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ROTATION NUMBERS IN THE INFINITE ANNULUS
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(Communicated by Michael Handel)

ABSTRACT. Using the notion of free transverse triangulation we prove that the
rotation number of a given probability measure invariant by a homeomorphism
of the open annulus depends continuously on the homeomorphism under some
boundedness conditions.

0. NOTATION

We give the same name to the projections py : (z,y) — « and ps : (x,y) — y
defined on the infinite annulus A = T! x R or on the plane R%. We consider the
projection

T :RZ— A
(z,y) = (z 4+ Z,y)
of the universal covering space R? and the translation
T :R? - R?
(@,y) = (z+1,y).
We will write A, = R?/T9 for the finite covering space of order ¢ > 2 of A and
mq : Aqg — A for the projection.

We consider the set H(A) of homeomorphisms of A homotopic to the identity
and the set h(A) of lifts to R? of such maps. We will put on both sets the compact-
open topology. If p is a Borelian probability measure on A, the set H,(A) of
homeomorphisms F' € H(A) which preserve p is closed as is the set h,(A) of lifts.

If E is a topological space, we will write respectively X, int(X), dX for the
closure, the interior and the frontier of X C F.

1. INTRODUCTION

If F is a homeomorphism of the compact annulus T x [0, 1] homotopic to the
identity and f is a lift of F to R x [0, 1], the rotation number of a point z € T x [0, 1]
is defined when it exists by the relation

p(z) = lim pmeJ iz /")

n—=30o n

where z € 771 ({z2}).
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If F preserves a probability measure p, it is a direct consequence of the Birkhoff
Ergodic Theorem that the rotation number is well defined p-a.e., that the measur-
able function p obtained in this way is integrable and that [ pdp = [rdp, where
the map r : A — R is lifted to R x [0, 1] by p1 o f — p1. This integral is called the
rotation number of u. The rotation number is well defined for a homeomorphism
F of an abstract compact annulus if we choose a generator of the first homology
group. Indeed, if G is a homeomorphism of T! x [0, 1] which induces the identity
on the first homology group and g is a lift of G to R x [0, 1], it is easy to see that a
point z has a rotation number for f iff G(z) has a rotation number for go fog=!
and that these numbers are equal. Moreover, if i is an invariant measure on A, the
rotation number of u for f is equal to the rotation number of G, () for go fog~!.
The notion of rotation number is very classical and was introduced in the case of a
general compact manifold by S. Schwartzman [S] as an element of the first group
of homology.

In the case of a homeomorphism F of the open annulus, the situation is more
complicated. First of all, the existence of a rotation number for a point is not
stable by conjugacy. Indeed, if z has a rotation number (in the sense given above)
and if the sequence (up)n>o defined by u, = p2 o F(z) is unbounded, we can
extract a strictly monotone unbounded subsequence (uy, )k>0. If we consider the
homeomorphism

g : R? - R?
(z,y) — (z+aly),y)

where a : R — R is continous and satisfies
a(unk) = —p10° fnk (5) +p1(57 + kng ) zZe 77_1({3}) )

and the element G € H(A) lifted by g, then the point G(z) has no rotation number
for go fog~!. A natural way to define the rotation number of a point in that case
is to limit ourselves to the recurrent points of F'. We will say that a recurrent point
z has a rotation number p(z) if for every subsequence (F™*(2))g>0 of (F"(2))n>0
which converges to z we have
lim piof*™(Z) _ p(2)
k—+o0 Nk

for every Z € n!(z) and if we have a similar result for the subsequences of
(F™(2))n<o converging to z. For this definition it becomes clear that this notion is
stable by conjugacy.

