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Abstract. Let ϕ(θ) ∼
∑∞
−∞ ake

ikθ (where ak is the k-th Fourier coefficient

of ϕ) be a bounded measurable function on the unit circle T. Consider the
operator Sϕ(m,n) on L2(T) whose matrix with respect to the standard basis{
eikθ : k ∈ Z

}
is given by (ami−nj )i,j∈Z. In this paper, we give upper and

lower bound estimation for r(Sϕ(m,n)), the spectral radius of Sϕ(m,n). Fur-
thermore, we will show that in some cases (for example, if ϕ is continuous on
T and ϕ > 0), the spectral radius of Sϕ(m,n) can be computed exactly in
terms of roots of the norms of some finite Toeplitz matrices.

1. Introduction

Let us consider the Hilbert space L2(T) =
{
f :
∫
T
|f |2 <∞

}
with the usual inner

product 〈f, g〉 =
∫
T
fg and a bounded measurable function ϕ(θ) ∼

∑∞
−∞ ake

ikθ

(where ak is the k-th Fourier coefficient of ϕ) on the unit circle T =
{
eiθ : θ ∈ R

}
.

We will denote the operator of multiplication by ϕ as Mϕ. It is well-known that
the matrix of Mϕ with respect to the standard basis

{
eikθ : k ∈ Z

}
is given by

(ai−j)i,j∈Z. It is also known that the norm and spectral radius of Mϕ are the same,
given by ‖ϕ‖∞ = sup0≤θ<2π |ϕ(eiθ)|.

Let m,n ∈ N. The sampling operator Sϕ(m,n) with symbol ϕ and parameter m,n
is the operator on L2(T) whose matrix representation with respect to

{
eikθ : k ∈ Z

}
is obtained by “keeping” every m-th row and n-th column of the doubly infinite
matrix of Mϕ, i.e., the matrix (ami−nj)i,j∈Z.

A sampling operator arises from considering some alternative for a given inter-
polation scheme in approximation theory. Let f be a function on R whose values
(or sometimes called the outputs of f) are known at equally spaced points, say for
example, the integers, and we are given an interpolation scheme that allows us to
estimate the values of f at, say, the set

{
k
m : k ∈ Z

}
while keeping the same values

of f at the integers. The alternative scheme here is for one to only approximate the
values of f at the subset

{
nj
m : j ∈ Z

}
(for the details on this subject one can check

[8]). To approach this problem from the operator theory point of view, one can for-
mulate the problem as follows: Let {y0(k)}∞−∞ be the values of f at the integers and
let {y1(j)}∞−∞ be the estimates for f on

{
nj
m : j ∈ Z

}
, with y0(0) = y1(0) = f(0).
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Then

y1(j) =
∞∑

k=−∞
amj−nky0(k),

where ϕ(θ) ∼
∑∞
−∞ ake

ikθ is usually a real-valued function on T associated with
the particular scheme chosen.

The spectral radius of the sampling operator Sϕ(m,n) is known to have close ties
to the so-called “smoothness index” of the interpolation scheme that ϕ is associated
with. For example, in the case of the dyadic wavelets in L2(R) (which corresponds
to the interpolation scheme for half integers

{
k
2 : k ∈ Z

}
), usually one first obtains

a smooth solution f in L2(T) of the equation

f(t) =
∑
k

ckf(2t− k),

where ck is the k-th Fourier coefficient of a trigonometric polynomial ϕ on T,
and then constructs the so-called mother function from f to generate the wavelet
basis with desired properties. In order to determine the regularity of the generated
wavelet basis, and consequently the smoothness of f , one calculates the quantity

s0 = M − log2 r(Sϕ̃(2, 1))− 1
2
,

where s0 is the so-called Sobolev exponent of f and M is the multiplicity of ϕ at
θ = π. The term r(Sϕ̃(2, 1)) is precisely the spectral radius for Sϕ̃(2, 1) on L2(T)
and ϕ̃ is obtained basically by factoring out the zeros of ϕ at θ = π up to its
multiplicity. For information on the subjects concerning the estimation for the
regularity of wavelet basis see, for example, [1], [2], [4], [5] and [9].

