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NEW PROOF OF TWO BERSTEIN-HILTON THEOREMS

CARMEN ELVIRA AND JOSE L. NAVARRO

(Communicated by Ralph L. Cohen)

Abstract. With arguments of Homotopy Theory and without the assumption
of finite type, we give short proofs of two classic theorems which deal with the
co-H-type of a suspension and the homotopy class of a suspension map.

1. Introduction

In this paper we work in the based category of spaces having the homotopy
type of CW -complexes with compactly generated topologies, so dimX ≤ n means
that there is an n-dimensional CW -complex in the homotopy type of X . The flat
product A[B is the homotopy fibre of the inclusion map j : A ∨ B −→ A × B.
Clearly, ζ = M(Ωi1 ×Ωi2) is an explicit coretraction for Ωj, where M denotes the
loop multiplication on Ω(A ∨B). In the sequel we shall use the same symbol for a
map and its homotopy class, thus we mark as equal homotopic maps. The class [∗]
of the nullhomotopic maps will be denoted by 0.

Since (Ωj)(1−ζ(Ωj)) = 0, there is a map ξ : Ω(A∨B) −→ Ω(A[B), unique up to
homotopy, such that (Ωπ)ξ = 1− ζ(Ωj) and the map J(f) : ΩX −→ Ω(A[B) given
by the composition J(f) = ξ(Ωf) is called the co-Hopf construction associated to
the map f : X −→ A ∨B.

A comultiplication on a space X is a map µ : X −→ X ∨X such that jµ = ∆,
and we say that µ is homotopy associative if (µ∨1)µ = (1∨µ)µ. We denote by σ the
standard comultiplication on any suspension space. A map f : (X,µ) −→ (Y, ν)
is a co-H-map, with respect to µ and ν, if νf = (f ∨ f)µ or, equivalently, if
(i1 + i2)f = i1f + i2f in [X,Y ∨ Y ]. Plainly, the suspension Σg of any map
g : A −→ B is a co-H-map, with respect to the standard comultiplications.

With arguments of Homology Theory, and restricted to CW -complexes of finite
type (i.e. CW -complexes with finitely generated homology groups), Berstein and
Hilton proved in [1] the two following results:

Theorem A. Let (X,µ) be an (n − 1)-connected co-H-space, n ≥ 2, such that
dimX ≤ 3n− 3. Then X has the co-H-type of a suspension.

Theorem B. Let B be an (n − 1)-connected space, n ≥ 1, and let A be such that
dimA ≤ 3n−2. Then every co-H-map f : ΣA −→ ΣB is homotopic to a suspension
map.
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In the introduction of [1] the authors suggest that a simpler proof of their results
should be possible. In this paper we give short proofs of these theorems in the same
spirit as the original proofs, but with arguments of Homotopy Theory that make
unnecessary the assumption of finite type.

2. The coprojective plane of a co-H-space

Let (X,µ) be a co-H-space. In [4] Hilton defined the coprojective plane XC2 of
X as the homotopy fibre of the co-Hopf construction J(µ). Let f : (X,µ) −→ (Y, ν)
be a co-H-map. Since the co-Hopf construction is natural, the right square D in
the following diagram is homotopy commutative:

XC2
p // ΩX

DΩf

��

J(µ) // Ω(X[X)

Ω(f[f)

��
Y C2 p

// ΩY
J(ν)

// Ω(Y [Y )

Therefore J(ν)(Ωf)p = 0 or, equivalently, there is a map f2 : XC2 −→ Y C2 such
that pf2 = (Ωf)p. In particular, the coprojective plane is an invariant of the
co-H-type in the 1-connected CW -type.

Composition of (Ωπ)ξ = 1−ζ(Ωj) with Ωµ yields (Ωπ)J(µ) = Ωµ−ζ(Ωj)(Ωµ) =
Ωµ− ζ(Ω∆) = Ω(i1 + i2)− (Ωi1 + Ωi2). Let f : (ΣA, σ) −→ (X,µ) be a map. Then

(Ωπ)J(µ)(Ωf)e = Ω((i1 + i2)f)e− (Ω(i1f)e+ Ω(i2f)e)

= A((i1 + i2)f − (i1f + i2f)),

where A is the adjointness isomorphism and e : A −→ ΩΣA is the unit. Since (Ωπ)∗
is a monomorphism, one has the following result which appears in [4] without proof.

Proposition 2.1. A map f : ΣA −→ X is a co-H-map, with respect to σ and µ,
if and only if J(µ)A(f) = 0.

In other words, f is a co-H-map if and only if its adjoint A(f) factors through
XC2. Obviously, p : XC2 −→ ΩX factors through XC2 and, since A−1(p) = ε(Σp),
one has

Corollary 2.2. The composition ε(Σp) is a co-H-map.

