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ABSTRACT. A characterization of paracompact C-spaces via continuous selec-
tions avoiding Zoo-sets is given. The result is applied to prove a countable
sum theorem for paracompact C-spaces, and to obtain a new partial solution
of a question raised by E. Michael.

1. INTRODUCTION

We apply a recent characterization of paracompact C-spaces given by Uspenskij
[16] to obtain a selection theorem of Michael’s type characterizing this class of
spaces. More precisely, the following theorem will be proved.

Theorem 1.1. For a paracompact space X the following conditions are equivalent:

(a) X is a C-space.

(b) LetY be a Banach space and let ¢ : X — F.(Y) be an l.s.c. mapping. Then,
for every sequence of set-valued mappings ¥, : X — F(Y) such that each 1y,
has a closed graph and ¥, (x) N o(x) is a Zeo-set in p(x) for every x € X
and n € N, there exists a single-valued continuous map f : X — Y with
f(z) € p(@)\U{¢n(x) : n € N} for each x € X.

(¢c) Let Y be a Banach space and let ¢ : X — F.(Y) be an l.s.c. mapping. Then,
for every closed F' C'Y there exists a single-valued continuous selection for ¢
avoiding F, provided that F N p(x) is a Zo-set in p(x) for each x € X.

Here, 2¥ is the family of all nonempty subsets of Y, F(Y) that of all closed
F € 2Y, and F.(Y) denotes the convex elements of F(Y) (the same notation will
be used when Y is a subset of a vector space). A set-valued mapping 0 : X — 2V
is lower semi-continuous, or 1.s.c., if =1 (U) = {z € X : (x)NU # 0} is open in X
for every open U C Y, and it has a closed graph if Graph(0) = {(z,y) € X x Y :
y € O(z)} is closed in X x Y. Amap f: X — Y is a selection for § : X — 2V
it f(z) € 0(x) for every z € X, and it avoids a set F' C Y provided f(z) ¢ F for
every x € X.

We adopt the following definition for a Z..-set: a closed subset F of Y (possibly
empty) is said to be a Z,,-set in Y, n € N, if the set C(I", Y\ F) is dense in C(I",Y),
and we say that F'is a Z-set in Y provided it is a Z,-set in Y for all n € N (see
[2] and [15]). The collection of all Z.-sets (resp., Z,-sets) in Y will be denoted by
Z(Y) (resp., Z,(Y)).
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The C-space property was originally defined by W. Haver [6] for compact metric
spaces. Addis and Gresham [I] reformulated Haver’s definition for arbitrary spaces:
A space X has property C (or X is a C-space) if for any sequence {wy, : n € N} of
open covers of X there exists a sequence {7, : n € N} of open disjoint families in X
such that each v, refines w,, and (J{v, : n € N} is a cover of X. Note that, in fact,
a C-space X is paracompact if and only if it is countably paracompact and normal.
Every finite-dimensional paracompact space, as well as every countable-dimensional
metric space, is a C-space [1], but there exists a compact metric C-space which is
not countable-dimensional [14].

Our first application of Theorem 1.1 is a countable sum theorem for paracom-
pact C-spaces, i.e. if a paracompact space X is a countable union of its closed
C-subspaces, then X also has property C' (see Theorem [£1)). Therefore, every
strongly countable-dimensional paracompact space (a countable union of closed
finite-dimensional subsets) has property C. Theorem E1l allows one to prove also
that a paracompact space is a C-space provided it has locally property C' (see Theo-
rem[2)). The latter result improves [1l, Theorem 2.16] by dropping the assumption
on the space under consideration to be hereditarily collectionwise normal. Let us
point out here that Theorem [Tl should be compared with another countable sum
theorem [Tl Theorem 2.7] which works without the assumption that the sets are
closed but for hereditarily collectionwise normal spaces.

Another application of Theorem 1.1 concerns the following Michael’s problem
[I1, Problem 396]: Let X be a paracompact space, E a Banach space, Y C E a
conver Gs-subset, and let ¢ : X — F(Y) be l.s.c. Does there exist a single-valued
continuous selection for p?

