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INVERSE SCATTERING FOR THE NONLINEAR
SCHRODINGER EQUATION II.
RECONSTRUCTION OF THE POTENTIAL
AND THE NONLINEARITY
IN THE MULTIDIMENSIONAL CASE

RICARDO WEDER

(Communicated by Christopher D. Sogge)

ABSTRACT. We solve the inverse scattering problem for the nonlinear Schrédin-
ger equation on R™,n > 3:

) > L
i u(t, @) = —Au(t,z) + Vo(z)u(t, ) + > Vi@ PPt u(t, ).
Jj=1
We prove that the small-amplitude limit of the scattering operator uniquely
determines Vj;,j = 0,1,---. Our proof gives a method for the reconstruction
of the potentials V;,j = 0,1, ---. The results of this paper extend our previous
results for the problem on the line.

1. INTRODUCTION

Let us consider the following nonlinear Schrédinger equation with a potential:

(1.1) i%u(t,x) = —Au(t,z) + Vo(x)u(t,z) + F(z,u),u(0,z) = ¢(x),

where t € R,z € R™,n > 3. The potential, Vp, is a real-valued function, F(x,u)
is a complex-valued function, and A := Z?Zl Djz. We use the standard notation,

D, = 8—21 and for a := (a1, -+, ), D* := D{*' --- D&~ with |a| := Z?Zl a;. We
first construct the scattering operator for the nonlinear Schrédinger equation ().
For this purpose we introduce some assumptions and definitions.

Assumption A. Let p satisfy p < p <1+ ﬁ, where p is the positive root of

%% = % Let k be an integer such that k& > # . Let ' = Fy + iF, with Fy, F
real-valued, and u = 71 + irq, 71,72 € R. We suppose that F(0) = 0 and that for
all integers § with 1 < <k + 1 and all « with 5+ |a] < k + 1, we have that

2
o°
(12) Z WDaFj (IE, U) < C|u|max[0,p—ﬁ] for |U| < Y,
j=1|07r1 079

for some v > 0, and for all nonnegative integers, 31, 82, with 5 = 81 + fa. O
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We denote by Hy the self-adjoint realization of —A in L?(R") with domain the
Sobolev space W3 2. For the definition of the Sobolev spaces Wj ,, 5 =1,2,---,1 <
p < o0, see [1I.

Assumption B. We assume that V; is real valued and that for some ¢ > (3n/2)+1,

reR"™

1/170
(1.3) sup (14 |z[)° (/ |D*Vo (y) |7 dy) < o0,
lo—y|<1

for all |a| < k + ko, with k as in Assumption A. If n = 3, pg = 2 and kg = 0,
and if n > 4, po > n/2 and kg := [(n — 1)/2], where [o] denotes the integral part
of 0. Moreover, assume that zero is neither an eigenvalue nor half-bound state (a
resonance) of H := Hy + Vj. O

Zero is said to be a half-bound state of H if the equation H¢ = 0 has a solution
¢ & L?>(R™), such that (1 + |z|)717¢¢ € L2(R") for all € > 0.

Under Assumption B H is self-adjoint with domain W5 > and it has no singular-
continuous spectrum and no positive eigenvalues [5]. Moreover, the wave operators

(1.4) Wy :=s5— lim e e~itHo
t—+oo

exist and RangeWy = H,, the subspace of continuity of H. The scattering operator
for the linear Schrodinger equation (equation (III) with F' = 0) is given by

(1.5) Sp=WiW_.

Actually, these results are true under more general conditions. The crucial issue
is that Yajima has proven that under Assumption B the wave operators and the
adjoints, W, are bounded operators on W;,,l = 0,1,--- ,k,1 < p < oo. For
this result see Theorem 1.2 of [25] and also [24]. This result and the intertwining
relations for the wave operators, e~ P, = Wpe "*HoW; imply that the following
LP — P estimate follows from the corresponding result for Hy (see [24)]):

c
T, t >0,

(1.6) ||e_itHPC||B(LP,LF") = tn(T

2

for 1 < p < 2 and where ]—1) + % = 1. By P. we denote the orthogonal projector onto
H.. For any pair of Banach spaces X,Y, we denote by B (X,Y") the Banach space
of all bounded operators from X into Y. The L? — LP estimate in R™,n > 3, was
first proven, under slightly different conditions, in [8].

