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HANKEL OPERATORS IN THE BERGMAN SPACE
AND SCHATTEN p-CLASSES: THE CASE 1<p<2

JINGBO XIA

(Communicated by Joseph A. Ball)

ABSTRACT. K. Zhu proved in Amer. J. Math. 113 (1991), 147-167, that,
for 2 < p < oo, the Hankel operators Hy and Hj on the Bergman space
belong to the Schatten class Cp, if and only if the mean oscillation MO(f)(z) =
{\fr\rg(z) —17(2)|2}*/2 belongs to LP(D, (1 — |2|2)~2dA(z)). In this paper we
prove that the same result also holds when 1 < p < 2.

1. INTRODUCTION

Let D be the open unit disc {z € C : |z|] < 1} in the complex plane and let dA
be the area measure on D normalized in such a way that A(D) = 1. Recall that
the Bergman space L2(D,dA) is defined to be the subspace {f € L?(D,dA) : f
is analytic on D}. As is customary, we denote the orthogonal projection from
L3(D,dA) to LZ(D,dA) by P. Also recall that a Hankel operator Hy : L2(D,dA) —
L2(D,dA)* with symbol function f is defined by the formula Hy = (1 — P)M;P,
where My is the operator of multiplication by f. It is well known that P has
K(z,w) = (1 —wz)~? as its kernel, i.e.,

/sz w)dA(w) = /(g#d/l()

1 —wz)?
Associated with K are the unit vectors {k, : |z| < 1} in L2(D,dA), where
ko(w) = {K(2,2)} V2K (w,2) = (1= [2[)/(1 = zw)?.
Recall that, given an f € L?(D,dA), its Berezin transform equals
Fe) = (i) = [ flkPaa.

The mean oscillation MO(f) of f is given by the formula

(1.1) MO(f)(z) = {|f2(2) = |f(2)I*}'/* = {/If — [(2) Pk |2d A} 2.
Let A be the measure on D defined by
AN (2) = (1 — |2[2)2dA(2).
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Recall that, for any 1 < p < oo, the Schatten p-class C, consists of operators T'
satisfying the condition ||T'||, < oo, where the p-norm is defined by the formula

1Tl = {ex(ITP)} P = {ee((TT)P/ %)}/,

In the study of Bergman space operators, a persisting theme is to determine the
membership of Hy in Cp,. Indeed there is a very rich literature on this subject, of
which we cite [I]-[4], [6] here as a sample. To explain what we will do in this paper,
it is necessary to have a brief review of the relevant history.

In [6], K. Zhu characterized the simultaneous membership Hy € C, and Hy € ),
for the case 2 < p < oo and for Hankel operators on the unit ball in C". In
particular, on the unit disc, he proved

Theorem 1 ([f]). Let2 <p < oo and f € L*(D,dA). Then Hy € C, and Hj € C,,
if and only if MO(f) € LP(D,d)).

Zhu further suggested in [6] that this particular characterization of membership
in Cp, i.e., the condition MO(f) € L?(D,d\), should hold in the case 1 < p < 2.
This, of course, is precisely what happens if f is assumed to be analytic. Recall
that, if f is analytic, then Hy = 0. J. Arazy, S. Fisher and J. Peetre proved the
following:

Theorem 2 ([]). Let 1 < p < oo and let g € L?(D,dA) be an analytic function.
Then the following are equivalent:

(a) Hz € Cp.

(b) g belongs to the Besov space Bj.

(c) MO(g) € LP(D,d\).

These authors further showed in [I] that, if g is analytic, then Hy € C; only
if g is a constant. This suggests that the membership of Hankel operators in the
trace class should perhaps be treated separately. Whether f is analytic or not, the
condition MO(f) € L'(D, d)) is sufficient, but not necessary, for both Hy and Hy
to belong to C;. Indeed, because

NO()(2) {/ - fer Sy

> (1 — AR 12 1/2
> 0= 1) int { [ 17 - aPday 2

the condition MO(f) € L'(D,d\) forces f to be a constant on D. But obviously
there are non-constant functions f on D for which both Hy and Hj are of trace
class. For example, if f vanishes outside some {z € C : |z| < n}, n < 1, then both
Hy and Hj belong to C;. Nevertheless, Theorem 2 cited above gives one confidence
that Theorem 1 should hold true in the case 1 < p < 2. In other words, the case
p = 1 should perhaps be viewed as something of an anomaly.

The simultaneous study of both Hy and H g (or, equivalently, Hy for real-valued
f) is usually referred to as a two-sided problem. In his paper [3], among many other
results, D. Luecking considered the one-sided problem Hy € C,, for all 1 < p < 0.
In particular we would like to mention the following result, which provides further
food for thought.

