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SOME GENERALIZATIONS
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(Communicated by Steven R. Bell)

Abstract. In this paper, we generalize Chirka’s theorem on the extension of
functions holomorphic in a neighbourhood of S ∪ (∂D ×D) – where D is the
open unit disc in C and S is the graph of a continuous D−valued function on
D – to higher dimensions, for certain classes of graphs S ⊆ D ×Dn, n > 1.
In particular, we show that Chirka’s extension theorem generalizes to config-
urations in Cn+1, n > 1, involving graphs of (non-holomorphic) polynomial
maps with small coefficients.

1. The main theorem

This paper is motivated by an article by Chirka [1] (also see [2]) in which he
proves the following result (in what follows, D will denote the open unit disc in C,
while Dr will denote the open disc of radius r, centered at 0 ∈ C) :

Theorem 1.1 (Chirka). Let φ : D → C be a continuous function having
supz∈D |φ(z)| < 1 and let S be its graph. Let Ω be a connected neighbourhood
of S ∪ (∂D×D) contained in {(z, w) ∈ C2 : |w| < 1}. If f ∈ O(Ω), then f extends
holomorphically to D2.

In the same paper, Chirka asks if the above theorem is valid in the multidimen-
sional case [1, question 1], i.e. when S is the graph of a continuous Dn−valued
map with n > 1. Rosay [3] showed that the theorem fails in general for higher
dimensions. A natural question that arises is whether holomorphic extension to
Dn+1, n > 1, occurs when the component functions of the Dn−valued map defin-
ing our graph are small in some appropriate sense (for instance, when the graph is
a sufficiently small perturbation of a holomorphic graph). We are able to answer
Chirka’s question in the affirmative for the class of graphs described in Theorem 1.3
below. Before stating that theorem, however, we state the following proposition,
which is a special case of Theorem 1.3. We highlight this as a separate proposition
because of the clarity of its statement.
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Proposition 1.2. Let S be the graph of a map (P1, ..., Pn) : D → Cn, where
Pk, k = 1, ..., n, are polynomials

Pk(z) =
N∑
|α|=0

C(k)
α zα1zα2

with the property
∑
|α|≤N |C

(k)
α | < 1, k = 1, ..., n. Let Ω be a connected neighbour-

hood of S ∪ (∂D×Dn) contained in {(z, w) ∈ C×Cn| w ∈ Dn}. If f ∈ O(Ω), then
f extends holomorphically to Dn+1.

The main result is as follows:

Theorem 1.3. Let S be the graph of the map (φ1, ..., φn) : D → Cn, where for
each φk, k = 1, ..., n:

φk ∈ [ {(z, z) 7→ ψ(z, z)|ψ ∈ O(D2) and sup
(z,ξ)∈D2

|ψ(z, ξ)| < 1} ∩ C(D;D) ].

If Ω is a connected neighbourhood of S ∪ (∂D × Dn) contained in {(z, w) ∈ C ×
Cn| w ∈ Dn} and if f ∈ O(Ω), then f extends holomorphically to Dn+1.

Remark. The proof of the above statement (and all its corollaries) can actually be
worked out without appealing to the Hartogs-Chirka theorem (i.e. Theorem 1.1).
As we shall see in the proof below, our problem reduces to the case of n = 1 and the
graph of φ(z) = z. At this stage, we could simply invoke Theorem 1.1 to complete
the proof. However, we provide an elementary proof of analytic continuation to D2

for the aforementioned case (see Lemma 1.4 below).

Proof of Theorem 1.3. We first observe that without loss of generality, it suffices
to let φk be polynomials φk(z, z) = Pk(z, z), with sup(z,ξ)∈D2 |Pk(z, ξ)| < 1. This
is because the functions φk can be approximated arbitrarily closely by such poly-
nomials.

Let δ > 0 be small enough that

{(z, w1, ..., wn) ∈ Cn+1 : |z| < 1, |wk − Pk(z, z)| < δ, k = 1, ..., n} ⊆ Ω,

Rδ = {(z, w) ∈ Cn+1 : 1− δ < |z| < 1 + δ, w ∈ Dn} ⊆ Ω.

