be stated as follows.
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Theorem 2.1. LetY be a closed oriented 3—manifold carrying metrics with positive
scalar curvature. Then, two fillable contact structures on'Y are homotopic if and
only if they induce the same Spin¢ structure on 'Y .

The statements of Theorems [I.T] and [Z1] are equivalent because, as explained
e.g. in [15], the set Spin“(Y") can be canonically identified with the set of nonvan-
ishing vector fields on Y up to homotopy on the complement of a ball. In view of
the above discussion, Corollary is an immediate consequence of Theorem 2:1]

3. THE SEIBERG—WITTEN EQUATIONS

In this section we prove Theorems [Tl and EX1] using techniques from [12]. We
shall ultimately rely on results of Kronheimer and Mrowka; therefore we start by
briefly recalling their set—up [I0]. We refer the reader to the original paper for more
details.

A Spinstructure on a smooth oriented Riemannian 4-manifold X is given by
a triple (W, W™, p), where W+ and W~ are hermitian rank-2 bundles over
X called respectively the positive and negative spinor bundle, and p: T*X —
Hom(W*,W~) is a map satisfying the Clifford relation: p(0)*p(0) = |0|* Idy+
for every § € T*X. The map p extends to a linear embedding p: A*T*X —
End(W*t @ W™). A Spin connection A is a unitary connection on W =W+ a W=
such that the induced connection on End(W) agrees with the Levi-Civita connec-
tion on the image of p. To any Spin connection A is associated, via p, a twisted
Dirac operator D} : T(W) — T'(W™).

A J-manifold with contact boundary is a pair (X, &), where X is a connected,
oriented smooth 4-manifold with boundary and £ is a contact structure on 90X (en-
dowed with the boundary orientation). Given a 4—manifold with contact boundary
(X,€), let X* be the smooth manifold obtained from X by attaching the open
cylinder [1,+00) x X along X, and let § € Q(0X) with £ =kerf and 6 Adf > 0
at every point of X. On X7 there is a metric which restricts to [1,400) x X
as a product metric of the form dt? + t2gsx (t being the coordinate function on
the first factor), and such that the 2-form wy = 1d(t*¢) is self-dual of constant
length v/2. The choice of an wy—compatible almost complex structure .Jy determines
on [1,400) x 9X a Spin® structure sy and a unit section @y of the corresponding
positive spinor bundle. Moreover, there is a unique Spin connection Ag such that
D} (®0) = 0.

Let Spin®(X, &) be the set of isomorphism classes of Spin® structures on X+
whose restriction to [1,4+00) x 9X is isomorphic to sg. Given s € Spin®(X,¢), use
s to extend ®p and Ag arbitrarily to all of X, and for every Spin connection A
for s, let A be the induced U(1) connection on the determinant of the positive
spinor bundle. One can consider the set of pairs (A, ®) satisfying the d—perturbed
Seiberg—Witten equations

) {p(Fp {2 @0} = p(Fl ) — {®o® D5} + 6,
DA(®) =0,

where A — Ay, & — &y and § belong to suitably defined Sobolev spaces, and where

{P®®*} denotes the traceless part of PR P*, thought of as a bundle endomorphism.

There is a gauge group acting on the solutions of (B)) which is (a completion

of) a space of maps from Xt to S* asymptotic to 1 as t — oo on [1,+00) x 9X.

The moduli space Ms(s) is defined as the quotient of the set of solutions to (3)
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under the action of the gauge group. For ¢ in a Baire set of perturbing terms expo-
nentially decaying along the end, Ms(s) is a smooth, compact orientable manifold
of dimension d(s) = (e(W™,®),[X,0X]), the obstruction to extending ®y as a
non-vanishing section of W+. Moreover, there is a map

SW(X’@Z Spinc(X, f) — 7

defined by setting SWx ¢)(s) equal to the algebraic number of points of Mj;(s)
when d(s) = 0, and zero otherwise (strictly speaking, in order to specify the sign
of the map SWx ¢) one has to make a preliminary choice of an orientation on the
moduli spaces). It turns out that the map SWx ¢) does not depend on the choices
involved, but only on the isomorphism class of the pair (X, ¢). If w is a compatible
symplectic form on (X, §), i.e. a symplectic form on X such that w|e > 0 at every
point of X, there is an induced Spin® structure s,, € Spin®(X, &) and

(4) SW (x.¢)(s) = 1.