The results of Yajima [24] allow us to extend to the case of n > 3 the method
for the construction of the scattering operator for (I.]) and for the solution of the
inverse scattering problem that we gave in [23] in the case of n = 1. The LP — LP
estimate and the continuity of the wave operators on W}, ,, for the problem on the
line was proven in [20] and [21] (see also [6]).

Let us denote [13],

1/po
(1.7) Ns(Vo) := sup V IV(y)I”Ody] :
zeR"™ lz—y|<d

Assumption C. We assume that N5(D*Vp) < 00, > 0, and that
(1.8) lim N5(D°Vp) = 0,

where |a| < k — 1, with k£ and pg as in Assumption B.
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We designate

M o= {u € CRMWipin) s sup(1 + 1)l < 00
(1.9) teR
with norm : |lul|a := sulg(l + |t|)d||uHWk1p+l,
te

where d:= %z—;i. For functions u(t, z) defined in R"*! we denote u(t) for u(t,-).

In the following theorem we construct the small-amplitude scattering operator.
Theorem 1.1. Suppose that Assumptions A, B and C are satisfied and that H
has no eigenvalues. Then, there is a 6 > 0 such that for all g € Wii120NWy 141
’ P
with ||¢—[|wis, . + |0=-llw, ,, <0 there is a unique solution, u, to (LI) such that
Aty
u € C(R,Wi2)NM and

(1.10) Jlim_u(t) — e, , = 0.
Moreover, there is a unique ¢4 € Wy o such that
(1.11) Jim [Ju(t) - e~ 6w, , = 0.
Furthermore, e ¢, € M and

_i —i P
(1.12) lu— e oy < Clle™ oy,

P

(1.13) 64 = -l < C {16 lhwys + 16 Iy,

The scattering operator Sy, : ¢— — ¢4 is injective on Wk71+% N Wiii,2.

Note that in Theorem 1.1 we do not restrict F' in such a way that energy is
conserved. Moreover, for n = 3,p = 2 and lim,,_,.c p = 1. We prove Theorem 1.1
in Section 2 extending to this case the proof given in [23] in the case of n = 1. We
construct the solution wu(t,z) by means of the contraction mapping theorem in a
ball, Mg, of M with small enough radius, R. It follows from Sobolev’s imbedding
theorem [I] that |u(t,z)] < 7, t € R,z € R™, for all u(t,x) € Mg. This is the
reason why we only have to assume that ([CZ) holds for |u| < ~. For results on
scattering for the nonlinear Schrédinger equation in the case where Vj = 0 see [16],
[17), [18], [Lo], [9], 111, [3], [7], [2] and the references quoted there. In [8] the direct
scattering for (L) with F = F(u) was studied for n > 3. The corresponding
inverse problem was considered in [19]. For the case of the nonlinear Klein-Gordon
equation on the line see [22].

Since we wish to reconstruct the potential, Vj, we consider the scattering op-
erator that relates asymptotic states that are solutions to the linear Schrédinger
equation with potential zero (1) with Vo = F = 0):

(1.14) S = Wi Sy, W_.
The first step is to reconstruct S from S.

Theorem 1.2. Suppose that the assumptions of Theorem 1.1 are satisfied. Then
Jor every ¢ € Wyp1 20N Wy 1,1,
’ P

d
(1.15) = S(ed)| = Sro,

e=0
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where the derivative in the left-hand side of ([LID) exists in the strong convergence
m kag.

