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ON SUPPORT POINTS OF UNIVALENT FUNCTIONS
AND A DISPROOF OF A CONJECTURE OF BOMBIERI

RICHARD GREINER AND OLIVER ROTH

(Communicated by Albert Baernstein IT)

ABSTRACT. We consider the linear functional Re(as + Aa2) for A € iR on the
set of normalized univalent functions in the unit disk and use the result to
disprove a conjecture of Bombieri.

1. INTRODUCTION

Let S be the class of functions f(z) = z+a22%2+a323+- - - analytic and univalent
in the unit disk D := {z € C : |z| < 1}. We consider for a fixed constant A € C the
linear functional

(11) L)\(f):L)\(ag,ag) = Re (a3+)\a2), fES

Every function F' € § maximizing Ly over S is called a support point for Ly.

The coefficient functional Ly has been studied by Brown [Bro81I| who obtained a
complete picture of the support points for Ly for all A € C apart from the case
A = £ilA|, 6 < |A] < 8. In a completely different manner the functional Ly was
investigated by Tammi and Kortram in [KT80] and by Tammi in [Tam82]. However,
the reasoning in [KT80] and [Tam82] in the most difficult case A € iR, |A| < 8, is not
complete as it was pointed out for instance by Leung, [Leu85|, p. 9. The problem
is to show that a certain system of non-linear equations (c¢f. (54) in [Tam82], p. 87)
has a unique solution; see also the remarks in [Haa83|, p. 65.

It is the purpose of this note to fill in this gap and to give a rigorous proof of
the following result stated by Tammi [Tam&82], p. 90.

Theorem 1.1. Let A € iR\ {0} and let F € S be a support point for the functional

[T over S:

(a) If |\ > 4de/(e — 1) = 6.3279 ... and X = i|\| (resp. A = —i|\|), then F(z) =
iK(—iz) (resp. F(2) = —iK(iz)) where K(z) = z/(1 — 2)? is the Koebe
function.

(b) If0 < |\ < 4e/(e—1), then F is not a rotation of the Koebe function.
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The proof of Theorem [Tl will be given in Section 2.

The information on the linear functional L provided by Theorem[LTlcan be used
to solve a linear fractional extremal problem on S and leads to a precise statement
about the coeffcient body V3 := {(az,a3)T : f € S} near the “Koebe-point”:
Corollary 1.2. We have

2 —Reas 2 —Reas le—1

1.2 i ———= = liminf = - =0.15803...,
(1.2) (a2,rlesl)nevs3—Rea3 1(1213% 3—Reas 4 e

where the liminf are taken over all functions of S.

Proof. Using the rotation invariance of S it is easy to see that

1.3 inR —Aag) = — Re(as + AreC.
(1.3) rfllelg e(as — Aaz) I}lgg{ e(as + ilaq),
Therefore, Theorem [l (a) implies

3 —Reas <4 e

2—Reay = e—1
forall feS, f#K,ie.,
2 —Reas le—1

1.4 i > =
(1.4) (az,rtrzlgl)nevg 3—Reas 4 e

Let 0 < A, < 4e/(e — 1) such that lim,, o A, = 4e/(e — 1). In view of (I3) and
Theorem [T (b) there are functions F),(z) = z + aén)ZQ + agn)z‘?’ +--- e S\ {K}
such that F;,, — K locally uniformly in D and

I}li}sl Re(as — \pag) = Re(aé") — )\nag")) < 3-=2\,.
€

In particular, 3 — Re agn) > M (2—Re agn)), ie.,

2-R 2 — Real 1 le—1
(1.5) liminf 2092« 27 % oy 2 2870
a2—2 3 — Reas néoog_Reaé") n—oo \, 4 e

The assertion follows now from inequalities (L) and (LH). O

In particular, Corollary disproves a conjecture of Bombieri [Bom67], p. 51
(see also [BH85|, [BH8T]), which asserts that

n — Rea n— sin(n@)
(1.6) liminf —— = min —32¢% _ for all m,n > 2,
am—m m — Rea;,  0€R y _ %”;ﬂ
Sin

in the case n = 2 and m = 3, because for n = 2 and m = 3 the right-hand side
of (CH) equals 1/4 which is strictly larger than the bound (e —1)/(4e) in Corollary
2