Theorem 3 ([3]). Let 1 <p <2 and f € L*(D,dA). Then Hy € C, if and only if

(1.2) / / £ 0 9O)PAAY2AN(C) < oo,

v
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where p¢(w) = (¢ —w)/(1 —(w) and D(0) is the disc of some fized radius r > 0 in
the hyperbolic metric around 0, i.e., D(0) ={C € C:|¢| < (e"—1)/(e" +1)}.

We know that MO(f)() < (1 = P)(f o @2)l| + (1 = P)(F o 92|l (see pages
142 and 143 in [5]). Thus if it were the entire unit disc D that appears in the
inner integral in (1.2) instead of D(0), then it would immediately follow that the
simultaneous membership Hy € C, and H; € C, implies that MO(f) € LP(D, d)).
But, since Theorem 3 holds true for p = 1 as well as for 1 < p < 2, we know that
the D(0) in (1.2) cannot be replaced by D when p = 1. Then what about the case
1 < p < 27 Thus we are back to Zhu’s original question: Does the simultaneous
membership Hy € C, and H € C, imply MO(f) € LP(D,d)) when 1 < p < 2?7 We
feel that, aside from reasons of aesthetics, the extension of Theorem 1 to the case
of 1 < p < 2 is interesting precisely because it breaks down at p = 1. Furthermore,
because MO( f) is defined in terms of the Berezin transform, the condition MO(f) €
LP(D,dM) is of a more global nature than conditions such as (1.2). The purpose of
this paper is to show that, when 1 < p < 2, the simultaneous membership Hy € C,
and Hf € Cp indeed entails MO(f) € LP(D,dA\) as Zhu originally predicted.

Theorem 4. Let 1 < p < 2. Then, for any f € L*(D,dA), we have Hy € C, and
Hy € Cp if and only if MO(f) € LP(D,d)\).

The case 1 < p < 2 calls for techniques different from those for the case 2 <
p < oco. For such problems, one would normally consider coverings of D by discs
of a fixed radius in the hyperbolic metric. But, to prove Theorem 4, we need to
decompose D into circular sectors. This is because the main difficulty in our proof
is to use localized mean oscillation to control MO( f), in which the long-range effect
of |k.|? cannot be ignored. Compared to discs, circular sectors allow us to cover D
while avoiding excessive overlapping in an effective way, which is essential for our
argument to work. As we will see in the proof of Lemma 7, this system of sectors
precisely recaptures the p = 1 anomaly.

The rest of the paper is organized as follows. In Section 2 we show that the
simultaneous membership Hy € C, and H; € C, implies the finiteness of two
localized mean oscillations associated with f, which is not a difficult task. The
main part of our work is in Section 3, where we show that these localized mean
oscillations can be pieced together to dominate MO(f).

2. DECOMPOSITION ON THE DISC

To prove our main result, we need to use five different kinds of circular sectors
in D. The reason why so many types of sectors will be used is that we need some
of the sectors to overlap, but we must also keep a tight control on overlapping.
Fortunately, what mitigates complication is that these five kinds of sectors are
really generated by just one kind, S, ;, which we will introduce first. For any
integersn > 1 and 1 < j <27, let

Spj={re*™ 1 -2""<r <1, 27"(j - 1) < 6 <27"j}.

Such an S, ; is often referred to as a Carleson square. For such n and j, we also
define

Tny={re®™ 1 -2"<r<1-27""1 27"(j —1) <9 <27"5}.
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n+1
That is, Tnj = Su,\MUZL Sns1i} = Sus\Sus12i-1 U Sngrz;}. We further
define
Sn,j:Sn,jfl U Sn,j U Sn,jJrlv Tn,j :Tn,jfl U Tn,j U Tn,j+17 n> ]-; 1§]§2n7

where we set Sn,O = Snygn, Tn,O = Tnygn, and Sn’2n+1 = Sn,l; Tn’2n+1 = Tn,1~
Keep in mind that S‘n,j (resp. ij) is the union of S, ; (resp. T, ;) with its
two immediate neighbors. Finally, for n > 1 and 1 < j < 2", we define @, ; =
T, jUT41,2j—1UT511,24, the union of T}, ; with the two 75,11 ,;’s that are contained
in Sy, ;. That is,

Quj={re™ 1 -27"<r<1-2"""2 27" -1) <0 <275}

For a Borel set £ C D, we will write |E| for A(E). We will also write pp =
[ wdA/|E| when ¢ € L'(D,dA) and |E| > 0. As usual, we will denote universal
constants by Cj, Cs, ..., which may represent different values in the proofs of
different lemmas.

