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ABSTRACT. Let ¢(0) ~ 3% ape’*® (where ay, is the k-th Fourier coefficient
of ) be a bounded measurable function on the unit circle T. Consider the
operator S,(m,n) on L?(T) whose matrix with respect to the standard basis
{eike ke Z} is given by (amifnj)i,jez- In this paper, we give upper and
lower bound estimation for (S, (m,n)), the spectral radius of Sy, (m,n). Fur-
thermore, we will show that in some cases (for example, if ¢ is continuous on
T and ¢ > 0), the spectral radius of S,(m,n) can be computed exactly in
terms of roots of the norms of some finite Toeplitz matrices.

1. INTRODUCTION

Let us consider the Hilbert space L?(T) = {f : [ |f|* < oo} with the usual inner
product (f,g) = [, fg and a bounded measurable function () ~ Y>> ape’?
(where ay, is the k-th Fourier coefficient of ¢) on the unit circle T = {e’ : § € R},
We will denote the operator of multiplication by ¢ as M. It is well-known that
the matrix of M, with respect to the standard basis {eike ke Z} is given by
(@i—;)ijez. It is also known that the norm and spectral radius of M, are the same,
given by [¢]loc = Suby<gcay (7).

Let m,n € N. The sampling operator S,(m,n) with symbol ¢ and parameter m,n
is the operator on LQ(T) whose matrix representation with respect to {e““e ke Z}
is obtained by “keeping” every m-th row and n-th column of the doubly infinite
matrix of M, i.e., the matrix (ami—n;j)i,jez-

A sampling operator arises from considering some alternative for a given inter-
polation scheme in approximation theory. Let f be a function on R whose values
(or sometimes called the outputs of f) are known at equally spaced points, say for
example, the integers, and we are given an interpolation scheme that allows us to
estimate the values of f at, say, the set {% ke Z} while keeping the same values
of f at the integers. The alternative scheme here is for one to only approximate the
values of f at the subset {% 1] € Z} (for the details on this subject one can check
[]]). To approach this problem from the operator theory point of view, one can for-
mulate the problem as follows: Let {yo(k)}>,, be the values of f at the integers and

let {y1(j)}>, be the estimates for f on {2 : j € Z}, with yo(0) = 1(0) = f(0).
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Then

yl(j): Z amj—nkyO(k)a

k=—o0

where ¢(0) ~ 3% _aie*® is usually a real-valued function on T associated with
the particular scheme chosen.

The spectral radius of the sampling operator S, (m,n) is known to have close ties
to the so-called “smoothness index” of the interpolation scheme that ¢ is associated
with. For example, in the case of the dyadic wavelets in L?(R) (which corresponds
to the interpolation scheme for half integers {% ke Z}), usually one first obtains
a smooth solution f in L?(T) of the equation

F) = ef(2t—k),
k

where ¢ is the k-th Fourier coefficient of a trigonometric polynomial ¢ on T,
and then constructs the so-called mother function from f to generate the wavelet
basis with desired properties. In order to determine the regularity of the generated
wavelet basis, and consequently the smoothness of f, one calculates the quantity

1
so= M —logym(S5(2, 1)) — 5,

where sg is the so-called Sobolev exponent of f and M is the multiplicity of ¢ at
6 = m. The term 7(S3(2,1)) is precisely the spectral radius for Sz(2,1) on L?(T)
and ¢ is obtained basically by factoring out the zeros of ¢ at § = 7 up to its
multiplicity. For information on the subjects concerning the estimation for the
regularity of wavelet basis see, for example, [1], [2], [4], [5] and [9].

The purpose of this article is to give an explicit formula to compute (S, (m,n))
in terms of the asymptotic behavior of the norms of some finite Toeplitz matrices
if ¢ is a positive continuous function on T (Theorem 3.3).

2. NORMS FOR THE SAMPLING OPERATORS

Throughout this article we will use the notation ¢(6) = p(e*), § € R. Let 7,,, be
the continuous mapping defined on T by 7, : €? — ™. Consider the composition
operator Cp, = C,.on L*(T) (i.e., C,uf = f o 7m) and the average operator R,
defined by

m—1

(R f)(®) = = 3™ ¢

—~ 0+ 27
1=0

m

) ae.0eR

for all f € L?(T). It is easy to see that C,, is an isometry and R,, is a partial
isometry. Moreover, R, = C};, for every m. It also follows by the definitions that

1560 :
w0 | e if k = ms,
(1) Rme™ = { 0 otherwise.