There is an ε0, 0 < ε0 < δ/2, sufficiently small that for |wk| < ε0, k = 1, ..., n,
|z| < 1 and |ξ − z| < ε0, |{wk + Pk(z, ξ)} − Pk(z, z)| < δ, k = 1, ..., n. So, for each
fixed w ∈ Dn

ε0 , for |z| < 1, |ξ − z| < ε0, we can define

H(z, ξ, w) = f(z, w1 + P1(z, ξ), ..., wn + Pn(z, ξ)).(i)

Notice that the hypothesis sup(z,ξ)∈D2 |Pk(z, ξ)| < 1 allows us to define, for each
w ∈ Dn

ε0 , the function

(z, ξ) 7→ H(z, ξ, w),(ii)

which is well defined and holomorphic in {|z| < 1, |ξ − z| < ε0} ∪ {1 − δ < |z| <
1 + δ, |ξ| ≤ 1} ⊆ C2.

At this stage, we need the following lemma, which is a special case of Theorem
1.1, but for which we provide a direct and elementary proof. We defer its proof
until the end of this demonstration.
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Lemma 1.4. Let S be the graph of the function φ(z) = z over D. Let ω be a
neighbourhood of S∪(∂D×D), and V the connected component of ω∩D2 containing
∂D×D . If f ∈ O(ω), then f |V extends holomorphically to a neighbourhood of D2.

By Lemma 1.4, we can define a function H̃ , such that for each w ∈ Dn
ε0

(z, ξ) 7→ H̃(z, ξ, w)

is a holomorphic extension of the function given by (ii) to D2. As {H(·, ·, w)}|wk|<ε0
is an analytic family, so is {H̃(·, ·, w)}|wk|<ε0, whereby we have the fact that

(z, ξ, w) 7→ H̃(z, ξ, w1 − P1(z, ξ), ..., wn − Pn(z, ξ))

is holomorphic in {|z| < 1, |ξ| < 1, |wk − Pk(z, ξ)| < ε0}.
Now define

f̃(z, w) = H̃(z, 0, w1 − P1(z, 0), ..., wn − Pn(z, 0))

where f̃ is defined and holomorphic in {(z, w) : |z| < 1, |wk −Pk(z, 0)| < ε0}. But
f̃ is also defined in Rδ, and since for 1− δ < |z| < 1 + δ,

H̃(z, 0, w1 − P1(z, 0), ..., wn − Pn(z, 0)) = H(z, 0, w1 − P1(z, 0), ..., wn − Pn(z, 0)),

we have

f̃(z, w1, ..., wn) = H̃(z, 0, w1 − P1(z, 0), ..., wn − Pn(z, 0))

= H(z, 0, w1 − P1(z, 0), ..., wn − Pn(z, 0))

= f(z, w1, ..., wn) [by (i)]

for all (z, w) ∈ Rδ. So, f̃ |Rδ = fRδ . We therefore conclude that

f̃ is holomorphic in a neighbourhood of (∂D ×Dn) ∪ σ

where σ is the graph of the holomorphic map z 7→ (P1(z, 0), ..., Pn(z, 0)) over D.
By the classical theorem of Hartogs, f̃ extends to F ∈ O(Dn+1), and F |Rδ = f |Rδ .
As F agrees with f on an open subset of Ω, F is the holomorphic extension of f to
Dn+1.

Proof of Lemma 1.4. Consider the smooth family of analytic discs {At}t∈[−1,1]

given by

At(z) = (z, 2t− z).

Notice that At(D) ∩ S = {(t+ iy, t− iy)| y ∈ [−
√

1− t2,
√

1− t2]}.
Consider the case when t ≥ 0. If t ≤ x ≤ 1 and x2+y2 = 1, then |2t−(x+iy)| ≤ 1.