The first author has provided a positive answer to this question if X is either a
countable-dimensional metric space [5, Corollary 1.2] or a strongly countable-dimen-
sional paracompact space [5, Corollary 1.3] (actually, these results were proved
under the less restrictive assumption that Y is G5 and ¢ is 1.s.c. closed- and convex-
valued in Y'). Using Theorem 1.1, we demonstrate that the restrictions on X can
be weakened to “X is a paracompact C-space” (see Theorem [.4).

A few words about the paper. Section 2 is devoted to some preliminary results.
The proof of Theorem 1.1 is given in Section 3. The final Section 4 contains
applications of Theorem 1.1.

2. PRELIMINARIES

We agree on the following notation. For a metric space (Y, d), a point y € Y and
a positive number §, the open ball in Y with center y and radius § is denoted by
B;s(y). I Y is a normed space, then d stands for the metric generated by the norm
of Y.

In what follows, to a pair of set-valued mappings ¢ : X — 2¥ and ¢ : X — 2V
we associate a set-valued mapping A, 4y : X XY — 2% U {0} such that, for every
(z,y) € X x Y, the value A, 4 (x,y) consists of all § > 0 for which there exists a
neighbourhood Us of z with the property that

(1) Bs(y)Np(z) #0 and Bs(y) Ny(z) =0, whenever z € Us.
Also, we associate another set-valued mapping @, ) : X — 2Y U {0} defined by

(2) Do) (@) ={yeY : A p(z,y) #0}, zeX,
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and functions u(, y), £(4,¢) : Graph(®(,,y)) — R defined for (z,y) € Graph(®(, )

by

(B)  uw (@ y) =infAg ) (zy) and L g (2, y) =sup Ay (2, y).
Finally, let us recall that a function r : X — R is lower semi-continuous (resp.,

upper semi-continuous), or merely lsc (usc), if 7~ 1(a, +00) (resp., r~1(—o00,a)) is
open in X for every a € R.

Lemma 2.1. Let (Y,d) be a metric space, and let o : X — 2 and 1 : X — 2Y be
set-valued mappings such that ¢ is Ls.c., ¥ is with a closed graph and p(x)\v(z) # 0
for every x € X. Then,

(1) o(@)\Y(x) C Oy () for every x € X;

(i1) wp,p) (@, y) < L) (@, y) for every (z,y) € Graph(P®(, v));

(iii) Graph(®(, 4)) s open in X x Y;

(iv) w(p,p) is usc, while £,y is lsc.
Proof. Let x € X and y € p(z)\¢(z). Since ¢ has a closed graph, there exists a
neighbourhood U of z and a neighbourhood V of y such that U x V NGraph(z)) = 0.
Then, let § > 0 be such that Bs(y) C V. Finally, set Us = ¢~ 1(Bs(y)) N U which
is a neighbourhood of x because ¢ is Ls.c. It is now clear that, for every z € Us,

Bi(y) Npl(z) £ 0 while Bs(y) n(z) =0.

Therefore § € A, y)(7,y), i.e. y € P(4 ) (z) which is (i).

Turning to the proof of (iii) and (iv), let us first observe that, by (), the
statement of (ii) is a consequence of the lower semi-continuity of ¢. Indeed, take
(z,y) € Graph(®(,, 4)). Then, A, ) (z,y) # 0, so, by (D), there exists § > 0 and
a neighbourhood U of = with

Bs(y)Np(z) #0 and Bs(y) Ny(z) =0, whenever z € Us.

Since Bs(y) Np(x) # B, there exists v > 0 such that v < § and B, (y) N o(z) # 0.
Then, U, = UsNe~1(B,(y)) is a neighbourhood of x because ¢ is l.s.c., and clearly

B,(y)Ne(z) #0 and B,(y)N¢(z) =0, whenever z € U,.
Therefore, v € A, y)(2,y) which finally implies that

Uy (2, y) = Inf Ay ) (2,y) S v <0 <sup A ) (2, y) = L) (T, Y).