If F preserves a probability measure p and if r is p-integrable, we will get the
same situation as in the compact case: p-a.e. point has a rotation number (in the
strong sense) and we will get the rotation number of the measure by integrating this
function. It may happen that after a conjugacy the map 7’ lifted by piogo fog™'—p1
is no longer integrable. However, if it is the case, the rotation number of the measure
G.(p) for go fogtis equal to [r’du. Indeed p-a.e. point is recurrent for F and
the rotation number in the weak sense is invariant by conjugacy and coincides with
the rotation number in the strong sense. So it is natural to say that a measure p
has a rotation number if p-a.e. recurrent point has a rotation number in the weak
sense and if the measurable function p obtained is integrable: the rotation number
will be [ pdp. We have the following immediate properties:
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i) If f/ = T* o f is another lift of F, the rotation number of a point (or an
invariant measure) for f’ is obtained by adding k to the rotation number for f.

ii) Fix ¢ > 2 and consider the homeomorphism F, of A, lifted by f. If z is a
recurrent point of Fy, and if its image in A, which is a recurrent point of F', has a
rotation number p, then z has a rotation number equal to p/q (we use the natural
generator of Hy(Ay, R) defined by the translation 79). So if an invariant measure
p of F' has a rotation number p and if 414 is the natural probability measure defined
on A, by p, there exists a set of full measure of A, which consists of recurrent
points of Fj; whose image in A has a rotation number. We deduce that j, has a
rotation number which is equal to p/q.

There are examples of probability measures without rotation number. The home-
omorphism F' € H(A) lifted by

f:R?> - R?
(,y) = (z+aly),y)

preserves the volume form m dz Ady if a is . If a is equal to (—1)*k? on any
interval [k, k 4+ 1/2], the measure defined by the 2-form has no rotation number.

If z is a fixed point of F, there exists an integer p € Z such that f(z) = T?(z).
This integer is the rotation number of the point z and the rotation number of the
Dirac measure concentrated on z. In the previous example there were a lot of fixed
points with rotation numbers arbitrarily large. In fact J. Franks [Fr2] proved that
this is always the case when the measure has no rotation number and a support
equal to A. We will recall the proof of this result (Theorem 1), expressing it in
terms of free transverse triangulation (notion introduced by M. Flucher [F1]). This
will permit us to show a continuity result (Theorem 2) for the rotation number of
a measure. It is easy to see that it is optimal because the compact-open topology
permits us to perturb a given map by changing it arbitrarily outside of a compact
set. We denote by Fix(F") the set of fixed points of F', by R(f) the smallest interval
of Z which contains all the rotation numbers of the fixed points of F' and by |R(f)|
the cardinality of R(f).

Theorem 1. Let p be a probability measure, F an element of H,(A) and f €
hu(A) a lift of F. If R(f) is finite, then p-a.e. recurrent point of F' has a rotation
number. Moreover if the support of u is A, the rotation numbers are bounded and
the measure p has a rotation number.

Theorem 2. Let p be a probability measure whose support is A. If (Fy)n>0 i
a sequence in H, (A) converging to F' € H,(A), if (fu)n>0 is a sequence of lifts
converging to a lift f of F' and if the sequence (|R(fn)|)n>0 is uniformly bounded,
then R(f) is finite and the sequence of rotation numbers of u for f, converges to
the rotation number of u for f.

2. FREE DISK CHAINS

A free disk of a homeomorphism F' of a surface S is a set homeomorphic to an
open disk which doesn’t meet its image by F. A free disk chain C is given by a
family (U;)1<i<n of free disks and a family (p;)i1<i<n—1 of positive integers such
that:

i) two disks U; and U, are equal or disjoint;

ii) for every i € {1,...,n — 1} the set FPi(U;) meets Uj;1.
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We say that the chain goes from Uy to U,, and will define the length of the chain
C' to be the integer [(C) = Z?;ll pi; we say that the chain is closed if Uy = U,,. If
D is a family of disjoint free disks of F', a D-chain is a chain of disks chosen in D.
We say that D is transitive if for every pair of disks U; and Us in D we can find a
D-chain from U;j to Us.

We have the following fundamental result, due to J. Franks [Fr1], which is a
consequence of the Brouwer Lemma on Arcs of Translation.

Proposition 1. A fized point free and orientation preserving homeomorphism of
R? has no closed free disk chain.