Proof of Theorems L1l and [Z1l By [12], if a closed 3-manifold carries positive
scalar curvature metrics and fillable contact structures, then it cannot have more
than one connected component. Therefore, it is not restrictive to assume that Y is
connected. At the end of section 21 we have observed that Theorems [[LT]and 2] are
equivalent; hence we will prove only the statement of Theorem Il One half of the
statement is obvious because the discussion of section [ immediately implies that
two homotopic contact structures induce the same Spin® structure. Therefore, we
need to show that if £ is a fillable contact structure on Y, then its homotopy class
is determined by t¢ € Spin®(Y').

Let Y be the boundary of X, and let gy be a positive scalar curvature metric
on Y. Consider a Riemannian metric g; on X1 which coincides with dt?> + t?gy
on [1,4+00) X Y and such that (X, g1) contains an isometric copy of the cylinder
[~1,1] x Y with the metric dt? + gy. Denote by Xi, and Xy, respectively, the
compact and non—compact component of the complement of the cylinder in X ™. Let
Xln and Xout be, respectively, the Riemannian manifolds obtained by isometrically
attaching cyhnders [~1,4+00) x Y and (—o0,1] x Y with metric dt? + gy to Xi,
and X,y respectively, where Y denotes Y with the opposite orientation. Let i,
and doyy be compactly supported perturbing terms on )A(in and )A(Ow; respectively.
Denote the corresponding moduli spaces ( of solutions with bounded variation of the
CSD functional along the end by Ms,, (Xm) and Ms;,, (Xout, £).

The results of [14] imply that (Ain, din), restricted to the slices {t} x Y, con-
verges, as t — 400, towards an element of the moduli space Nx(Y,t¢) of solu-
tions of the unperturbed 3-dimensional monopole equations on Y (corresponding
to the Spin® structure t¢) modulo gauge transformations which extend over X.
This implies that there is a map 9x,, : Ms,, (Xm) — Nx,, (Y,t¢), and for every
6 € Nx,, (Y,te), we denote 8)_&‘ (0) by Ms,, (Xin,H). Similarly, there is a map

Oxon: Ms,. (Xous) — Nx.., (Y, t¢), and for 6 € Nx_, (Y, t¢) we denote 8)_43\“ 0"

out *

by Mg, (Xout,&,6).

If (X,w) is a symplectic filling of (Y,¢), then by (@) we have SWx ¢)(sw,) # 0.
By [12], this implies that for any 61 € Nx,, (Y, t¢), 02 € Nx,,, (Y, t¢), if di and da de-
note, respectively, the expected dimensions of Ms, (Xin, 61) and Ms, , (Xout, &, 02),

we have di + do = —1 — b1 (Y") while d2 > 0. Moreover, it follows from the Atiyah—
Patodi-Singer index theorem that the difference di — % (c1(W3)? —2x(X) —30(X))

out
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only depends on the Riemannian manifold ¥ and the Spin® structure t¢ (see [12]
for a formula involving an eta invariant). Note that the rational number ¢ (Wy)?
is well defined because, by Proposition 2.1 of [I2], c1(Wx)|y is a torsion class.

We claim that ds cannot be greater than zero. Assuming this fact for the mo-
ment, let us see why it implies the statement. In view of the results mentioned in
the previous paragraph, the claim clearly implies that do = 0 and dy = —1—b1(Y).
Therefore, the number ¢; (Wi)? —2x(X) —30(X) only depends on the pair (Y t¢),
and since the Spin® structure on X is induced by an almost complex structure
Jx, we have ¢;(W¥) = ¢1(Jx). On the other hand, by e.g. [§], the number
c1(Jx)? — 2x(X) — 30(X) determines the homotopy class [(] € p~'(t¢). This
proves the statement assuming the claim.

Let us turn to the proof of the claim. The moduli space Ms,,, ()?Om,f, 0s) sits
inside the quotient B = C/G, where C is a configuration space of pairs (4, ®) and G
is the gauge group. Observe that C is contractible being the cartesian product of an
affine space by a vector space. The gauge group G is contractible as well, because
by definition its elements are maps from X to the circle which are asymptotic to
1 towards +o0o0. Moreover, G acts freely on C because, for every (4,®) € C, ® is
asymptotic to ®g towards +o00. Therefore, since B is the base of a fibration whose
fiber and total space are both contractible, B itself is contractible.