Corollary 1.3. Under the conditions of Theorem 1.1 the scattering operator, S,
determines uniquely the potential Vj.

Proof. By Theorem 1.2 S uniquely determines Si. From Sp we uniquely recon-
struct the potential Vj using the known results on the inverse scattering problem
for the linear Schrédinger equation. See [4]. O

Let us now consider the case where F(z,u) = Z;‘;l V() |u[?Got Dy, As we
prove below we can also reconstruct the Vj;, 5 =1,2,---.

Lemma 1.4. Suppose that the conditions of Theorem 1.1 are satisfied, and more-
over, that F(z,u) = Z(;; V(@) [u|?GotDu,  for lu| < v, for some v > 0, where
Jo is an integer such that jo > (p — 3)/2, and where Vj € Wi oo with ||Villw, . <
C1,j=1,2,---, for some constant C. Then, for any ¢ € Wi11,2N Wk,1+% there is
an €9 > 0 such that for all 0 < € < €q:

(1.16)
i((Svo = 1)(€d), @)1 = ZGQUOH)H {// dt dx V;(x) |e_ith5‘2(jO+j+1) +Qj,
j=1

where Q1 = 0 and Q;,7 > 1, depends only on ¢ and on Vi with | < j. Moreover,
for any ¢ € R, and any A > 1, we denote ¢y (x) := ¢p(A(x — £)). Then, if ¢ #0,

Climyoo A2 [ [ dt da V() ‘efitH¢A|2(j0+j+1)
a [ [ dtdz |e—itHO¢|2(jo+j+1) :

Corollary 1.5. Under the conditions of Lemma 1.4 the scattering operator, S,
determines uniquely the potentials V;,j =0,1,---.

n V@)

Proof. By Corollary 1.3, S uniquely determines V. Then the wave operators, W,
are uniquely determined, and by (I14), S uniquely determines Sy,. Finally by
(CI0) and (LI7) Sv, uniquely determines Vj,j=1,2,---.

We reconstruct the potentials Vj,7 = 0,1,---, in the following way. First we
obtain Sy, from S using (LI5). By the method in [4] for inverse scaterring for the
linear Schrodinger equation we reconstruct Vp. We then reconstruct Sy, from S
using (LT4)). Finally (ILT6) and (ITI7) give us, recursively, V;,j = 1,2,---. Our
formula ([CIT) is an extension to our case of the reconstruction algorithm of [I5].
In [15] Strauss proved that in the case Vo = 0 and F(z,u) = V(2)|u|P~ u, z €
RYp>4ifn=1p>3ifn=2p>3if n>3, and V(z) a real-valued
potential whose derivatives up to order ! are bounded, with [ > 3n/4; then, the
scattering operator uniquely determines V.

2. SCATTERING
By Theorem 3 on page 135 of [14],
(2.1) 1F 71+ a2 (F @)z

is a norm that is equivalent to the norm of W, ,,1 < p < co. F denotes the Fourier
transform. Then, by equation (1.2) of [24]

(2.2) (7 + H)' £]|
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defines a norm that is equivalent to the norm of W; ,,1 =0,1,--- ,k,1 < p < o0.
We will use this equivalence below without further comments. This implies that
estimate (L6)) holds in the norm on B (W, ,, W, 5),l=0,1,--- k.

The following inequality is proven in Theorem 9.2 on page 141 of [I3]:

(2:3) (D Vo)él| 2 < CLNs(D*Vo) [|8llyy, , + C2N1(D*Vo) [|9]] 2

where C; is independent of §. Let us denote R(p) := (H + p)~! and Ro(p) :=
(Ho + p)~!. Equation ([Z3) implies that if Assumption C holds, given a < 1, there
is po > 0 such that

(2.4) [VoRo(p)llgr2) <a <1

for all p > po > 0. Moreover, pg depends on Vj only through Ns(Vp). It follows
that

(2.5) R(p) = Ro(p) (I + VoRo(p) i 'VoRo(p))!