It is also easy to check, with this notation, that we have
Sy(m,n) = RpyM,C,.

From this, it is evident that S,(m,n) is a bounded operator on L*(T) since
156 (m, )| = [| R Mp G| < [| M| < [0l oo
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The following are some useful facts about R,, and C,, (m,n € N):

@1) R,,C,, = I and C,, R, = P,,, where P, is the projection from L?(T) onto
the closed span of {e™™*? : k € Z}. Also, it is easy to see that R,, R, = R, and
C Cn = Cmn

@2) P, =137, 0 EC’ , where L. is the rotation operator (L¢f) (0) = f(¢e™)
(e and{m:e

(23) For any ¢ in L>*(T), R,,,M,C,, = My, where ) = Rp,¢p.

(24) From the computation

IMpCrnfll2 = (MgCinf, MpCuf)
= (RuMp2Cinf, f)
(Myf, f),

where 1 = Ry, (|¢l?), one has | R My|1> = | MyCin|* = ||Rin(10?)]|

@5) MyR,, = RnMyor,, and CpyM, = M,or,, Cy for any m € N and any
@ € L*°(T) (in fact, we have C; M, = M,o-C- in general, for any 7 on a compact
metric space X that induces a bounded C; on L?(X, du) with respect to the measure

14)-
Now we compute the norm for S,(m,n)*, k € N:

Lemma 2.1. Given m,n in N such that (m,n) =1 (where (m,n) = g.c.d.(m,n)).
Then C,, and R, commute, i.e., Cp, R, = R,Ch,.

Proof. Simply check the equality C,, R,e**® = R, C,,e™*® for all k € Z, using the
fact that (m,n) = 1. O

Lemma 2.2. If (m,n) =1, then for f € L*(T) we have

18 (m,n) f]* = ZIIR M, fI3

where

on(0) = e~ O R, (¢H0 ) = —ikal Z (R 0 _|_n2]77)

M|H

for some a such that na =1 mod m. Here || fll2 = ([ |f]*)2.

Proof. First let us adopt a decomposition of M., due to Zizler in Theorem 8, [10].
For each 0 < k < n —1, let H, = \/{ei(’””“)e : a € Z} and consider hy =
e *C, R, (e ). Then it follows from () that ¢ = ho + hy--- + h,_; and
My, Cnf € Hy, for all k. Therefore, M,Cy, = Mp,Cy, + My, Cy, + -+ + My, Cp
and (M}, Cyf, Mp,Cpf) =0 for all f € L2(T)if s#¢t (0 <s,t <n-—1).

On the other hand, it also follows from () that R,,(e!*T"®?) = 0 only if
s+ na = m(t + nb) for some 0 < ¢t < n—1 and b € Z and consequently, only
if s = mt mod n for some 0 <t < n— 1. Suppose that 0 < s; # s3 <n —1 and
s1 =mit; mod n, s = mits mod n for some 0 < t1,t5 < n—1. Then ¢; # t5. This
means that (R,,, My, Cy f, Ry Mp,Cp f) = 0 for all f € L?(T) if s # ¢, and from this
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we get

n—1

IS¢ (m, n)f13 =Y 1Rm M, Cuf 113, f € L*(T).

k=0

Now let o, € Z such that nay + k =0 mod m for each k. Then
[ R (e"*F X ) |y = || Ryngl|2
for any g € Hj, and for each k. Therefore, for any f € L?(T),

[ Ry (5RO My, Coflla = [[RimnCr(e* R (™) )2
= HCYLRM(eakeRn(eike@)f)||2
= | Bu(e™ Ru(e™0) )2
for each k. Notice that the above equations follow from the definitions, Lemma 2]
and the fact that C), is an isometry.
To finish the proof, notice that since (m,n) = 1, there are a,b € Z so that

na +mb = 1. This means that na = 1 mod m, and therefore n(—ka) + k = 0
mod m for each k, which implies that we may choose o = —ka. [l

Remark. Here we would like to point out that R,(|¢|?) = EZ;& R, (|he|?) =
Z;& |ox|?. The following is a simple proof: Write

n—1 n—1
0(0) =Y hi(0) =Y e ™ or(6);
k=0 k=0
then
n—1
0+ 2kr
Ra(le?)(0) = lo(— )7
k=0
1= im0 o _in(amanik
= = ps(0)py (0)e = B
n
s,8'=0 k=0
n—1 n—1
= @) = > |h(0).
k=0 k=0