To show now (iii) and (iv), take a point (zo,y0) € Graph(®(,,)) and an a € R
with U(¢,w)($0,y0) <a< g(%w)(ﬁio,yo). Also, take 6,68, € A(%w)(iﬁo,yo), with
0y < a < 0y, and a neighbourhood Uy of xg such that

(4) Bs.(yo) Np(2) #0 and Bs,(yo) Np(2) =0, 2z € Uo.

Finally, let p = min{(d;, — a)/2, (a — 6,,)/2}. Take points x, z € Uy and y € B,(yo)-
Then, by (@),

0 # Bs, (yo) N@(z) C Bs,+,(y) Neo(2),
and
Bs,—p(y) N1p(2) C Bs,(yo) N1p(z) = 0.

Therefore 6, 4 p, 6¢ — p € Ay, (z,y) which implies Uy x B,,(yo) C Graph(®(,,4))
and that u(, 4 (7,y) < a < L, g (2, y) for every (z,y) € Uy x B,(yo)- O
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Lemma 2.2. Let (Y, ||.||) be a normed space, and let ¢ : X — 2Y and ¢ : X —
2 be set-valued mappings such that ¢ is l.s.c., ¢ is with a closed graph and
e(@)\w(z) # O for every x € X. Then, for every x € X, we have [yo,y1] C
@ (,p) () provided y1 € P, 4y (7) and yo € Bs, (y1)Np(x) for some 01 € Ay p) (2, Y1)

Proof. Let x € X, y1 € @, 4)(2), 61 € Ap ) (z,y1) and yo € Bs, (y1) Np(x). Note
that, by (i) of Lemma 21} yo € @, y)(x). Then, let y = (1 —t)yo + ty1 for some
t € (0,1). Tt suffices to show that A, y)(x,y) # 0. For the purpose, let us show
that 0 = td1 € A, y)(z,y). Towards this end, let Us, be as in the definition of
“01 € A(g,p)(,91)”, see (). Next, note that Bs(y) N ¢(x) # 0. Indeed,

d(y,y0) = ly = ol = tllyr = yoll < 11 = 6.

Then, Us = ¢~ (Bs(y)) N Us, is a neighbourhood of  because ¢ is Ls.c. Thus, to
show that 6 € A, ) (%,y), it only remains to show that Bs(y) N1(z) = () for every
z € Us. Suppose, if possible, that this fails for some point z € Us. Hence, we can
find a point y» € Bs(y) N1(z). Then, d(y1,y) = [ly1 —yll = (1 —1)|[y1 — yol| implies

d(yl,yg) < d(yl, y) -+ d(y,yg) < (]. - t)51 +4§= (1 — t)51 + té1 = 41.
That is, y2 € Bs, (y1) N ¢(2z) which is impossible because z € Us, . O

Lemma 2.3. Let F' € Z,(A) for some n € N, where A is a closed convex subset
of a normed space Y. Also, let y € A and H = AN Bs(y) for some § > 0. Then
FNHisalZ,-setin H.

Proof. Let f € C(I", H). We have to show that, for a given ¢ > 0, there exists
g € C(I", H\F) with d(f(x),g(x)) < ¢ for every € I". To this end, let n < 1
be a positive number such that n(6 + 1) < . Define h € C(I", AN Bs(y)) by
hz) =1 —n)f(z) +ny, x € I". Since U = AN B;s(y) is open in A, FNU is a
Zp-set in U. Therefore, we can find g € C(I", U\F') such that d(g(z), h(z)) < n for
every x € [”. This g is the required one. [l

A space S is called aspherical [16] if every continuous map f : P — S from
a compact polyhedron P can be continuously extended over the cone of P. Note
that S is aspherical if and only if any continuous image of an n-sphere, n € N, in
S is contractible in §, i.e. when S is C™ for every n € N. Finally, we say that a
set-valued map ® : X — 2Y is aspherical if all ®(z), x € X, are aspherical subsets
of Y.