There is a triple ΩX
J(µ) // Ω(X[X)

q // X , where q = 0, which is a word-
by-word dual of the Sugawara fibration. However, Hilton proved that this triple is
not a cofibration. Consider the commutative diagram

XC2
p // ΩX

J(µ) $$HHHHHHHHH
// Cp

φ

��

q // Σ(XC2)

ζ

��
Ω(X[X)

j
// Q

where Q is the homotopy cofibre of J(µ). If X is (n − 1)-connected, n ≥ 2, then
Ω(X[X) is (2n− 3)-connected, and J(µ) is an (n − 1)-equivalence. By a result of
Ganea ([2], Theorem 1.1), the extension φ of J(µ) is a (3n − 3)-equivalence and
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likewise for ζ, by the standard 5–lemma argument. Let k : Q −→ ΣΩX be the next
map in the Puppe sequence of J(µ).

Σ(XC2)

ζ

��

Σp // ΣΩX

ε

��
Q

k

::ttttttttttt //_____ X

Then kζ = Σp and, if h : Q −→ X is defined by composition h = εk, Theorem 3.4
in [5] implies that h is a (3n − 3)-equivalence. Since hζ = εkζ = ε(Σp), we then
have the following.

Proposition 2.3. Let X be an (n − 1)-connected co-H-space, n ≥ 2. Then the
composition ε(Σp) is a (3n− 3)-equivalence.

3. Proof of Theorems A and B

Let X be a 0-connected CW -complex and let φ : H̃n(X) −→ F be an epimor-
phism of H̃n(X) into the free abelian group F , where n ≥ 2. Then there is a
subcomplex X(n, F ) of X with the same (n− 1)-skeleton of X , and such that

(1) u∗ : H̃q(X(n, F )) −→ H̃q(X) is an isomorphism for every q < n,
(2) φu∗ : H̃n(X(n, F )) −→ F is an isomorphism,
(3) H̃q(X(n, F )) = 0 for every q > n,

where u : X(n, F ) −→ X denotes the inclusion map.
Note that, if F = 0 is the trivial group, then X(n, 0) = X(n−1) is the homology

(n− 1)-section of X . This (modified) homology decomposition was given in [1].
Assume that (X,µ) is an (n−1)-connected co-H-space, n ≥ 2, such that dimX ≤

3n−3, and let Y be a CW -complex in the homotopy type of XC2. If we denote W =
Y (3n − 4, F ) and u : W −→ Y is the inclusion map, F = H̃3n−3(X) being a free
abelian group, then Corollary 2.2 and Proposition 2.3 imply that the composition

ΣW
Σu // ΣY ' Σ(XC2)

Σp // ΣΩX
ε // X

is a co-H-equivalence and Theorem A is proved.
Now, let f : ΣA −→ ΣB be a co-H-map with respect to σA and σB . Then it

follows that J(σB)(Ωf)eA = 0, and so there is a map u : A −→ (ΣB)C2 such that
pu = (Ωf)eA.

A

g

���
�
�
�
�
�
�

u

##FFFFFFFFF
eA // ΩΣA

Ωf

��

J(σA) // Ω(ΣA[ΣA)

Ω(f[f)

��

(ΣB)C2

p

$$IIIIIIIIII

B

φ
;;xxxxxxxxx
eB

// ΩΣB
J(σB)

// Ω(ΣB[ΣB)

On the other hand, since 1 : ΣB −→ ΣB is obviously a co-H-map, Proposition
2.1 implies that J(σB)eB = 0. Then there is a map φ : B −→ (ΣB)C2 such that
pφ = eB. Assume that B is (n − 1)-connected; then ΣB is n-connected and, by
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applying Proposition 2.3 to ΣB, we infer that ε(Σp) is a 3n-equivalence. Note
that ε(Σp)(Σφ) = ε(ΣeB) = 1, so Σφ is a coretraction of ε(Σp). Thus, Σφ is
a (3n − 1)-equivalence, and so φ is a (3n − 2)-equivalence. Hence, the induced
map φ∗ : [A,B] −→ [A, (ΣB)C2] is bijective if dimA < 3n − 2, and surjective if
dimA = 3n − 2. Therefore, provided dimA ≤ 3n − 2, there is a map g : A −→ B
such that φg = u. Thus, eBg = pφg = pu = (Ωf)eA = A(f) and, by taking
adjoints, we have f = A−1(eBg) = Σg. This proves Theorem B.

4. Remark

It has been known for a long time that any (n − 1)-connected space such that
dimX ≤ 2n − 1, n ≥ 1, has the homotopy type of a suspension. A proof, by
induction on the geometrical dimension of a CW -complex, was given in [3]. After
the modified homology decomposition of Berstein-Hilton it is possible to give a
shorter proof. Indeed, if n ≥ 2 the hypotheses imply that ε : ΣΩX −→ X is a
(2n− 1)-equivalence, and that F = H̃2n−1(X) is a free abelian group, respectively.
Let Y be a CW -complex in the homotopy type of ΩX . If W = Y (2n− 2, F ) and
u : W −→ Y is the inclusion map, then the composition

ΣW
Σu // ΣY ' ΣΩX

ε // X

is a homotopy equivalence in the 1-connected CW -type. If n = 1, note that dimX ≤
1 implies that X is contractible or X has the homotopy type of a wedge of 1-spheres,
so the suspension of a discrete space.
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