2. PROOF OF THEOREM [ 1]

The standard method of boundary variation (c¢f. [SSp50], [Dur83]) shows that
every support point F(z) = z+ Agz2+ Az23+- - - of the functional Ly, A € C fixed,
is a solution of the Schiffer differential equation

Nk 2 —
(2.1) [Zg(i))} 1?&1;( ) % - é + By + Az + 22,
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where
(22) By =2A35 + \As > 0, A=2A5+ A\

In the sequel we will work only with conditions (ZI) and (ZZ). It is therefore
convenient to introduce the following terminology; cf. [PfI88].

Definition 2.1. A function f(2) = z + a2 + --- E_S is called A-admissible
for A € C if f admits a piecewise analytic extension to D such that

- [

is positive on |z| = 1 except possibly for one or two points on |z| = 1. If, in addition,
A = 2a3 + A, then f is called a critical point for the functional L.

Therefore, every support point F(z) = z + Az? +--- for Ly is A-admissible for
A =2A5+ ), ie., every support point for Ly is a critical point for L.

Lemma 2.2. If F(2) = 2z + A2? + --- € S is a support point for Ly, then A =
245+ )\ € (C\ (—4,4).

This follows from the fact that A-admissible functions for A € (—4,4) are two-
slit mappings whereas support points in S are necessarily one-slit maps; cf. [SSp50]
for details.

In the next lemma we shall consider A-admissible functions for A ¢ (—4,4). We
parametrize A in terms of p € (0,1] and ¢ € (—m,w| by

(2.3) A= Ap,¢) := <p + %) e 4 2e71,

(This is the parametrization used by Schaeffer and Spencer [SSp50], Chapter XIII.)

Lemma 2.3. If A € C\ (—4,4), then there exists a uniquely determined A-admis-
sible function fa(z) = z + az(A)22 + -+ € 8. Moreover C\ fa(D) is an analytic
Jordan arc extending to co and

) , — 1
(24) 2a3(A) =4e™ " — Alog (1 + p* + 2pe~ %) + Alog(1 — p*) + Alog ] e

Equation [24) is exactly formula (13.5.8) in [SSp50] for the part of the coefficient
body V3 which corresponds to one-slit mappings.

We now characterize the critical points of the functional Ly which are A-admis-
sible for A & (—4,4).

Lemma 2.4. If f is a critical point of the functional Ly for X € iR which is
A-admissible for A= A(p,¢) € C\ (—4,4), then h(p,$) = 0 where

h(p,¢) = (p—1)2cos¢ —2(p+1)?log(1+ p)cos¢
(2.5) +(p + 1) cos ¢ Re(log(1 + p? + 2pe~2?))
+(p — 1)?sin ¢ Im(log(1 + p? + 2pe~2%)).
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Moreover, X =ip(p, ¢), where
p(p.¢) = ImA(p,¢) —2Imaz(A(p, ¢))

2
= a+r)r cos ¢ Tm(log(1 + 2 pe=21¢ + p?))
(2.6) (1p+ )2 —2(p—1)" log(1 — p)
TR i 8L P Ging

2
+% Re(log(1 + 2 pe™21? 4 p?)) sin ¢.

Proof. We know from (Z2)) that A = 2a2(A) + A where a2(A) is given by (2Z4).
Taking the real part leads to h(p, ¢) = 0; taking the imaginary part gives (2.6). O

We now consider the equation h(p, ¢) = 0. Since h(p, 7 £+ ¢) = —h(p, $) we may
restrict ourselves to the case 0 < p < 1 and 0 < ¢ < w/2. For ¢ = 0 we have
h(p,¢) = 0 if and only if p = 1. In this case A = 0 and there are exactly two
support points, namely K(z) and —K(—z).

Lemma 2.5. If h(p,¢) =0 with 0 < p <1, 0 < ¢ < /2, then either:
(a) & =1/2 and p(p, ) = (1+ p)2/p € [4,50), or
(b) ¢ < w/2. In this case (Ve —1)/(v/e+1)=0.244919 < p < 1 and ¢ = ¢(p)
is a continuously differentiable and strictly decreasing function of (0,1] onto

[0,7/2). Moreover the function p — p(p, d(p)) is continuously differentiable
and strictly decreasing on (0,1] and takes on its values in [0,4e/(e — 1)).