We conclude this section with the following special case of a result actually
proved by Uspenskij [16].

Proposition 2.4 ([16]). Let X be a paracompact C-space, let Y be a topological
space, and let & : X — 2Y be an aspherical mapping with an open graph. Then, ®
has a single-valued continuous selection.

3. PrROOF OF THEOREM 1.1

We shall prove the implications (a) = (b) and (¢) = (a). The implication
(b) = (c) is trivial.

(a) = (b). First, we show that this implication holds if the sequence {1, : n € N}
is constant.
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Proposition 3.1. Let X be a paracompact C-space and let Y be a Banach space.
Ifo: X = F(Y) is l.s.c. and v : X — F(Y) is with a closed graph such that
Y(x) N p(x) is o Zo-set in p(x) for every x € X, then there exists a continuous
f: X =Y with f(z) € p(x)\(x) for every x € X.

Proof. Note that each ¢(z)\¢(z) # 0 because ¥(z) N p(z) is a Zs-set in ¢(z).
Then, let us consider the mapping ®(, ) : X — 2Y defined as in (2).

Claim 1. @, 4 is aspherical.

Let zg € X, and let k : P — ®(,, (7o) be a continuous map with P a compact
polyhedron. Also, let wu, ) and £, ) be defined as in (B). Then, by Lemma 2.1]
U(p,p) (w0, k(p)), p € P, is a usc function on P, £, y)(xo,k(p)), p € P, is an Isc
function on P, and u, ) (o, k(p)) < £(4,p) (20, k(p)) for every p € P. Since P is
paracompact, by a result of [3] (see, also, [4, [7]), this implies the existence of a
continuous function r : P — R such that

(5) U(p,) (20, k(p)) < 7(p) < {(py)(T0,k(p)) for every p € P.

An important property of 7 is that each B,(,)(k(p)) N¢(z0), p € P, is non-empty
and its closure doesn’t meet ¢(xo). Further, 6(p) = B, (k(p)) N¢(z0), p € P,
defines an l.s.c. mapping 0 : P — F.(Y) because r is continuous. Then, according

to the Michael’s selection theorem [8] Theorem 3.2”], § has a continuous selection
h. Let

Cone(P)={tv+ (1 —t)p:pe Pand t € [0,1]}

be the cone of P with a vertex v. Then we have Cone(P) = Hy U Hy, where
Hy = {tv+(1—t)p:pe P, t € (0,27} and Hy = {tv+(1-t)p:pe P, t € [271,1]}.
Define k1 € C(H1,Y) by k1(tv + (1 — ¢)p) = (1 — 2t)k(p) + 2th(p). Note that, for
every p € P, (B) implies h(p) € Bj(,)(k(p))Ne(xo) for some §(p) € Ay, p) (w0, k(p)).
Since k : P — @, y)(w0), it now follows by Lemma 2.2] that k1(2) € @, ) (x0) for
every z € H;. Next observe that ki|P = k while o(xo)\t(x0) is an AR because
P(xo) Np(x0) € Zoo(w(x0)) (see [16] Proposition 6.4]; this also follows from [15]).
Therefore k1| H can be extended to a continuous map k2 : Ha — ¢(x0)\9(xq), where
H = Hy N H». Finally, we define a continuous extension k : Cone(P) — ®, ) (z0)
of k by E|H1 = k)l and E|H2 = k‘g.

We now proceed to the rest of the proof. By Proposition 2.4, &, ,) has a
continuous selection g : X — Y because, by Claim 1, it is aspherical and, by
Lemma 2.7], it has an open graph. Relying once again on Lemma 2. Tland a result of
[3, 4, I7], there exists a continuous function r : X — R such that, for every z € X,

6)  dg(z),¢(2)) < ugy(z9(@) <r(@) <L, g(z) < dg(z),d(z)).

Therefore, 0(x) = By (g(x)) N@(z) defines an ls.c. mapping 6 : X — F.(Y).
Hence, applying again the Michael selection theorem [8, Theorem 3.2”], we get a
continuous selection f for §. According to (@), f is as required. O

We finally accomplish the implication (a) = (b) of Theorem 1.1 with the follow-
ing proposition.