Lemma 5. Let 1 < p < 2 and let f € L?(D,dA) be such that Hy € C, and
Hf €Cpy. Then

co 2™

(2.1) ZZ(|E—71”| /En,j \f = fe.,|PdAP? < 0o

n=1j=1
for By ; = ij and Qn.j.
Proof. Define the integral operator K,, ; on L*(D,dA) by the formula
f(w) — f(2)
(Kos0)o) = xe, ) [ B vwaaw),

n,J

Let ¢ = p/(p — 1). Since each K, ; is obviously Hilbert-Schmidt and since ¢ > 2,

2 _
5=
En,j v En,;

|1 —wz|72 < C1|E, ;| by the designs of T}, ; and Q,, ;. Thus

n.j

[ K jlI2 < (| Ky

w) — z 2
160 = TP g paas,

z|

Now, SUpP, ek

CQ
10l < i [ 1) = fo)PaAwiA)
@) s
= |E 1‘| 5 |f_fEn,j|2dA'
n,J n,j

Define an; = { [, |f = fr., PdA/|EaNO2/2 5 [y |f = fp,,PdA > 0 and

define a, ; = 0 if that integral equals 0.
Define Ky = Ziv=1 Z?=1 ap, i Ky ; for any integer N > 1. We next show that

N om

1
(2.3) KNy < CQ{Z Z(—/ \f = fg.,,PdA)P/2} .
n=1j=1 |Enjl JE,,
Let us first consider the case where E,, ; = T, ;. In this case we write

N
(24) KN = AQ + A1 + AQ, where A,L' = Z Z Oéman,j, 1= 07 1, 2.

n=1 j=i mod3
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Since Ty, j = Tr j—1UTy jUT, j11, for each i € {0, 1, 2}, the subspaces { L(T,,.;, dA):
1<n<N,1<j5<2" j=1imod3} are pairwise orthogonal Therefore

N 1/q
(2.5) | Aillg = Z Z O‘gL,jHKn,j”Z

n=1 j=¢ mod3

By (2.2) and the definition of ,, ;, we have

20 o Kl < OYH g [ 1 = i Paayr i,
njl JE,

Since (q(p — 2)/2) + (¢/2) = p/2, (2.3) follows from (2.4-2.6) when E, ; = T, ;.
In the case where E,, ; = @ ;, we decompose Ky as Ky = By + B; with

-
B; = i K i i=0,1.
> D anKn

1<n<N j=1
n=1 mod2

Again, for each i € {0,1}, the subspaces {L*(Qy ;,dA) : 1 <n < N, n =i mod2,
1 < j <27} are pairwise orthogonal. Thus the rest of the proof of (2.3) in the case
E, ; = Qn,; is the same as in the previous case. This completes the proof of (2.3).

Note that [Mf,P] = [Mf,P]P+ [Mf,P](l - P)= Hy — PMf(l - P) = Hy —
(H7)* € Cp under the assumption of the lemma. It is easy to see that

@7)  tr(My, PlEn) = Zzaw/ / H_—)'dA(w)dA(z).

n=1 j=1

Now inf weg, , [1—wz|7% = e3|Ep | " Since ||[My, Plll||Knlq > tr([M;, P|Ky),
it follows from (2 7) that

N om

s PRl > 3 ens g [ [ 15w = s Paawiaac
n— 1_] 1 77 J 77 J
N om
_ _ 2 /2
=203 ) > ( 7 j|2 / \f =[5, ,[2dA)P/2.
n=1 j=1 ’
It is easy to see that (2.1) follows from this inequality and (2.3). O

Note that Lemma 5 also holds in the case p = 1. In this case, instead of (2.3), it
is easy to derive the operator-norm bound supy ||Kn|| < co. Thus from the trace
estimate above one also obtains (2.1) when p = 1.

3. ASSEMBLING THE PIECES

The proof of Lemma 5 was easy because, in the case E, ; = ij or Qn,j, the
diameter of E, ; is comparable to its distance from the boundary 0D of the disc.

Real work comes when we deal with S, ; and S'n 4, which extend all the way to 0D.
To reduce the amount of writing, in the sequel we will use the notation

V(f;E) = ﬁ /E f — folPdA.



3564 JINGBO XIA

Lemma 6. Let 1 <p <2 and let f € L?(D,dA) be such that

co 2™

1 /
(3.1) ZZ(|E—M /En,j |f — fE,,,,j|2dA)p 2 < 00

n=1j=1
for By ; =Ty, and Q. j. Then (3.1) also holds when E, ; = S, ;.
Proof. We claim that, to prove the lemma, it suffices to establish

oo 2" 1
(32) SN -t

n=1j=1

2dA)P? < 0.