Let F be a fixed point free homeomorphism of a surface S and consider a trian-
gulation of S. We can construct a subtriangulation sufficiently small such that the
closure of any 2-cell is free. Such a triangulation will be called a free triangulation.
If we perturb slightly a free triangulation we still get a free triangulation. We can
do it in such a way that we have the following property: if v and + are two edges
such that F(v) (resp. F~1(v)) meets 7/, then F(v) (resp. F~!(y)) meets the two
2-cells adjacent to 4'. Such a triangulation will be called a free transverse trian-
gulation. If p is a probability measure, we can perturb slightly a free transverse
triangulation to get another free transverse triangulation such that each edge of the
triangulation is a null-set. Such a triangulation will be called a full free transverse
triangulation (for p). We will denote by the same letter a triangulation D and the
family of 2-cells of this triangulation. We have the following result (see [F]] or [LS]
for more details).

Proposition 2. If F is a fized point free homeomorphism of a connected surface
S which preserves a probability measure p whose support is S, then the family of
2-cells of a free transverse triangulation is transitive.

Proof. Let D = (V)aca be the family of 2-cells of this triangulation. Fix ag € A
and consider the set A’ of elements o € A such that there exists a D-chain from
Voo to V. It is easy to prove that the set W = int (UaeA, Va) is positively
invariant and by the transversality condition that it satisfies F'(0W) C W. From
the fact that the support of the measure is S we deduce that OW = (), and from
the connectedness of S we deduce that W = S and that A’ = A. O

Consider F € H(A), a lift f € h(A) and a family D of disjoint free disks of F,
and write D = (Va)aca the lifted family (i.e. the family of connected components
of the preimages by 7 of the disks) which consists of free disks of f. For « € A and
k € Z we will write 8 = a + k if Vg = T*(Vy).

For every a € A, the set Z(«) of integers k € Z such that there exists a D-chain
of f from V,, to Va4 is stable by addition. Indeed, if k and k' belong to Z(«) we
can concatenate a D-chain from Vo to Vaqk and a 5—chain, translated by T%, from
Vi to Vot to get a D-chain from Vo to Vagitr . We write

Z(D) = | J Z(a).

acA

For every D-chain C from V., to a translated disk V44, consider the rational
number k/I(C), where [(C) is the length of C. Write Q(«) for the set of rational
numbers obtained in this way. If we change the lift f by the lift 7% o f we change
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the set Q(a) by Q(a) +s. We define
o) = | Qo).

acA

If f is fixed point free, the set Z(a) doesn’t contain 0 by Proposition 1: we deduce
that all the integers k € Z(«) have the same sign using the additive property. If F’
is fixed point free, for every k € Z, all the rational numbers in Q(«) + k have the
same sign: we deduce that there exists an integer m such that Q(«) Clm, m + 1[.

Suppose now that D is transitive and fix aq and az in A. By the transitivity of D
we know that there exist two integers [; and ly , a D-chain from V,,, to V,,+1, and
a D-chain from Vo, to Vo, 41,. Using concatenations and translations we deduce
that for every n > 0 and for every k1 € Z(aq) the number ls + nk; + I3 belongs
to Z(az). If f is fixed point free we deduce that all the integers k € Z (D) have
the same sign, and if F' is fixed point free that there exists an integer m such that
Q(D) Clm,m+1[.

Proposition 3. Fiz F € H,(A) and a lift f € hy,(A), where p is a probability
measure whose support is A. Consider a free triangulation D of A\ Fix(F) and
a finite set X C Q(D). If f' € hu(A) is sufficiently close to f, there exists a free
transverse triangulation D' of A \ Fix(F'), where F' € H,(A) is lifted by f', such
that X C Q(D'). Moreover if X contains a nonnegative number and a nonpositive
number, f' has a fized point.

Proof. There exists a finite subset Dy of D such that X C Q(D1). If f’ is sufficiently
close to f, the closure of every disk of D is free (for F’) and we have the same
relation X C Q(D;) for f'. We can complete this finite family to construct a free
triangulation of A \ Fix(F"). If we perturb it slightly we will get a free transverse
triangulation D’ of A \ Fix(F”) such that X C Q(D’).