Thus, the sets

S+
t = {At(x + iy)| t ≤ x ≤ 1, x2 + y2 ≤ 1}, t ∈ [0, 1],

are compact sets, with ∂S+
t ⊆ ω, and S+

t ⊆ ω for t close to 1. By the Konti-
nuitätsatz, therefore, f |V extends holomorphically to a neighbourhood of {(z =
x+ iy,−z) ∈ C2| 0 ≤ x ≤ 1, |z| ≤ 1} ( = S+

0 ).
Similarly, by considering the sets

S−t = {At(x+ iy)| − 1 ≤ x ≤ t, x2 + y2 ≤ 1}, t ∈ [−1, 0],

we can show that f |V extends holomorphically to a neighbourhood of the graph of
the (holomorphic) function ψ(z) = −z. Call this function f̃ . We are now in the
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situation of the classical Hartogs phenomenon; hence f̃ extends holomorphically to
D2.

Proposition 1.2 clearly follows from the above theorem. We state one more
corollary.

Corollary 1.5. Let S be the graph of (φ1, ..., φn) : D → Cn, a Dn−valued conju-
gate holomorphic map. With Ω as in Theorem 1.3, if f ∈ O(Ω), then f extends
holomorphically to Dn+1.

2. A generalization

An examination of the proof of Theorem 1.3 reveals that the method of treating
the conjugate variable z as an independent variable ξ can be generalized to arbitrary
D−valued continuous functions. This results in Theorem 2.1 below. Its proof is
nearly similar to that of Theorem 1.3. At one stage, however, it appeals to the
Hartogs-Chirka extension theorem – something that could be avoided in proving
all of the preceding results.

Theorem 2.1. Let u ∈ C(D;D). Let S be the graph of (φ1, ..., φn) : D → Cn, each
φk having the form:

φk(z) =
N∑
j=1

h
(k)
j (z)u(z)j,

where h(k)
j ∈ O(D) ∩ C(D,C) with the property

sup
z∈D

[
N∑
j=1

|h(k)
j (z)| ] < 1, k = 1, ..., n.

With Ω as in Theorem 1.3, if f ∈ O(Ω), then f extends holomorphically to Dn+1.

Proof. Write Φk(z, ξ) =
∑N

j=1 h
(k)
j (z)ξj . Exactly as in the proof of Theorem 1.3,

there is an ε0, 0 < ε0 < δ/2, sufficiently small that for |wk| < ε0, k = 1, ..., n,
|z| < 1 and |ξ − u(z)| < ε0,

|{wk + Φk(z, ξ)} − Φk(z, u(z))| < δ, k = 1, ..., n.

So, for each fixed w ∈ Dn
ε0 , for |z| < 1, |ξ − u(z)| < ε0, we can define

H(z, ξ, w) = f(z, w1 + Φ1(z, ξ), ..., wn + Φn(z, ξ)).(i)

Furthermore, the bounds on h(k)
j and u allow us to define

(z, ξ) 7→ H(z, ξ, w), w fixed, |wk| < ε0,(ii)

in {|z| < 1, |ξ − u(z)| < ε0} ∪ {1− δ < |z| < 1 + δ, |ξ| ≤ 1} ⊆ C2 as a holomorphic
function.

By the Hartogs-Chirka extension theorem (i.e. Theorem 1.1), we can define a
function H̃ such that for each w ∈ Dn

ε0 ,

(z, ξ) 7→ H̃(z, ξ, w)

holomorphically extends the function given by (ii) to D2.
By the same argument as in Theorem 1.3, we can define the holomorphic function

f̃(z, w) = H̃(z, 0, w1, ..., wn)
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where f̃ is defined in a neighbourhood of (∂D ×Dn) ∪ {w1 = ... = wn = 0}. By
the classical theorem of Hartogs, f̃ extends to F ∈ O(Dn+1) and, by the same
argument as in the proof of Theorem 1.3, F agrees with f on an open subset of Ω.
Thus, F is the holomorphic extension of f to Dn+1.
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