The purpose of this article is to give an explicit formula to compute r(Sϕ(m,n))
in terms of the asymptotic behavior of the norms of some finite Toeplitz matrices
if ϕ is a positive continuous function on T (Theorem 3.3).

2. Norms for the sampling operators

Throughout this article we will use the notation ϕ(θ) = ϕ(eiθ), θ ∈ R. Let τm be
the continuous mapping defined on T by τm : eiθ → eimθ. Consider the composition
operator Cm = Cτm on L2(T) (i.e., Cmf = f ◦ τm) and the average operator Rm
defined by

(Rmf)(θ) :=
1
m

m−1∑
l=0

f(
θ + 2lπ
m

) a.e. θ ∈ R

for all f ∈ L2(T). It is easy to see that Cm is an isometry and Rm is a partial
isometry. Moreover, Rm = C∗m for every m. It also follows by the definitions that

Rme
ikθ =

{
eisθ if k = ms,
0 otherwise.(1)

It is also easy to check, with this notation, that we have

Sϕ(m,n) = RmMϕCn.

From this, it is evident that Sϕ(m,n) is a bounded operator on L2(T) since
‖Sϕ(m,n)‖ = ‖RmMϕCn‖ ≤ ‖Mϕ‖ ≤ ‖ϕ‖∞.
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The following are some useful facts about Rm and Cn (m,n ∈ N):
(2.1) RmCm = I and CmRm = Pm, where Pm is the projection from L2(T) onto
the closed span of {eimkθ : k ∈ Z}. Also, it is easy to see that RmRn = Rmn and
CmCn = Cmn.

(2.2) Pm = 1
m

∑m−1
l=0 Lζlm , where Lζ is the rotation operator (Lζf) (θ) = f(ζeiθ)

(ζ ∈ C) and ζm = ei
2π
m .

(2.3) For any ϕ in L∞(T), RmMϕCm = Mψ, where ψ = Rmϕ.

(2.4) From the computation

‖MϕCmf‖22 = 〈MϕCmf, MϕCmf〉
=

〈
RmM|ϕ|2Cmf, f

〉
= 〈Mψf, f〉 ,

where ψ = Rm(|ϕ|2), one has ‖RmMϕ‖2 = ‖MϕCm‖2 =
∥∥Rm(|ϕ|2)

∥∥
∞.

(2.5) MϕRm = RmMϕ◦τm and CmMϕ = Mϕ◦τmCm for any m ∈ N and any
ϕ ∈ L∞(T) (in fact, we have CτMϕ = Mϕ◦τCτ in general, for any τ on a compact
metric spaceX that induces a bounded Cτ on L2(X, dµ) with respect to the measure
µ).

Now we compute the norm for Sϕ(m,n)k, k ∈ N:

Lemma 2.1. Given m,n in N such that (m,n) = 1 (where (m,n) = g.c.d.(m,n)).
Then Cm and Rn commute, i.e., CmRn = RnCm.

Proof. Simply check the equality CmRne
ikθ = RnCme

ikθ for all k ∈ Z, using the
fact that (m,n) = 1.

Lemma 2.2. If (m,n) = 1, then for f ∈ L2(T) we have

‖Sϕ(m,n)f‖2 =
n−1∑
k=0

‖RmMϕkf‖22

where

ϕk(θ) = e−ikaθRn(eikθϕ) = e−ikaθ
n−1∑
j=0

eik( θ+2jπ
n )ϕ(

θ + 2jπ
n

)

for some a such that na ≡ 1 mod m. Here ‖f‖2 = (
∫

T
|f |2)

1
2 .

Proof. First let us adopt a decomposition of Mϕ due to Zizler in Theorem 8, [10].
For each 0 ≤ k ≤ n − 1, let Hk =

∨
{ei(k+na)θ : a ∈ Z} and consider hk =

e−ikθCnRn(eikθϕ). Then it follows from (1) that ϕ = h0 + h1 · · · + hn−1 and
MhkCnf ∈ Hk for all k. Therefore, MϕCn = Mh0Cn + Mh1Cn + · · · + Mhn−1Cn
and 〈MhsCnf,MhtCnf〉 = 0 for all f ∈ L2(T) if s 6= t (0 ≤ s, t ≤ n− 1).