For any integer ¢ > 1, denote by Fix>,F the set of fixed points of F' whose
rotation number has an absolute value larger than ¢q. Consider M > 0 such that
the disks of D; are contained in T!x] — M, M| and such that this annulus meets
its image by F. Find an integer ¢ > 1 which bounds strictly the rotation numbers
of the fixed points of F which are in T! x [-M, M]. If f’ € h,(A) is sufficiently
close to f and if F' € H,(A) is lifted by f’, the set T'x] — M, M[ meets its
image by F’ and g bounds strictly the rotation numbers of the fixed points of F’
which are in T! x [-M, M]. If f’ has no fixed point, the disks of the family DI
obtained by lifting D; to A, are contained in the same connected component W’ of
A\ ﬂtl_l(Fix(Féq)) and this component is invariant by the lift of F’. Moreover the
set Q(D}) contains a nonnegative and a nonpositive number. Completing DY and
perturbing it we can find a free transverse triangulation D’ of W’ such that Q(D’)
has the same property. Since the triangulation D’ is transitive by Proposition 2,
the map f’ must have a fixed point. O

Corollary 1. Fiz F' € H,(A) and a lift f € h,(A), where p is a probability
measure whose support is A. If there exist two recurrent points z1 and zo with
rotation numbers p(z1) and p(z2) such that p(z1) < 0 < p(z2), then f has a fized
point. Moreover every f’ € h,(A) sufficiently close to f has a fized point.

Proof. If these points are not fixed by F' we can find a free transverse triangu-
lation D of A \ Fix(F) such that z; and z2 belong to 2-cells. The hypothesis
tells us that Q(D) contains a strictly negative and a strictly positive number and
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we can apply Proposition 3. If at least one of them is fixed we can take an in-
teger ¢ > max(|p(z1)],|p(#2)|) and consider a free transverse triangulation D of
A, \ 7' (Fix(F>4)) such that every preimage of z; or zy belongs to a disk of D.
We will get the same situation as above. O

Corollary 2. Let (Fy,)n>0 be a sequence in H,(A) which converges to F' € H,,(A)
and (fn)n>0 a sequence of lifts in h,(A) which converges to f € h,(A), where
w is a probability measure whose support is A. If the integers |R(f,)| are uni-
formly bounded, then R(f) is finite and there exists a uniform bound to the rotation
numbers of the recurrent points of the Fy,.

Proof. Corollary 1, applied to a translation of f or f,,, tells us that R(f) and R(f,)
are intervals of Z. Moreover, if p~ € R(f) and pt € R(f) satisfy p™ —p~ > 2, then
every integer p € [p~ + 1, pT — 1] belongs to R(f,) for n large enough. We deduce
that R(f) is finite and that the set of rotation numbers of recurrent points of F' is
bounded. For the same reasons the set of rotation numbers of the recurrent points
of each F}, is bounded. We want to find a uniform bound; it is sufficient to find it
for n large enough.

Define M = max |R(fn)| > 0 and consider ¢ = M + 2. We can find an interval

I € Z of cardinality M +1 such that if k € I, the map F’ of A, lifted by f' = T %o f
is different from the identity. If F is different from the identity, any choice is good;
if I is the identity, there exists p such that TP o f is the identity and we choose I
disjoint from p + ¢Z. For every n > 0, there exists k € I such that R(f,) doesn’t
meet I. That means that the homeomorphism F/, of A, lifted by f, = T %o f,
is fixed point free. To prove the corollary it is sufficient to fix £ € I and to show
that the rotation numbers of the recurrent points of F;, are uniformly bounded if
F) is fixed point free. Consider a free transverse triangulation D of A, \ Fix(F")
and the set Q(D) defined for the lift f' or F’, fix a number p € Q(D) and take a
finite sub-family D; such that p € Q(D1). If n is large enough, then D; is a family
of disks whose closure is free for F/. If z is a recurrent point of F, of rotation
number o', then by extending the family D; and perturbing it we can construct a
free transverse triangulation D of A, for F), such that p € Q(D) and such that every
preimage of z in A, belongs to a disk of D. We deduce that we can find in Q(D)
rational numbers arbitrarily close to p’/q. This implies that p'/q € [p— 1,p + 1]
because F is fixed point free. O