Arguing by contradiction, let us assume that do > 0. Since the moduli space
M (sw) is smooth and 0—dimensional, this would imply by standard gluing theory
that there is an obstruction to extending solutions of the Seiberg—Witten equations
from Xou; to XT. Since the character variety of Y is smooth, this means that
Ms(s.) can be identified with the zero set of a generic section of an obstruction
bundle O — M, ()?Om,f,eg), where O is the restriction of an oriented bundle
over B. Therefore SW x ¢)(sw), which is the algebraic number of points in Ms(s.,),
equals

~

<6(O)7 [M5(X0uta 57 02)]>7

where e(O) denotes the Euler class of O. This number is zero, because O is the
restriction of a bundle over the contractible space B. We have concluded that do > 0
implies SW x ¢)(s,,) = 0, in contradiction with (4]). This establishes the claim and
concludes the proof of Theorems [I.1] and 2.1]. O

4. LEGENDRIAN SURGERIES

In this section we prove the inequality (). We start by briefly recalling a par-
ticular case of Eliashberg’s Legendrian surgery construction. See [2] or [] for gen-
eralizations and details.

A Legendrian knot K in a contact manifold (Y;¢) is a smooth knot in Y which
is everywhere tangent to &. The distribution £ determines, in an obvious way, a
framing of K which we shall call the contact framing.

The standard contact structure & on the 3-sphere S C C? is the oriented
distribution given by the tangent complex lines. Given a Legendrian knot K inside
(S3,&), when the contact framing of K is identified in the usual way with an
integer, it coincides with an invariant of the Legendrian isotopy class of K, the
Thurston—Bennequin number tb(K) € Z. Eliashberg’s Legendrian surgery says, in
particular, that by attaching a 2-handle to K with framing th(K) — 1 one obtains
a Stein 4—manifold with boundary X, which is a special kind of symplectic filling
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with exact symplectic form. What is interesting for us is the fact that there are a
contact structure ¢ on 0X and a symplectic form on X which is positive on (. The
first Chern class ¢1(X) € H?(X;Z) can be easily computed from K: the value of
the pairing of ¢1(X) with the 2-homology class of X determined by the oriented
knot K is equal to the value of another well-known invariant of the Legendrian
isotopy class of K, the rotation number rot(K) € Z (see below for a definition).
Now we need to recall how to represent a Legendrian knot K in (53, &) and how
to compute tb(K) and rot(f?). When restricted to the complement of a point, &
is isomorphic to the contact structure on R? defined by the 1-form 6 = dz + zdy.
Therefore, without loss of generality we can assume that K sits inside R? with the
contact structure given by the kernel of . Up to a small Legendrian perturbation,
the projection of K to the yz—plane is a front, that is, a piecewise—smooth immersed
curve with finitely many singularities which are either transversal double points or
horizontal cusps. Moreover, the cusps are exactly the local extrema of the restriction
of the coordinate function y. Using the differential equation dz/dy = —z, K can
be reconstructed from its front projection, and a knot diagram for K is easily
obtained by letting the over—arc at any double point be the one with the most
negative slope. Let w denote the writhe of the diagram, i.e. the algebraic number
of self-intersections, and ¢ the number of cusps. Then, th(K) = w — %c. If K
denotes an oriented copy of K, let a be the number of ascending cusps of its front

and d the number of descending cusps. Then, rot(K) = (d—a).

Proof of inequality ). Figure@represents the oriented fronts F,, ;, which will yield

our examples via Legendrian surgery. Let I?n,h be the oriented Legendrian knot
corresponding to the oriented front F, j, of Figure[2, 1 < h < 2n. From the front
one computes th(K, ;) = 0 and rot(K, ) = 1+ 2(n — h). Let X, be the Stein
manifold with boundary constructed by attaching a 2-handle along K, ,. We have
c1(Xnn) = —(1+ 2(n — h))PD(g), where g € Ho(X,, n;Z) = Z is the generator

corresponding to the oriented knot I?n,h-

h left cusps  : © | 2n+1-hright cusps

FIGURE 2. The oriented front F, p,

Denote by X,, the smooth 4-manifold underlying X, p, and let Y,, = 0X,,. Let
&n,p be the fillable contact structure induced on Y,, by X,, 5. By [8], the homotopy
class of &, can be identified with the integer c1(X,.1)? — 2x(X,) — 30(X,) =
(1+2(n—h))?—1. It follows that the contact structures &1, &2, - - -, &n,n Tepresent
n different homotopy classes on Y. O
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