On the other hand, it also follows from (1) that Rm(ei(s+na)θ) 6= 0 only if
s + na = m(t + nb) for some 0 ≤ t ≤ n − 1 and b ∈ Z and consequently, only
if s ≡ mt mod n for some 0 ≤ t ≤ n− 1. Suppose that 0 ≤ s1 6= s2 ≤ n − 1 and
s1 ≡ mt1 mod n, s2 ≡ mt2 mod n for some 0 ≤ t1, t2 ≤ n−1. Then t1 6= t2. This
means that 〈RmMhsCnf,RmMhtCnf〉 = 0 for all f ∈ L2(T) if s 6= t, and from this
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we get

‖Sϕ(m,n)f‖22 =
n−1∑
k=0

‖RmMhkCnf‖22, f ∈ L2(T).

Now let αk ∈ Z such that nαk + k ≡ 0 mod m for each k. Then

‖Rm(ei(k+nαk)θg)‖2 = ‖Rmg‖2

for any g ∈ Hk and for each k. Therefore, for any f ∈ L2(T),

‖Rm(ei(k+nαk)θMhkCnf)‖2 = ‖RmCn(eαkθRn(eikθϕ)f)‖2
= ‖CnRm(eαkθRn(eikθϕ)f)‖2
= ‖Rm(eαkθRn(eikθϕ)f)‖2

for each k. Notice that the above equations follow from the definitions, Lemma 2.1
and the fact that Cn is an isometry.

To finish the proof, notice that since (m,n) = 1, there are a, b ∈ Z so that
na + mb = 1. This means that na ≡ 1 mod m, and therefore n(−ka) + k ≡ 0
mod m for each k, which implies that we may choose αk = −ka.

Remark. Here we would like to point out that Rn(|ϕ|2) =
∑n−1
k=0 Rn(|hk|2) =∑n−1

k=0 |ϕk|2. The following is a simple proof: Write

ϕ(θ) =
n−1∑
k=0

hk(θ) =
n−1∑
k=0

e−ikθϕk(θ);

then

Rn(|ϕ|2)(θ) =
n−1∑
k=0

|ϕ(
θ + 2kπ

n
)|2

=
1
n

n−1∑
s,s′=0

ϕs(θ)ϕs′(θ)e
−i(s−s′)θ

n

n−1∑
k=0

e
−i2(s−s′)kπ

n

=
n−1∑
k=0

|ϕ(θ)|2 =
n−1∑
k=0

|hk(θ)|2.

Theorem 2.3. Suppose that (m,n) = r. Then ‖Sϕ(m,n)‖2 equals the essential
supreme of

‖S(θ)‖

over [0, 2π), where S(θ) is a q× q positive definite matrix on Cp whose st-th entry
is the multiplication by Rp(ψsψt)(θ) a.e. θ ∈ [0, 2π) (0 ≤ s, t ≤ q−1), with m = pr,
n = qr, ψ = Rrϕ and ψs is defined by

ψs(θ) = e−isaθRq(eisθψ) = e−isaθ
q−1∑
j=0

eis(
θ+2jπ
q )ψ(

θ + 2jπ
q

)

for some a so that qa ≡ 1 mod p.
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Proof. First observe Sϕ(m,n) = RmMϕCn = Rp(RrMϕCr)Cq = RpMψCq (see
(2.1)–(2.5)). Therefore, by Lemma 2.2, we have

‖Sϕ(m,n)‖2 = sup
‖f‖2=1

q−1∑
k=0

‖RpMψkf‖
2
2 .

Now consider the operator T on K =
⊕q

1 L
2(T) defined by

T :=


RpMψ0 0 · · · · · · 0

...
...

. . .
...

...
...

. . .
...

RpMψq−1 0 · · · · · · 0

 .