=0

for all p > pg. Taking derivatives in (ZX) term by term we prove that

(26) ||R(p)||B(Wj)2,Wj+2y2) S Cv] = 0; ]-7 2; e 7k - L
It follows that if k is odd,
(2.7) (o + ) =02 (R 02| < c

Then, for some constants Cy, Cy,
(2:8) Cr 6l , < |7+ H)ED29]| < Calldl,, -
In the case when k is even we have that
(2.9) R(p)*+172 = R(p)*/*(H + p) /2.
Again using Theorem 9.2 on page 141 of [I3] we obtain that
(210)  [[1Vol2¢]| < CLNs (V)2 0l , + CalNa (Vo)) /2 1612

Then, if p is large enough,

2
(2.11) [+ 0726 = (o + Vi + )6, 0) > Clol3,
and we have that

2.12 H H —1/2H <C.
(2.12) (H +p) B W ) =

Hence, by (20), (29) and (2ZI2)), equation (Z.8) also holds for k even.
The proofs of Theorem 1.1, Theorem 1.2, and Lemma 1.4 follow as in [23]. We

give details below for the convenience of the reader.

Proof of Theorem 1.1. By Sobolev’s imbedding theorem [I] L* is continuously
imbedded in W 14, and it follows by standard arguments (see [9] and (ZT18]) below)
that u € C(R, Wy, 2)NM is a solution to (L) with limy—, o [Ju(t)—e"*# @|lw, , =0
for some ¢ € Wy, 2, if and only if u is a solution to the following integral equation:

t
(2.13) ut) =e "o+ % / e IR (2, u(T)) dr.
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Let us designate
t

(2.14) Qui(t) := = / e EIH (g u(r)) dr.

— 00

For R > 0 let us denote Mp := {u € M : |jul|,, < R}. By Assumption A, ([.€) and
since Loo C Wi pt1, there is an Ry > 0 such that if v € Mg,

(2.15)

1Qu(t) — Qu(t)l, ., < C L+t (lullar + l[vllar)”~lu = vlar,
where we used that d > 1 and that pd > 1. Moreover, by (ZI5) with v(t) =0,
(2.16)

1Qu(t)llyy, , < csfe/lt dr ((1+ H)"2F (e, u(r), (I + H)"2Qu(r))

L2

t

< c/ dr [|F (2, 0) (M)l wy s, x (4 7))~ ull?,
¢ d

<c [ drlulfy,,,, 0+ DNl

t
<c [ dr(u i) g

< O(1+ max[0, —t]) == u 3.

Let us first prove the uniqueness. For u, v any pair of solutions to (1) that
satisfy (CI0) we have that

(2.17) u(t) — v(t) = Qu(t) — Qu(t).
Let us denote ur := X (—oo,1)(t) u(t), where x(_oo,7)(t) is the characteristic function
of (=00, T), T € R. vr is similarly defined. It follows from (2I7) that
(2.18)
lur(t) —vr(t)| 5 < 1/2||ur(t) —vr(t)| 5 for some T negative enough,

where M is defined as M, but with a slightly smaller p. Then, u(t) =wv(t) fort < T,
and the standard uniqueness result implies that v = v. The uniqueness of ¢4 is
obvious by the unitarity of e *# in L2

By Sobolev’s imbedding theorem,

(2.19)
e 6wy < Clle™™ 6 llwynz < C [[(H + DD 2|

L2
_ (k+1)/2
_CH(H+I) ¢_HL2 < Cllo-llw,, ., , -

By (L.6) and (2.I9):
(220) ey < 16wy, + 10l ]
Let us take R < Ry so small that C(2R)P~! < 1/2, with C as in (2I5), and

§ > 0 such that C§ < R/4, with C as in (220). Then, the map u — e "2 ¢_+ Qu
is a contraction from Mpg into Mg for all _ € Wiy12NWy 1,1 with [[¢—|lw,,, ., +
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||¢>,||Wk 1 S 0. The contraction mapping theorem implies that this map has a
1ty

unique fixed point that is a solution to [ZI3) in Mg. Moreover,

X 1
(221) lllag < €76y + 5 lulas
and then
(2.22) lully < Clle o,

Equation (ILI2)) for ¢_ follows from ZI3), (ZI5) with v = 0 and (Z22). By ZI3)
and (ZI6) u € C(R, Wi2) and (I) holds.