3. PROOFS OF THE THEOREMS

Proof of Theorem 1. We consider a probability measure p on A, a homeomorphism
F e H,(A) and alift f € h,(A). We suppose that the set R(f) is bounded. Every
fixed point of F' has a rotation number and the set of nonfixed points of F' can be
covered by free disks. So it is sufficient to prove that if U is a free disk of F' such
that u(U) > 0, then p-a.e. recurrent point of F' in U has a rotation number.

We denote by @ the first return map defined a.e. on U and by v the time of first
return. The measurable function v is integrable on U and we have

/Uvdu=u U F*)

k>0
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Indeed, we have the following measurable partitions (modulo sets of measure zero):

U:|_|Ui and UFk(U):I_l |_| FI(U;)

i>1 k>0 i>1 0<j<i—1

where U; = v=1({i}); therefore

p|lUFFO) ) =>0 > M(Ui):ZiM(Ui):/VdM~

E>0 i>1 0<j<i—1 i>1 v
Fix a connected component U of 7~ Y(U) and consider 7 : U — Z such that
T(2) =k iff fOE) eTHO)

where Z is the preimage of z contained in U.

Using the fact that the disk U, taken alone, defines a transitive family of free
disks of F' and using the properties of the sets Q(«) stated in Section 2, we deduce
that the function 7/v is bounded. More precisely we recall that there exists a fixed
point of f o T~F for every integer k surrounded by two points in the image of 7/v.

Since the function v is integrable, it is the same for 7 and we know by the Poincaré
Recurrence Theorem and the Birkhoff Ergodic Theorem that almost every point of
U satisfies the following properties:

i) zis a recurrent point of ®;

T(2) + -+ 7(P"1(2))

ii) lim = 77"(2) exists;

n—=+oo n
v(z) +- -+ (@ H(2)

ii) lim
n—+oo
The recurrent points of F' are exactly the recurrent points of ® because U is open.
We deduce that almost every recurrent point of F in U has a rotation number which

1S

= v*(2) exists.

. T(2) (@ (2) TH(2)
lim = .
e V(@) F (@ 1(2) ()
If the support of u is A we know using the corollaries in Section 2 that the

rotation numbers are uniformly bounded and that the measure has a rotation num-
ber. |

Remark. If the support of p is not A the second part is obviously false. Suppose
that f(x,k) = (x + k+1/2,k) if K € Z and that F is fixed point free. One can
construct easily a discrete invariant measure without rotation number.

Proof of Theorem 2. We consider a probability measure 4 on A, a sequence (Fy,)n>0
in H,(A) which converges to F' and a sequence of lifts (f)n>0 which converges to a
lift f of F'. We suppose that the integers |R(f,)| are uniformly bounded. Corollary
2 tells us that R(f) is bounded and that the rotation numbers of recurrent points of
the F), are bounded independently of n. By Theorem 1 we can define the rotation
number p, of u for each f,, n > 0, and the rotation number p of u for f. We
know that the sequence (p,)n>0 is bounded and want to prove that it converges to
p. Consider an integer k£ > 1 such that the rotation numbers of recurrent points of
each F,, or F are contained in [k, k]. Taking f, = T**! o f, instead of f, and
Asj1 o instead of A we can suppose that every F,, (and F) is fixed point free and
that every p, (and p) belongs to ]0,1[. Using the results of Section 2 we deduce
that for any free transverse triangulation D of A for F,, or F', we have Q(D) C]0, 1].
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Indeed the set Q(D) meets ]0, 1] because the rotation number of any recurrent point
belongs to this interval and cannot meet | — oo, 0] or [1, 0o[), otherwise they would
be a fixed point of F' (or F,).