Theorem 2.3. Suppose that (m,n) = r. Then ||S,(m,n)||? equals the essential
supreme of

IS

over [0,27), where S(0) is a g x q positive definite matriz on C? whose st-th entry
is the multiplication by Ry (¥s1,)(0) a.e. 8 € [0,2m) (0 < s,t < g—1), withm = pr,
n=gqr, Y = R,p and ¥y is defined by

0+

q—1 )
wg(e) — efzsaORq(ezsew) — efzsae Z els( qJ )w(
j=0

0+ 2jm
q

)

for some a so that qa =1 mod p.
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Proof. First observe S,(m,n) = RnMy,Cp = Ry(R.-M,C,)Cqy = R,MyCy (see
@2.1)-@5)). Therefore, by Lemma [Z2] we have

q—1

S,(m,n)||> = su R, My, f|1%.
>

|| plm, p H D wkaz
Ifla=1 =%,

Now consider the operator T on K = @7 L*(T) defined by
R,My, 0 -+ - 0

RyMy, , O - . 0
It is easy to see that ||T]|? = ||S,(m, n)||?. Therefore, the proof follows from ([@.3),
|T)|?> = |T*||* = ||TT*|| and the fact that TT* is a block multiplication operator
on K. (|

Remark. There are two immediate consequences of Theorem[2Z3] First, we are now
able to obtain upper bound for ||S,(m,n)||. Specifically, since for a.e. 6, S(0) is
positive definite, we have (see the remark after Lemma Z2)

IS@)]] < Tr(S(0)) = Rpq(|¢1*)(0) ace. 0

(where Tr(A) is the trace of A). Therefore, || Sy(m,n)|| < ||qu(|w|2)||§o. Second,
since the largest eigenvalue A\(6) of S(0) satisfies

AO) = ¢V Tx(S(8)) = 4 Rog([4)(0) e 6,

1
IS, (m, n)|| is bounded below by q_% | Rpg(|¥0]?)||&. The readers can find detailed
discussion on the subject of positive definite matrices in, for example, Chapter 7
in [6]. Here we point out that the upper bound above for ||S,(m,n)| was first
obtained by Zizler in [10].

Combining S, (m,n)* = R« My, Cye (by (2.4)), (2.5), Lemma[2] and Theorem
23, we immediately obtain
Proposition 2.4. Suppose that (m,n) = r. Then ||S,(m,n)* ||
supreme of

equals the essential

15k

over [0, 27), where S, (_0) is a ¢* x ¢* positive definite matriz on C*" whose entries
are given by Ryx (ks ) (0) a.e. 0 € [0,2m) (0 < s,t < pF — 1), with m = pr,
n=gqr, Y =Ry, Yy = e‘isakeRpk (€*%y) for all s, where

k-1

Ur(0) = [[ v(p7d"70)

~=0
and ¢®ar, =1 mod p*.

Corollary 2.5. 7(S,(m,n)) > 0 if log [¢| € L*(T).
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Proof. By Proposition 24l and the remark after Theorem [Z3, we have

1 de

1 2
1S (m )" > = q—kIIRpqu(lwkIQ)lloo > q_’“/o Ryeqr ([e]) 5

12 ,de 1 I do
= —_— —_— > —_— 1 2—
qF /O |¢k| o T g~ eXp(/O 0g |¢k| 271')

1 2m o df
= e [ loalE).

This means that

, L1 °r do
(S, m) = Jim 15, > = esp ([ ool 2 )
and therefore the result follows from the assumption. O

3. SPECTRAL RADIUS COMPUTATION FOR S, (m,n)

As a consequence of Proposition 2-4] we see that for any ¢ € L>°(T)

1. . o 2
%hgisipHRpqu(lWF)lléé‘ < (S (m,n)) < Hminf | Ryeqn (Jx[*)] 2

(it can be shown that limy_, o ||Rpqu(|wk|2)||é’§ actually exists). But there is an
obvious problem for these upper and lower bounds estimates, that is, they may be
far apart when ¢ is large. However, for the case of estimating r(S,(m,n)) when ¢
is continuous and positive, we will show that we can do much better. Before we
begin, let us first introduce some very useful notation:

Definition. Let {fx} and {gr} be two sequences of positive functions on T. We
say that fi is comparable to gy, denoted by fr ~ gi, if given any 0 < 6 < 1 < p,
there exists constant ¢ > 0 such that

(2) ¢ 1k i, < gr < cp®fi  uniformly

if K > 1. Two sequences of positive numbers {ay(si(1), -+, sk(n)) : ax < si(i) <
b, ap,br € N} and {ﬁk(sk(l),--- ,sk(n)) Dap < Sk(l) < bg, ag,bp € N} with
multiple indices are said to be comparable uniformly in &k (with the same notation)
if they satisfy (2)) for some constants that, in addition, do not depend on 1 < i < n.
Two sequences of positive numbers are said to be comparable if they satisfy (@) for
some constants when they are regarded as either sequences of constant functions
or a special case for sequences with multiple indices.

1]

It is easy to see that the relation “~” is transitive, i.e., if fr ~ gr and gx =~ hy,

then fi =~ hg. Also, if fr ~ gk, then }]:/\/g:: — 1 uniformly on T as k — oo since ¢

and p are arbitrary. A similar result also holds for sequences.
Lemma 3.1. Suppose that ¢ € C(T) and || > 0. If p > q, then

[V (6 + o) =[x (0)]

uniformly over R if |a| < f}—g, where Y (0) = Hﬁ;éw(pvqk*k”’ﬁ),

Proof. Since T is compact and || > 0, || is uniformly continuous in the sense that
given any 0 < 6 < 1 < p, there exists ¢ > 0 so that §|y(01)] < |¢(02)| < p|y(61)] if
|01 — 62| < e. On the other hand, choose kg large enough so that 2mg*~* < ep®~*
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whenever k — s > kg — so for some sy depending only on p and ¢. This is possible
since p > q. It follows that for § € R,

K060 gy (0 + a)| < [¢r(0)] < K*p" >[4, (0 + )]

if k > ko, where K = {; and M and m are the maximum and minimum of || on
T, respectively. This completes the proof. O

Lemma 3.2. Let p > q in N, (p,q) =1 and v > 0 in C(T). For each k, let ¥y,
be the step function on T satisfying

27l
Ui (0) = Yu(—
p
if 0 = ¢ mod 2w for some 2;:—,?‘ <o¢p< %, where 0 < by < p* —1 is the unique
integer so that by = Ig¥ mod p*, and 1y(0) = H:;(l) Y(p'g"17760). Then

), 0<I1<ph—1,

k_q
=1 k i k

I S|\2 Z H p My EC}ifHQ ~ HUk||7 Ck =e' /p )

FlIZ=1 1= o

where Uy, is a positive definite ¢ by ¢* matriz on C? whose ij-entry is
k_1
1 2nl 2w 2wl 2mj &
—= Ue(— + )+ =), 0<i,5<¢" -1
p* lz_; A A ’

Proof. By applying the same technique used in the proof of Theorem 23] we see
that

q"-1
sup Y || Ry M, Ly fII5 = [V,
If15=1 =0

where Wj, is the operator on @gk L?(T) defined by

Wi(fo, -+ s fgeo1) = (9o, s ggr—1)s 9t = Ry Mw, Lot fo,
with adjoint
q"—1
Wiifor s fro1) = (9:0,0,---,0), g = > Lzt M, Cpr fi,
t=0
for (fo, -, fgr_1) € @‘fk L*(T). Since [[Wg||? = [WiW{]|, it follows from (2.3)
that | Wi |* = || Qkll, where

-1
Qk(f()a e aqu—l) = (gOa T aqu—l)a gt = Z (Rpk (\I/k,tq/k,s))f&

s=0
and \I’k,t(e) = \I/k(9 — m), 0 €R.

pk
Now suppose that 0 < z < p*¥ —1 and 0 < y < p* — 1 are integers so that x = yq"

mod p*, then by the Chinese remainder theorem, the number

. pkz—l—a:
g~
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satisfies = y¢® mod p*, where z satisfies —z = zp* mod ¢*. On the other hand,
since (p*, ¢") = 1, there exist ay, B € Z such that agp® + Bx¢® = 1. Therefore, if
we choose z = —ayx, the number