Indeed, recalling the definition that gn,j =5n,j—1US8,; USy, j+1, we have

V(S 0) _|Sm|/ = I,

< = 2{|f = fro ;s
z_: |S ;J+l| /77 i o

2yt [our-s

>3 T = JTn i
3 =1 Sl Sn.jti J+

where the third < is due to the fact that |fg — fp|?> < fE|f — fr]?dA/|E| <
(IFI/|E)V(f; F) when E C F. Hence the conclusion of the lemma follows from
(3.2).

To prove (3.2), we fix a pair of n, j and write § = S,, ;, T = T}, ; for the moment.
Since S = | {Th.s : k> n, Tps C S} and |Ti4|/|S| < C1272F=™) when k > n, we
have

1
_g - |f fT

n.j
,J+l| Sn,j+i

+ |an g+ }dA

!LJ

dA + 6V(f§ Tn,j)a

|S|/|f fT 2dA<Cl Z 2" 2(k= n)lTk | - |f_fT|2dA
s ks

Tk, sCS

(3.3) <20y Y 272(k7")(V(f;Tk,s) +\fr. = frl?)-

Tk,sCS
Given a Ty s C S with k > n, there is a unique chain of pairs of indices (n,j) =
(n,s(0)), (n+1,s(1)), ..., (k—1,s(k —n —1)), (k,s(k —n)) = (k,s) such that
Tn+t,s(t) U Tn+t+1,s(t+1) C Qn+t,s(t) fOI‘ t= O, ceey k —n —1. Thus

(3.4)
k—n—1 k—n—1

S s = Fosineinn | <02 D0 AV Quars) 2,

t=0 t=0
where we used the fact that {V(f;Q,H_t,s(t))}l/2 dominates both |fr, ., .,

an+t,s<t)| and |an+t+1)s(t+1) — anH)S(t)L It is also easy to see that V(f;Ty,s) <
C3V(f; Qx,s)- Applying the Cauchy-Schwarz inequality to (3.4), we have

k—n—1

< C{V(f5Qrs) + (k=n) > V(fi Quiesv)}-

t=0
Note that the chain (n,j) = (n,s(0)), (n + 1,s(1)), ..., (k — 1,s(k — n — 1)),
(k,s(k —n)) = (k,s) consists precisely of those pairs of indices (v,¢) such that

lfT — f1..

(3.5) V(f;Th,s) + | fr — fr.|?
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the relation Ty s C S,; C S holds. Since the above applies to every Ty s C S,
substituting (3.5) into (3.3) and observing that k — n < C52(F=™)/2 e obtain

1
(3.6) E/ |f = fr|’dA < Cs Z 2732y (£:Q,,).
& Th.sCSy.iCS

Now, for each S, ; C S and for each k > v, the cardinality of the set {s:1 < s < 2k,
Ty.s C Sy} equals 2877, Thus a rearrangement of the terms in (3.6) gives us

1
E/Sv—fﬂm

<Cs Y V(£Qui) Y 27" ™ Pcard{s : Ty s C Sy}
S k=v

v,iCS

= CG Z V(f, Qu,i) Z 27(]@7")/2 . 27k+n . 2]{;711
k=v

S,,iCS
<Cr S 2V Q).
Sy,iCS
Note that (3> ay)” <> al if 0 <r <1 and a, > 0. Since p/2 < 1, (3.7) implies
1
68 g [Pyt <o 3 rrvQup
s S,,iCS

This, of course, holds true for any given S = S, ; and T' = T;, ;. Summing over all
possible indices n and j, from (3.8) we obtain

: —p(v—n
Z(|S | |f - an)j|2dA)P/2 < Cy Z Z 9—n( )/Q(V(f; QVJ'))p/Q
m 7 SuiCSn.g
=Cs > (V(£;Qua)P? Y 27rvem/z
v Sn,iDSu,i

Observe that, for each given pair of v, i and each n < v, there is precisely one j
such that Sy ; O Sy;. Thatis, 3og g 9 pv=m)/2 = S 92=P(v=1)/2 for any v,
i. Since the lemma assumes (3.1) for E, ; = Qp,;, the above is finite. This proves
(3.2). O

What we have done so far works in the case p = 1 as well as in the case 1 < p < 2.
Our next lemma is the one that cannot be extended to the case p = 1.

Lemma 7. Suppose that 1 < p < 2. Let f € L?(D,dA) be such that (3.1) holds
for By j = S, ;. Then MO(f) € LP(D,d)), where d\(z) = (1 — |2|?)72dA(z).