14

0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1

FIGURE 1. The locus of the zeros of h(p, ¢) consisting of two curves
in the p-¢-plane (on the left) and the values of p as a function of
p along these curves (on the right). The thick parts correspond to
the Koebe function z/(1 —iz)2.

Proof. (a) is obvious. To prove (b) we introduce the functions

glv,x) = v+ % [L(v,2) + 2logv] + %T(v,@,
W00) = () = T (0,0) + Ts(@)L (v, 2),
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defined for (v,z) € X :=(0,1) x (-1, 1], where we used the shorthand notations
s(x) = V2-2zx,
V1—2z?

T(v,x) := 242+ 2zarctan pE-
x

1—wv

1+U2
+
102
L('U,.T/') = 10g H’ZT]_
T—vZ

The following estimate for T'(v,z) on X will be useful later on:

2(1 4 z)s(x)
14v +x :

1—v

(2.7) 1I=-v)1+2z)s(z) < T(v,z) <

The first inequality in (272) may be obtained by comparing the partial derivatives
with respect to v for fixed x, the second one readily follows from arctany < y
for y > 0.

By the transformation

(2.5) v =(p) = (1;—2) v = 2(9) = cos26,

we define a bijective map (p,¢) — (v(p),z(¢)) of (0,1) x (0,7/2] onto X. A
straightforward calculation leads to the relations

hip, ) = (1+r)*cosd g(v(p),z(¢)),
p(p, ®) q(v(p), z(9)),

between h and p and the new functions g and q. We claim that the locus of the
zeros of g(v, x) is a curve v : t — (¢, 2(t)), t € (0,1/e], with

lim 5(t) = (0, 1), lim (1) = (e}, -1),
— t—e—1—

(2.9)

where 2/(t) < 0 is continuous. The existence of such a curve v is guaranteed by the
implicit function theorem since the partial derivatives

s(x)

v\ =1 —FT ) )
Bo.) = 1+ DT
2.10
(2.10) —1+v+x—vx+ﬁs(a¢)7’(v,x)
gx(’U,.ﬁ) - 2(1‘2 _ 1) ’
of g appear to be positive on (0,1) x (=1, 1) by (Z7T) and
) 1 1+z .
Jm g(v,z) = glog—— <0,  lim g(v,2) =1,

for fixed € (—1,1). A computation of the limits
1ir{1 g(v,z) = v, 1iml+g(v,x) =1+ logw,

for fixed v proves the statement about the endpoints of ~.
We shall prove now that ¢(v,x) is increasing on v. To see this consider

go(t, (1))

d
Eq(t,x(t)) =qu(t,z(t)) — g (t, x(t))gx(t, z(t))
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where

Go(v,7) = —T(v,:c)-Els(_:cq)j[)22+L(fu,x)]7
(2.11) i

woa) — L@ LR L)

2(1—v)(1 + )

A straightforward computation involving (2.7)) and L(v,z) > 0 shows ¢,(v,z) > 0
and ¢, (v,2) <0 on (0,1) x (—1,1). Hence Lq(t,z(t)) > 0.

Translating our result via ([2.8)) and (Z9) back to the functions h(p, ¢) and p(p, ¢)
we obtain the assertion. O

We deduce from Lemma that for A = ip and p > 4e/(e — 1) the unique
support point for Ly is the Koebe function iK(—iz). If p < —4e/(e — 1), then,
by symmetry, the unique support point for Ly is —iK (iz). This proves part (a) of
Theorem [[11.

To prove part (b), i.e., to show that for 0 < p < 4e/(e — 1), no rotation of the
Koebe function is a support point for L;,, we establish the following:

Lemma 2.6. For 0 <p < 4e/(e—1) let Fy be the uniquely determined A(p, ¢(p))
1

admissible function such that p = p(p, d(p)) for some p € (/e —1)/(V/e + 1),1)
Then sz(F()) > sz(’LK(—ZZ))

Proof. We adopt the notation from the proof of Lemma Using (22)) we get

2L;p,(Fy) = By — pIm As with By = 2(p + 1/p + cos2¢); ¢f. [SSp50], and, in view

of (Z4) and the transformation (Z.J]),

T(v,z) —vL(v,z)s(x)
2(1 —w)

ImAs = — s(x).