(1 — agp®)z
7
satisfies © = yg" mod p*, and this means that \Ilk(;% + 2ﬂ) = Yy (2”6"’”) for

6 € [0,2m). Soforoglgpk—landOStﬁqk—l,wehave

y= = Ok

0+ 2wl 0+ 2wl 27t 27rﬂkl 27 Bt
U (22— g (2T ATy
ki( pk ) k( pk pk ) k( p pk )
270kl 2mayt 2t
= Wil PR )

27Tﬂkl 27rakt
e e ) (0<6<2m)

uniformly in & by Lemma 1] since 0 < piztk < f)—’,: if 0 <t <¢*—1. Hence

Ui(

Q

2l 27rakt 2wl 27mays
— Wk +—)

Rk (V1 W s) = o Z ?/Jk » .

uniformly in k since the fact that (8, p*) = 1 implies that {8l : 0 <1 < p* — 1} is
simply a rearrangement of {0, 1,2, --- ,p*¥—1}. By the same reason, since (ay, ¢*) =
L {apt:0<t<q¢"—1}=1{0,1,2,---,¢* — 1}, and this completes the proof. O

An n x n matrix A = (a;;), 1 <4,j < n, is called a Toeplitz matriz if a;; = a;j_;
for all 7,j. Toeplitz matrices have found a wide variety of applications in areas
including analytic functions, stochastic process and statistics (see, for example, [5]).
The next result is interesting since it states that the spectral radius of S,(m,n)
can be expressed in terms of the limit of roots of the norms of some finite Toeplitz
matrices.

Theorem 3.3. Let ¢ be continuous on T and m > n. Let m = pr, n = qr,
(p,q) = 1, ¥ = Ry and ¥3(8) = [1,Z (p7¢" "' 776). Then

r(Se(m,n)) = lim | Sk||7,
k—o0
if ¥ > 0, where Sy is a real symmetric ¢° x ¢® matriz whose ij-entry is
1R om 2w 2al 2mj
0 e 0 ] . k
ok Vi(— + )k + =), 0<i,j<q¢" -1
prgk Z{:} ( P q* (pk e

Furthermore, the norm of Sy is comparable to that of a real symmetric Toeplitz
k
matriz Ty, on C? for each k. Specifically, the ij-entry for Ty is

27Tl (l—l—ﬁj i) . &
- . ) OSZ; < _]-a
o Z Yr(— e Ui ( o ) J<q

where 8 = [%] (s € Z), and [z] is the smallest integer less than or equal to x.
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Proof. Since S,(m,n)* = Sy, (p¥, ¢~), we have

1 e B 9+27rl ¢ (0 + 2nl
H%MWMﬂ@:EEO|§jm (4 (w )\

-1 Lon p"
(O2nt o 0+ 2n(t +1q") ., do
pgqu Z / | Z Vi (——— pk )f(p—kﬂ

1A e 27rl 9+27T(t—|—lqk) L df
= DRk Z/ | Z wk p—k)| 21

¢"—1

L
=7 Z | Ry M, Ces I3,
=0

et

for any f > 0 in L2( ), where Wy, and (i are defined in Lemma 3:2] Note also that
the last equation follows from the fact that (p*, ¢*) = 1. Therefore, by Lemma [3.2]
1Sy (m,n)k||? ~ ||Sk|| since ¢¥Sy = Uy (it is enough to assume that f > 0 since
¥ >0).

Now let 0 < i < ¢* — 1. Suppose that 2”0‘ < Qk < w for some integer

0<a<p” —1,then[’;—k]—1<a<[ ]Itfollowsthat
27Tl 27 27l 27T6z
w e w )
k( i Ty k( o )
uniformly in k, where 3; = [’;—k], and therefore, uniformly in k, we have
P k_1 . .
27 2nl 27y 27l 2775 27l 2775-
Z W k(=) & Z wk 1)%( )
q p q p
k_q
_ - 2l | 2m(; = )
= S ot 2R,

Q

P l l ;
Zwk 2p7r 1/)19(27r 27r(§1i ))

Pl l L 2m(j i)

Z wk T)-

Notice that the equations above follow from the definition of f3;, the property of
the Gauss function [z] and the fact that vy is 27 periodic. So far we have shown
1

Q

1
that if ¢» > 0, then ||S,(m,n)¥|| ~ ||Sk||2 ~ || Tx||2 and T} is a Toeplitz matrix on
C” for all k. Hence,