It is easy to see that ‖T ‖2 = ‖Sϕ(m,n)‖2. Therefore, the proof follows from (2.3),
‖T ‖2 = ‖T ∗‖2 = ‖TT ∗‖ and the fact that TT ∗ is a block multiplication operator
on K.

Remark. There are two immediate consequences of Theorem 2.3. First, we are now
able to obtain upper bound for ‖Sϕ(m,n)‖. Specifically, since for a.e. θ, S(θ) is
positive definite, we have (see the remark after Lemma 2.2)

‖S(θ)‖ ≤ Tr(S(θ)) = Rpq(|ψ|2)(θ) a.e. θ

(where Tr(A) is the trace of A). Therefore, ‖Sϕ(m,n)‖ ≤ ‖Rpq(|ψ|2)‖
1
2∞. Second,

since the largest eigenvalue λ(θ) of S(θ) satisfies

λ(θ) ≥ q−1Tr(S(θ)) = q−1Rpq(|ψ|2)(θ) a.e. θ,

‖Sϕ(m,n)‖ is bounded below by q−
1
2 ‖Rpq(|ψ|2)‖

1
2∞. The readers can find detailed

discussion on the subject of positive definite matrices in, for example, Chapter 7
in [6]. Here we point out that the upper bound above for ‖Sϕ(m,n)‖ was first
obtained by Zizler in [10].

Combining Sϕ(m,n)k = RpkMψkCqk (by (2.4)), (2.5), Lemma 2.1 and Theorem
2.3, we immediately obtain

Proposition 2.4. Suppose that (m,n) = r. Then ‖Sϕ(m,n)k‖2 equals the essential
supreme of

‖Sk(θ)‖

over [0, 2π), where Sk(θ) is a qk × qk positive definite matrix on Cpk whose entries
are given by Rpk(ψk,sψk,t)(θ) a.e. θ ∈ [0, 2π) (0 ≤ s, t ≤ pk − 1), with m = pr,
n = qr, ψ = Rrϕ, ψk,s = e−isakθRpk(eisθψk) for all s, where

ψk(θ) =
k−1∏
γ=0

ψ(pγqk−1−γθ)

and qkak ≡ 1 mod pk.

Corollary 2.5. r(Sϕ(m,n)) > 0 if log |ψ| ∈ L1(T).
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Proof. By Proposition 2.4 and the remark after Theorem 2.3, we have

‖Sϕ(m,n)k‖2 ≥ 1
qk
‖Rpkqk(|ψk|2)‖∞ ≥ 1

qk

∫ 2π

0

Rpkqk(|ψk|2)
dθ

2π

=
1
qk

∫ 2π

0

|ψk|2
dθ

2π
≥ 1

qk
exp(

∫ 2π

0

log |ψk|2
dθ

2π
)

=
1
qk

exp(k
∫ 2π

0

log |ψ|2 dθ
2π

).

This means that

r(Sϕ(m,n)) = lim
k→∞

‖Sϕ(m,n)k‖ 1
k ≥ 1

√
q

exp
(∫ 2π

0

log |ψ| dθ
2π

)
,

and therefore the result follows from the assumption.

3. Spectral radius computation for Sϕ(m,n)

As a consequence of Proposition 2.4, we see that for any ϕ ∈ L∞(T)

1
√
q

lim sup
k→∞

‖Rpkqk(|ψk|2)‖
1
2k∞ ≤ r(Sϕ(m,n)) ≤ lim inf

k→∞
‖Rpkqk(|ψk|2)‖

1
2k∞

(it can be shown that limk→∞ ‖Rpkqk(|ψk|2)‖
1
2k∞ actually exists). But there is an

obvious problem for these upper and lower bounds estimates, that is, they may be
far apart when q is large. However, for the case of estimating r(Sϕ(m,n)) when ϕ
is continuous and positive, we will show that we can do much better. Before we
begin, let us first introduce some very useful notation:

Definition. Let {fk} and {gk} be two sequences of positive functions on T. We
say that fk is comparable to gk, denoted by fk ≈ gk, if given any 0 < δ < 1 < ρ,
there exists constant c > 0 such that

c−1δkfk ≤ gk ≤ cρkfk uniformly(2)

if k ≥ 1. Two sequences of positive numbers {αk(sk(1), · · · , sk(n)) : ak ≤ sk(i) ≤
bk, ak, bk ∈ N} and {βk(sk(1), · · · , sk(n)) : ak ≤ sk(i) ≤ bk, ak, bk ∈ N} with
multiple indices are said to be comparable uniformly in k (with the same notation)
if they satisfy (2) for some constants that, in addition, do not depend on 1 ≤ i ≤ n.
Two sequences of positive numbers are said to be comparable if they satisfy (2) for
some constants when they are regarded as either sequences of constant functions
or a special case for sequences with multiple indices.

It is easy to see that the relation “≈” is transitive, i.e., if fk ≈ gk and gk ≈ hk,
then fk ≈ hk. Also, if fk ≈ gk, then

k
√
fk

k
√
gk
→ 1 uniformly on T as k → ∞ since ε

and ρ are arbitrary. A similar result also holds for sequences.

Lemma 3.1. Suppose that ψ ∈ C(T) and |ψ| > 0. If p > q, then

|ψk(θ + α)| ≈ |ψk(θ)|

uniformly over R if |α| ≤ 2π
pk , where ψk(θ) =

∏k−1
γ=0 ψ(pγqk−1−γθ).

Proof. Since T is compact and |ψ| > 0, |ψ| is uniformly continuous in the sense that
given any 0 < δ < 1 < ρ, there exists ε > 0 so that δ|ψ(θ1)| < |ψ(θ2)| < ρ|ψ(θ1)| if
|θ1 − θ2| < ε. On the other hand, choose k0 large enough so that 2πqk−s < εpk−s
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whenever k − s ≥ k0 − s0 for some s0 depending only on p and q. This is possible
since p > q. It follows that for θ ∈ R,

K−s0δk−s0 |ψk(θ + α)| ≤ |ψk(θ)| ≤ Ks0ρk−s0 |ψk(θ + α)|
if k ≥ k0, where K = m

M and M and m are the maximum and minimum of |ψ| on
T, respectively. This completes the proof.

Lemma 3.2. Let p > q in N, (p, q) = 1 and ψ > 0 in C(T). For each k, let Ψk

be the step function on T satisfying

Ψk(θ) = ψk(
2πl
pk

), 0 ≤ l ≤ pk − 1,

if θ ≡ φ mod 2π for some 2πbl
pk ≤ φ <

2π(bl+1)
pk , where 0 ≤ bl ≤ pk−1 is the unique

integer so that bl ≡ lqk mod pk, and ψk(θ) =
∏k−1
γ=0 ψ(pγqk−1−γθ). Then

sup
‖f‖22=1

qk−1∑
t=0

‖RpkMΨkLζtkf‖
2
2 ≈ ‖Uk‖, ζk = ei2π/p

k

,

where Uk is a positive definite qk by qk matrix on Cqk whose ij-entry is

1
pk

pk−1∑
l=0

ψk(
2πl
pk

+
2πi
qk

)ψk(
2πl
pk

+
2πj
qk

), 0 ≤ i, j ≤ qk − 1.

Proof. By applying the same technique used in the proof of Theorem 2.3, we see
that

sup
‖f‖22=1

qk−1∑
t=0

‖RpkMΨkLζtkf‖
2
2 = ‖Wk‖2,

where Wk is the operator on
⊕qk

1 L2(T) defined by

Wk(f0, · · · , fqk−1) := (g0, · · · , gqk−1), gt = RpkMΨkLζtkf0,

with adjoint

W∗k (f0, · · · , fqk−1) := (g, 0, 0, · · · , 0), g =
qk−1∑
t=0

LζtkMΨkCpkft,

for (f0, · · · , fqk−1) ∈
⊕qk

1 L2(T). Since ‖Wk‖2 = ‖WkW∗k‖, it follows from (2.3)
that ‖Wk‖2 = ‖Qk‖, where

Qk(f0, · · · , fqk−1) := (g0, · · · , gqk−1), gt =
qk−1∑
s=0

(Rpk(Ψk,tΨk,s))fs,

and Ψk,t(θ) = Ψk(θ − 2πt
pk

), θ ∈ R.
Now suppose that 0 ≤ x ≤ pk−1 and 0 ≤ y ≤ pk−1 are integers so that x ≡ yqk