We now define

(2.23) b =d_ + % / h ™ (x,u(r)) dr.
—oo
Estimating as in (216 we prove that ¢4 € Wi o and that
(2.24) o+ = b-llw, , < Cllully, -
Equation (CI3)) follows from (Z20), (Z22) and (224]). By (ZI3) and (Z2Z3)
(2.25) u(t) =e Hep, — % / h e CDHP (g u(r)) dr.
t

We prove ([[LT1]) estimating as in (2.16). In a similar way we prove that

/ e_i(t_T)HF(x, u(r))dr
M

t

(2.26) ‘ < Cllully

and it follows that
(227) lully < Clle s ),
Equation (LI2) for ¢4 follows from (22H), (226) and [227)). We prove that Sy,

is injective as in the proof of uniqueness above.

Proof of Theorem 1.2. Since S(0) = 0 and W are bounded on Wy o, it is enough
to prove that

(2.28) 5 — 1eifgé (Sv(ed) — e¢) = 0.

By (2:20) and with ¢_ replaced by €¢ we have

(2.20) e < Ce |0, +16- Ty |

To prove (228) we estimate the integral on the right-hand side of ([2:23) as in
(2.16), with the aid of ([2:29).

Proof of Lemma 1.4. By the contraction mapping theorem,

(2.30) u(t) = e *Heg + Z Qre~itH g,

n=1

Equation (I6) follows from (Z23) and (Z3U). By Sobolev’s imbedding theo-
rem [1], Wit12 C L9, 2 < ¢ < oo. Then, estimating as in (ZI9) we prove that
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letHg|,, < C, HeiitH¢||Wk+l,2 < Cqllollw,,,, 2 < ¢ < oo, and it follows from

(T8) that
(2.31) // dtda e tH g o G190

For A > 1 and £ € R™ we denote by H) the following self-adjoint operator in
L2

1
= Vol § + ).
Since H has no eigenvalues, we have that H) has no eigenvalues, i.e., Hy > 0.
Moreover, as Ns(D*Vy) < Ns(D*Vp) for A > 1, equation (ZJ]) holds with H)y
instead of H with the same C1,Cs for all A > 1.

Let us denote £ := \*t and & := \(z — ). We have that

(2.33) (e70) (2) = (7 6) ().
Equation (Z33)) implies that
I; = )\"+2// dtdz V;(z) }e_”H%}Z(jOHH)
. i 1200+ +D)
- // a5+ ol (@),
By Theorem VIII.20 on page 286 of and (2.32)
(2.35) s— lim e_iEchﬁ = e_iEH‘)cﬁ,

A—00

(2.32) H)y := Hy + Vx(z), where V) (x)

(2.34)

where the limit exists in the strong topology on Wi12. By Sobolev’s imbedding
theorem, the limit in (2.35) also exists in the strong topology on L%, 2 < ¢ < cc.
Moreover,

(2.36) ||, < Clidlhu,.-
By (IB) and €3),
(2.37)
—it pHl nl|,—i p+1 1 n +1
He tH*(j)‘ Lo = A He tHd),\HLp+1 < Ctd(l’—H))\ ([EZ2N [
1

+1
= Cfd(p-‘,—l) ”d)”iﬂrl/!} )

with d := %;’%. Equation (I17) follows from (2:34), (233), 2.36), (2-37) and the
dominated convergence theorem. Note that 2(jo+j+1) > p+1, that d(p+1) > 1,
and that V; is continuous.
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