Consider a full free transverse triangulation D = (V,,)aca of F such that every
disk has a diameter < 1. Then a finite subfamily D1 = (Vy)aeca, of D such that
the measure of W = int(lJ,c 4, V) is larger than 1 —e. By the transitivity of D
we know that there exists a larger finite subfamily Dy = (Vi )aeca, and M7 > 0
such that for every o and o’ in A; there exists a Dy-chain from V, to V. of length
<M. _ _ N

Let D = (Va)yecar D1 = (Va)uea, and D2 = (Vo) e 4,
There exists f]\\/@ > 0 such that for every a € Zl and o/ € Zl there is an integer
k € Z and a Dy-chain from V,, to V1 of length < M; and such that V,, and Vg 4k
can be projected by p; on an interval of length < Ms.

Consider the first return map ® defined p-a.e. on W, the time of first return v,
and the function

be the lifted families.

v(z)—1

Nz S0 r(FU(2) =pro fOE) - p(E) , Ter ({2},
i=0

If ®(2) is defined, using Baire’s theorem, we can find 2’ close to z such that

- every point Fi(z’), 0 <i < v(z), belongs to V,,, a; € A;

- ap and qy,(; are in Ay;

- z€Va,and F(z) € Vg, .

If z € 71 ({2}), we can lift the chain (Va,)o<i<u() to get a D-chain from V,, to
V. where .

- «aand o arein Aq;

- zZeV,and f(Z) € V.

We can add to this chain a 52—chain from V, to a translated V,ix to get a
D-chain from V,, to Vaix of length between v(z) and v(z) + M;. The fact that
each disk has a diameter < 1 and that V,, and V1, are projected in an interval of
length < My, implies that |k — \(z)| < Mz + 2. The fact that Q(D) C]0, 1] implies
that 0 < k < v(z) + M;. Therefore

—v(2)(My + My +3) < =My — 2 < X\(2)
< V(Z) + M1 —|—M2 + 2 < V(Z)(Ml —|—M2 +3)

and

A(z)

v(2)
As in the proof of Theorem 1, v and A are integrable. From Theorem 1 we know
that for p-a.e. point z € W:
i)  zis a recurrent point of ®;
v(z) 4+ v(@1(2)

< My + My +3 = M.

ii) lim = v"(z) exists;
n—Foo n
A ce  A(B1
iii) hrf &)+ -+ X (2)) = \*(z) exists;
n—=+oo n

iv) the rotation number p(z) exists and we have p(z) =
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Using the fact that p is F-invariant, that p is ®-invariant and the Birkhoff Ergodic
Theorem we obtain

/ pdu:/ l/pdu:/ V*pdu:/ )\*du:/ Adpu.
Uiso F*(W) w w w w

The first equality is obtained by arguing as in the proof of Theorem 1.

For n large enough D, is a family of free disks of f, and we have the same
situation: we define ®,,, v, and A, on W with the same inequalities, we define p,
on A, v} and A} on W with the same equality.

We write
= / (A= An)dp
w

/ pdu—/ P dp
Ukso FF(W) Ukso (W)
A An
:/ (———> z/du—f—/ — (v —vy)dp.
w 14 Un w Un

S/ M3|V/—V;l|d/.LSM3/ (V' +v),)du < 2Mse
w w

First we obtain

An
‘/W Z(V — Vn)dp

where ¥ = v — 1 and v/, = v}, — 1. Then we write
A,

72 7N

v < 2Msv.

Using the fact that the boundary of W has measure 0 (because the triangulation
A

is full)) we deduce that the function — — ~* tends to zero a.e. when n — +oc. So
v

v,
by the Lebesgue Dominated Convergence rflheorem, for n large enough we have

A
- —— d
/W(V Vn>y7 s

Using the fact that all the rotation numbers belong to [0, 1] we deduce that

<e.

/ pdp— / pdu| <e
A Ukso F*(W)
and
/pndu—/ pndp| < €.

A Uiso FE(W)

We have obtained
lpn — pl < (2M3 + 3)e

for n large enough, and the sequence (py)n>0 converges to p. O
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