Proof. From the definition of the sectors T}, ; it is easy to deduce that sup,, ; A(T»,;)
< oo. Since U, ;Tn,; = {7 : 1/2 < [z < 1}, to prove the lemma, it suffices to
establish

(3.9) Z sup {MO(f)(2)}* < 0.

n.j z€Ty j
Again, it follows from the definition of T}, ; that, for any z € T}, ;,
2 (122

k., <P <027 /27) < 0y S,
3161%| (U))| —= (1—|Z|)4 — 1( / )— 2| J|
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By the definition of Sz,t, if £ <n, Sey D Seq1,r D Sny and z € Ty, 4, then

sup |]€ ( )|2 < C (2 2n/2 (e+1) ) < C4272(n7£)|5vz’t|71
weD\Sl+1,T

Thus, if we set Sp1 = 5’0,1 = D, then for any g € L*(D, dA) and any n, j, we have

(3.10) sup /|g||k PdA<Cs Y 272H — lg|dA.
2€Tn ey |Set| Se.e

Fix a pair of n, j for the moment and let (0,1) = (0,¢(0)), (1,¢(1)), ...
(n —1,t(n — 1)), (n,t(n)) = (n,j) be the pairs of indices such that Sy ;) O Sn,;
for all 0 < ¢ < n. Let us also write Sy = Sy ;(¢) and Sy = Sg (), 0 < £ < n, for the
moment. If £ < n, then

I?ld/s |f = f5,17dA < 2{V(f;50) + |f5, — f35,1}

(3.11) <2{V(f;Se) + (n—¢ Z|fs —f5,, "}
n—1
20n—C+1)> 4V(£;85,),
v={

where, as we recall, V(f;E) = [|f — fg|*dA/|E|. By (3.10) and (3.11), for any
z € Tn,j;

2k, |2dA

pO(NE < [1f - s,

<Cp )y 2720h— /f [
> s, AT

£=0
(3.12) <Coy 270 (-t + 1)ZV(f;§u)
£=0 v=~_{

—CGZVfS 22 "=O(n —+1)

scﬁzvu;&) Z 272 (k + 1)

v=0 k=n—v

We now use the condition p > 1: Since p/2 > 1/2, there is an € > 0 such that
(p/2)(2 — €) > 1. Thus if we set C7 = Cs Y 5oy 2™ %(k + 1), then from (3.12) we
obtain

sup {MO(f)(2)}> < C; Y 27790V (f;5,)

ZETn,j v=0

=Cy Z 27900y (f,5,,)

Se,tDSn,;

(3.13)

upon recalling the notation Sy = g[,t(g) with Sy sy D S, j used above.
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Since p/2 < 1, we have (3 a,)?/? < Za?m if ag > 0. Therefore (3.13) implies
sup {MO(f)(2)}P < Cs Y 27 P OV (f;504)P/2,
2€1n, Se,tDSn,;

where 0 = (2 — €)(p/2). Now, given a pair of £, t and given any n > ¢, there are
exactly 2"~ ¢ sectors S, n,j contained in S; ;. Hence

Z sup {MO(f)(2)}¥ < ng Z BV (f5 Sp))P?

" e n,j S¢,tDSn.j
= Z(V(f; Sé’t))pm Z 2_ﬂ(n_é)camd{j 2 Sn; C Ses}
0 e
=Cs Z(V(f; Se.))P/? Z 9—(B-1)(n—£)
0 e

Since 3 = (2 — €)(p/2) > 1 by the choice of ¢, this quantity is finite whenever (3.1)
holds for E,, j = S, ;. This proves (3.9) and completes the proof of the lemma. O

Proof of Theorem 4. Let 1 < p < 2 and f € L?(D,dA) as in the statement of the
theorem. It follows from Lemmas 5, 6 and 7 that the simultaneous membership
Hy € C, and Hjy € Cp, implies MO(f) € LP(D,dA). The converse of this follows
from a well-known argument, which we repeat below in the interest of completeness.

By an argument due to Zhu [4], |Hsk.|?> = [|fk.||* — [|Pfk.||* < | fk.|* —
[(Pfk.,k.)]? = {MO(f)(2)}2. Thus if MO(f) belongs to LP(D,d)), then so does
the function z — ||Hk.||. Since p/2 < 1, we have

((H7Hp)" ke k) < (HjHyhs k)P = || Hyk||”

and

te((H Hp)/?) = / (HHpP ke, k) dA(= / | H ke |PdA(z)

(see pages 115-117 in [5]). Hence Hy € C, when MO(f) € LP(D,d)). Since MO(f)
= MO(f), we also obtain Hy € C, under the condition MO(f) € LP(D,dM). O
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