Thus we have to show that

1
11——5 +x-— @Imﬁlg —2q(v,z)+3
is non-negative for all (v, z) € X with g(v,x) = 0. In fact, we will prove this for all
(v,z) € X. Let us denote the expression (2:12) by R(v,z). Then we have

1
T [v*s(2)?L(v, 2)* — 2vs(2)T (v, z)L(v, ) + T(v, z)*

(212)  Lip(Fo) — Lip(iK (—i2)) = 2

R(v,x) =
—2s(z)v[d — 4v — 2s(x) + vs(z)|L(v, x)
+2[4 — 4v — 2s(x) + vs(x)]T (v, x)
+4(1 —v)[5 —v +x — 4s(z) + s(z)? — vz]].
A straightforward calculation leads to
(2.13) 4(1 —v)*R(v,x) = [T (v, x) — vs(x)L(v,2)]* + 2[c1 (v, ¥)a(v, x) + co(v,z)],
where

a(v,z) = T(v,z)—vs(x)L(v,x),

o
i
—~~
uC

8
~

I

41 —v) = (2 —v)s(x),

co(v,2) = (1—=v)[2=s(=)][2(3—-v)— (14 v)s(z)].
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Obviously, co(v, ) > 0 for all (v,z) € X. Furthermore, L(v,z) > 0 in X, since

1+=x
<0 lim L =0.
v(l+z)+v3(1—2z) fs (v,2)

Ly(v,z) =—-2

Thus, the relations

ay(v,z) = —s(x)L(v, ), lim1 a(v,z) =0,

show also a(v,z) > 0. In view of equation (2I3) it remains to prove that
c1(v,x)a(v,z) + co(v,x) > 0 for all (v,x) € X that satisfy c¢i(v,z) < 0, ie.
v > 2[2 — s(z)]/[4 — s(z)]. We denote the set of all such points by A and show
below that the partial derivative

<a+@>v(v,x) = —s(x)L(v,z) -

C1

4 — s(x)?

4—s(z)

s(z)[2 — s(2)][16 — 10s(z) + 3s(x)?]
[4— s(x)][4 — 4v — 2s(x) + vs(x)]?
is positive for all (v,z) € A. Then the obvious limit relation

co(v, x)} _0

c1(v, x)

(2.14)

lim {a(v,x) +
v—1

shows a(v, z) + ¢o(v,z)/c1(v, x) is negative in A. Thus ¢ (v, z)a(v,z) + co(v, x) is
positive for all (v, z) € A.

To complete the proof we have to show that ([ZI4) is positive for all (v, x) € A.
First, we use the estimates

1+ 1+ 4 — s(x)? 1
L(v,z) =log <1+ T _1> < T — == 4( ) <1_ﬁ)

1—v2 1—v2

and 16 — 10s + 352 > 2(2 + s) to obtain

R e

2 1
X - — .
([4 — s(x)][4 — 4v — 2s(x) + vs(x)]? 41}2)
Let us denote this lower bound by P(v,z). The partial derivative of P with respect
to v turns out to be

4~ s(@)?)s(x)[s(x) — 2)(v ~ 2)
203[4 —4v —2s(x) + vs(x)]?,

(2.15) P,(v,z) = Qv s(z))

where
Q(v,s) :=v?s* — 10v%s — 4vs? + 28v% 4 28vs + 45% — 40v — 165 + 16.

In (ZTIH), the denominator is negative, since (v,z) € A, and the numerator is obvi-
ously non-negative. Since the critical values of @ are Q(0,2) = 0 and Q(2,6) = 48,
a limit argument shows that Q(v, s) > 0 for all (v, s) € R%. Thus P is monotonously
decreasing as a function of v. Finally, using

2 = s(2)*[2 + s(x)]
s(x)[4 - s(2)]

we conclude that P(v,z) > 0 for all (v,z) € A. O

P(l,z) = >0
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