mod pk, then by the Chinese remainder theorem, the number

y =
pkz + x

qk
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satisfies x ≡ yqk mod pk, where z satisfies −x ≡ zpk mod qk. On the other hand,
since (pk, qk) = 1, there exist αk, βk ∈ Z such that αkpk + βkq

k = 1. Therefore, if
we choose z = −αkx, the number

y =
(1 − αkpk)x

qk
= βkx

satisfies x ≡ yqk mod pk, and this means that Ψk( θ
pk + 2πx

pk ) = ψk(2πβkx
pk ) for

θ ∈ [0, 2π). So for 0 ≤ l ≤ pk − 1 and 0 ≤ t ≤ qk − 1, we have

Ψk,t(
θ + 2πl
pk

) = Ψk(
θ + 2πl
pk

− 2πt
pk

) = ψk(
2πβkl
pk

− 2πβkt
pk

)

= ψk(
2πβkl
pk

+
2παkt
qk

− 2πt
pkqk

)

≈ ψk(
2πβkl
pk

+
2παkt
qk

) (0 ≤ θ < 2π)

uniformly in k by Lemma 3.1 since 0 ≤ 2πt
pkqk

≤ 2π
pk

if 0 ≤ t ≤ qk − 1. Hence

Rpk(Ψk,tΨk,s) ≈
1
pk

pk−1∑
l=0

ψk(
2πl
pk

+
2παkt
qk

)ψk(
2πl
pk

+
2παks
qk

)

uniformly in k since the fact that (βk, pk) = 1 implies that {βkl : 0 ≤ l ≤ pk − 1} is
simply a rearrangement of {0, 1, 2, · · · , pk−1}. By the same reason, since (αk, qk) =
1, {αkt : 0 ≤ t ≤ qk − 1} = {0, 1, 2, · · · , qk − 1}, and this completes the proof.

An n× n matrix A = (aij), 1 ≤ i, j ≤ n, is called a Toeplitz matrix if aij = aj−i
for all i, j. Toeplitz matrices have found a wide variety of applications in areas
including analytic functions, stochastic process and statistics (see, for example, [5]).
The next result is interesting since it states that the spectral radius of Sϕ(m,n)
can be expressed in terms of the limit of roots of the norms of some finite Toeplitz
matrices.

Theorem 3.3. Let ϕ be continuous on T and m > n. Let m = pr, n = qr,
(p, q) = 1, ψ = Rrϕ and ψk(θ) =

∏k−1
γ=0 ψ(pγqk−1−γθ). Then

r(Sϕ(m,n)) = lim
k→∞

‖Sk‖
1
2k ,

if ψ > 0, where Sk is a real symmetric qk × qk matrix whose ij-entry is

1
pkqk

pk−1∑
l=0

ψk(
2πl
pk

+
2πi
qk

)ψk(
2πl
pk

+
2πj
qk

), 0 ≤ i, j ≤ qk − 1.

Furthermore, the norm of Sk is comparable to that of a real symmetric Toeplitz
matrix Tk on Cqk for each k. Specifically, the ij-entry for Tk is

1
pkqk

pk−1∑
l=0

ψk(
2πl
pk

)ψk(
2π(l + βj−i)

pk
), 0 ≤ i, j ≤ qk − 1,

where βs = [p
ks
qk ] (s ∈ Z), and [x] is the smallest integer less than or equal to x.
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Proof. Since Sϕ(m,n)k = Sψk(pk, qk), we have