1 1 1
r(Sp(m,n)) = lim [[Sp(m,n)*|% = lim [|Sy] 2% = lim ||T]/2F.
k—o00 k—o0 k—o00
O

Let ¢ € L>°(T) and let P be the projection from L?(T) onto H?, where H? is
the so-called Hardy space on the unit disc, identified as the closed span of {e* :
k >0} in L*(T). The operator T}, : H?> — H? defined by T,, = PM,, is called the
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Toeplitz operator with symbol p. Now let ¢ ~ > are™®. It is well-known that the
representing matrix of T, with respect to the standard basis {e*? : k> 0} on H?
is {aj—i}, 4,7 > 0 (which is sometimes called an “infinite” Toeplitz matrix) and we
have || T,|| = ||¢|loo- Since it is easy to see that any finite Toeplitz matrix {a;_;},
0<4i,5<n-—1isann xn minor of the infinite Toeplitz matrix {a;_;}, i,7 > 0
and since all entries of T} are positive, we have

q —1p —1 pk—l
27Tl l—l—ﬁz 1 27l
”TkH < HT H — Tk k wk wk( ( T kK wk( L )2
P*q 7303 prq leo p

i=0 [=0

for all k£, where the symbol go >aj €9 for the Toeplitz operator T, in the above
inequality is given by a; = pqu o 71 1/);9(2”1)1/} (%) for —¢¥4+1<j < ¢ -1
and a; = 0 if else. Here the author would hke to refer the readers to [3], which is

an excellent source of reference on the subjects concerning the Toeplitz operator.
On the other hand, since T}, is positive definite, || Tkl equals sup{(Tjz,z) : = €
£

Cq |z]l2 = 1}. So in particular, if z = (¢”2,--- ,q 2 )*, then ||lz]l = 1 and
||TkH > (Tyx, x), ie.,

e L+
7> e 3 S ‘,f”)wk(w 0),,

1,j=0 (=0 p

Now fix an 4. For any 0 < j < ¢ — 1, we have

> (AL, BT, Zwk 2 Bl 2
=0

-l 27l U4 Bk _(i—;
= Z% pﬂ J¥i( el ii : j)))

since 9y is 27 periodic. Therefore ¢ < ||Tk|\ < 2ty, where

y 2_ Zwk P,

These observations lead to one of the main results of this paper:

Theorem 3.4. Let ¢ be a continuous function on T. If m > n, then
r(Sp(m,n)) = lim || Ry (Ryen)?)1 3

if v =11 >0, where p, q and Yy are defined as before.

Proof. As we have seen preceding the theorem, it suffices to show that ¢, =
| Rpr (Ryrthi)?|| o by Theorem B3 Now since C,v is also an isometry on C(T), we
have, with the help of Lemma 2] that ||Ryx(Rxvk)?|loc = | Rpr (Cyr Ryrthie)? || o
On the other hand, since R, (Cyx Ryepp)? € C(T) and T is compact, there exists
01 € [0,27) such that ||Rpk(ququwk)2Hoo = (Rpe (Cye Ryx 1)) (0y), i.e. for each
k, we have

1 ~ 1 — ek +27Tl 7
1By (Rt e = - Z (G Z )
1=0 i=0
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by (2.2). Hence, tx ~ ||R,x(R, m/)k)2||oo follows from the fact

27 (l + f3; 1 0 —|— 27l i
%(%) ?/Jk( —k) ~ P (——— + q_k)
uniformly in £ by Lemma [B.1] O

Remark. When ¢ =1, S,(m,n) reduces to Sy (p,1) = R,M,. In this special case,
the spectral radius formula of S,(m,n) in the form given in Theorem B4 can be
derived directly from repeated applications of (2.4) and Lemma Bl The author
believes that the formula presented in Theorem B3l is true for all nonnegative
1, but has not been able prove it at this stage. On the other hand, the author
has also come to believe that the possibility of the strict inequality 7(S,(m,n)) <
(8| (m,n)) exists (i.e., Theorem B4l may be invalid) if ¢/ is no longer nonnegative.
The reason being that since if ¢ > 1, then C,x does not map L>(T) onto itself and,
consequently, there may not exist f € L2( ) such that

Ry My, Con f = Rpr (Y Cgr f) = Rpr (|0x|Cr | f1) = Rk My, | Core | £1-
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