‖Sϕ(m,n)kf‖22 =
1
p2k

∫ 2π

0

|
pk−1∑
l=0

ψk(
θ + 2πl
pk

)f(
qk(θ + 2πl)

pk
)|2 dθ

2π

=
1

p2kqk

qk−1∑
t=0

∫ 2π

0

|
pk−1∑
l=0

ψk(
θ + 2πt
pkqk

+
2πl
pk

)f(
θ + 2π(t+ lqk)

pk
)|2 dθ

2π

≈ 1
p2kqk

qk−1∑
t=0

∫ 2π

0

|
pk−1∑
l=0

ψk(
2πl
pk

)f(
θ + 2π(t+ lqk)

pk
)|2 dθ

2π

=
1
qk

qk−1∑
t=0

‖RpkMΨkCζtkf‖
2
2,

for any f ≥ 0 in L2(T), where Ψk and ζk are defined in Lemma 3.2. Note also that
the last equation follows from the fact that (pk, qk) = 1. Therefore, by Lemma 3.2,
‖Sϕ(m,n)k‖2 ≈ ‖Sk‖ since qkSk = Uk (it is enough to assume that f ≥ 0 since
ψ ≥ 0).

Now let 0 ≤ i ≤ qk − 1. Suppose that 2πα
pk
≤ 2πi

qk
< 2π(α+1)

pk
for some integer

0 ≤ α ≤ pk − 1; then [p
ki
qk ]− 1 < α ≤ [p

ki
qk ]. It follows that

ψk(
2πl
pk

+
2πi
qk

) ≈ ψk(
2πl
pk

+
2πβi
pk

),

uniformly in k, where βi = [p
ki
qk ], and therefore, uniformly in k, we have

pk−1∑
l=0

ψk(
2πl
pk

+
2πi
qk

)ψk(
2πl
pk

+
2πj
qk

) ≈
pk−1∑
l=0

ψk(
2πl
pk

+
2πβi
pk

)ψk(
2πl
pk

+
2πβj
pk

)

=
pk−1∑
l=0

ψk(
2πl
pk

)ψk(
2πl
pk

+
2π(βj − βi)

pk
)

≈
pk−1∑
l=0

ψk(
2πl
pk

)ψk(
2πl
pk

+
2π(βj−i)

pk
)

≈
pk−1∑
l=0

ψk(
2πl
pk

)ψk(
2πl
pk

+
2π(j − i)

qk
).

Notice that the equations above follow from the definition of βi, the property of
the Gauss function [x] and the fact that ψk is 2π periodic. So far we have shown

that if ψ > 0, then ‖Sϕ(m,n)k‖ ≈ ‖Sk‖
1
2 ≈ ‖Tk‖

1
2 and Tk is a Toeplitz matrix on

Cqk for all k. Hence,

r(Sϕ(m,n)) = lim
k→∞

‖Sϕ(m,n)k‖
1
k = lim

k→∞
‖Sk‖

1
2k = lim

k→∞
‖Tk‖

1
2k .

Let ϕ ∈ L∞(T) and let P be the projection from L2(T) onto H2, where H2 is
the so-called Hardy space on the unit disc, identified as the closed span of {eikθ :
k ≥ 0} in L2(T). The operator Tϕ : H2 → H2 defined by Tϕ = PMϕ is called the
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Toeplitz operator with symbol ϕ. Now let ϕ ∼
∑
ake

ikθ . It is well-known that the
representing matrix of Tϕ with respect to the standard basis {eikθ : k ≥ 0} on H2

is {aj−i}, i, j ≥ 0 (which is sometimes called an “infinite” Toeplitz matrix) and we
have ‖Tϕ‖ = ‖ϕ‖∞. Since it is easy to see that any finite Toeplitz matrix {aj−i},
0 ≤ i, j ≤ n − 1 is an n × n minor of the infinite Toeplitz matrix {aj−i}, i, j ≥ 0
and since all entries of Tk are positive, we have

‖Tk‖ ≤ ‖Tϕ‖ =
2

pkqk

qk−1∑
i=0

pk−1∑
l=0

ψk(
2πl
pk

)ψk(
2π(l + βi)

pk
)− 1

pkqk

pk−1∑
l=0

ψk(
2πl
pk

)2

for all k, where the symbol ϕ ∼
∑
aje

ijθ for the Toeplitz operator Tϕ in the above

inequality is given by aj = 1
pkqk

∑pk−1
l=0 ψk(2πl

pk
)ψk(2π(l+βj)

pk
) for −qk+1 ≤ j ≤ qk−1

and aj = 0 if else. Here the author would like to refer the readers to [3], which is
an excellent source of reference on the subjects concerning the Toeplitz operator.
On the other hand, since Tk is positive definite, ‖Tk‖ equals sup{〈Tkx, x〉 : x ∈
Cqk , ‖x‖2 = 1}. So in particular, if x = (q−

k
2 , · · · , q

−k
2 )∗, then ‖x‖2 = 1 and

‖Tk‖ ≥ 〈Tkx, x〉, i.e.,

‖Tk‖ ≥
1

pkq2k

qk−1∑
i,j=0

pk−1∑
l=0

ψk(
2π(l + βi)

pk
)ψk(

2π(l + βj)
pk

).

Now fix an i. For any 0 ≤ j ≤ qk − 1, we have

pk−1∑
l=0

ψk(
2π(l + βi)

pk
)ψk(

2π(l + βj)
pk

) =
pk−1∑
l=0

ψk(
2π(l + βi−j)

pk
)ψk(

2πl
pk

)

=
pk−1∑
l=0

ψk(
2πl
pk

)ψk(
2π(l + βqk−(i−j))

pk
)

since ψk is 2π periodic. Therefore tk ≤ ‖Tk‖ ≤ 2tk, where

tk =
1
pk

pk−1∑
l=0

(
1
qk

qk−1∑
i=0

ψk(
2π(l + βi)

pk
))2.

These observations lead to one of the main results of this paper:

Theorem 3.4. Let ϕ be a continuous function on T. If m > n, then

r(Sϕ(m,n)) = lim
k→∞

‖Rpk(Rqkψk)2‖
1
2k∞

if ψ = ψ1 > 0, where p, q and ψk are defined as before.

Proof. As we have seen preceding the theorem, it suffices to show that tk ≈
‖Rpk(Rqkψk)2‖∞ by Theorem 3.3. Now since Cqk is also an isometry on C(T), we
have, with the help of Lemma 2.1, that ‖Rpk(Rqkψk)2‖∞ = ‖Rpk(CqkRqkψk)2‖∞.
On the other hand, since Rpk(CqkRqkψk)2 ∈ C(T) and T is compact, there exists
θk ∈ [0, 2π) such that ‖Rpk(CqkRqkψk)2‖∞ = (Rpk(CqkRqkψk)2)(θk), i.e. for each
k, we have

‖Rpk(Rqkψk)2‖∞ =
1
pk

pk−1∑
l=0

(
1
qk

qk−1∑
i=0

ψk(
θk + 2πl

pk
+

i

qk
))2
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by (2.2). Hence, tk ≈ ‖Rpk(Rqkψk)2‖∞ follows from the fact

ψk(
2π(l + βi)

pk
) ≈ ψk(

2πl
pk

+
i

qk
) ≈ ψk(

θk + 2πl
pk

+
i

qk
)

uniformly in k by Lemma 3.1.

Remark. When q = 1, Sϕ(m,n) reduces to Sψ(p, 1) = RpMψ. In this special case,
the spectral radius formula of Sϕ(m,n) in the form given in Theorem 3.4 can be
derived directly from repeated applications of (2.4) and Lemma 2.1. The author
believes that the formula presented in Theorem 3.3 is true for all nonnegative
ψ, but has not been able prove it at this stage. On the other hand, the author
has also come to believe that the possibility of the strict inequality r(Sϕ(m,n)) <
r(S|ϕ|(m,n)) exists (i.e., Theorem 3.4 may be invalid) if ψ is no longer nonnegative.
The reason being that since if q > 1, then Cqk does not map L∞(T) onto itself and,
consequently, there may not exist f ∈ L2(T) such that

RpkMψkCqkf = Rpk(ψkCqkf) = Rpk(|ψk|Cqk |f |) = RpkM|ψk|Cqk |f |.
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