Proposition 3.2. Let X be a paracompact C-space, let' Y be a Banach space, and
let o : X — Fo(Y) be an l.s.c. mapping. Then, for every sequence of mappings
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Yn : X — F(Y) such that each 1y, has a closed graph and ¥ (x) N @(z) is @ Zoo-
set in p(x) for every x € X and n € N, there is a single-valued continuous map
f: X =Y with f(z) € (z)\ U{ton(x) : n € N} for every x € X.

Proof. By Proposition B, ¢ admits a continuous selection f; with fi(x) & 1 (z)
for each z € X. Then, as in the proof of Proposition B1] there exists a continuous
function 4; : X — R with

u(@;wl)(ma fl(m)) < 51(37) < E(%wl)(ma fl(x))v z € X,

i.e., a continuous selection for the set-valued mapping A, y,)(z, f1(2)), z € X.
Hence, r1 () = min{d;(z), 1}, € X, defines a continuous function r : X — (0, 1]
such that r (z) < d(f1(x),9¥1(x)) for every € X. As in the proof of [A] Lemma
2.1], we shall construct a sequence of continuous selections f,, for ¢ and a sequence
of continuous functions r,, : X — (0, 1] such that, for every € X and n,

(7) ro(x) < min{d(fx(z), Yr(z)) : k < n},

(8) A(frs1(2), fo(2)) <3710 (2).

The above conditions will be sufficient. Indeed, by @®), {f.} is a Cauchy sequence
and the limit of this sequence defines a continuous map f : X — Y which is a
selection for ¢. By (@) and [12| Lemma 6.1.1], f(z) & [J{¢¥n(z) : n € N}.

So, it remains to define these f,,’s and r,,’s. Suppose that f1,..., fpandry,...,r,
have been already defined. Consider the l.s.c. mapping ¢, 4+1 : X — F.(Y) defined
by ¢ni1(z) = Bs—np, (o) (fu(®)) N@(z), € X. Applying Lemma 2.3 for any z
(with A = p(z), F = ¢Ypy1(z)Ne(z), y = fu(z) and 6 = 37 "r,(z)), we obtain that
Y41 () Npi1(x) is & Zoo-set in p41(z). Hence, by Proposition Bl (applied with
the mappings @,11 and ¥,11), there exists a continuous selection fy,+1 for 41
such that fri1(x) & Ynt1(z), * € X. For r,11, as before, take a continuous
selection 0,41 for Ay, ) (@, fnr1(2)), © € X. Then, merely set r,41(x) =
min{d,41(z),rn(2)}, z € X. O

Recall that if (Y,d) is a metric space, X is a space and f € C(X,Y), then the
fine topology on C(X,Y) is the topology in which the family of all sets

V(f,a) ={g € C(X,Y) :d(f(z),9(z)) < ax) for cach z € X},

where « is a positive continuous function on X is a local base at f (see [13]). The
next proposition is an analogue of Lemma 3.2 from [I0] and demonstrates that,
in Proposition B there are many selections for ¢ avoiding 1. Also, it can be
used (instead of Proposition B.2)) to prove the final step of implication (a) = (b) in
Theorem 1.1.

Proposition 3.3. Let X, Y, ¢ and 1 be as in Proposition[31. Also, let S be the
set of all continuous selections for ¢, endowed with the fine topology. Then S is a
Baire space andU = {f € S : f avoids ¢} is open and dense in S.

Proof. As in the proof of [I0, Lemma 3.2], one can show that S is a Baire space
and U C S is open. It remains to prove that 4 C S is dense. So, let f € S and
a: X — (0,00) be continuous, and let us show that U NV (f,a) # 0. Consider the
Ls.c. mapping 6 : X — F.(Y) defined by 0(x) = ¢(x) N Ba-14(2)(f(2)). By Lemma
23, ¢(x) NO(x) is a Zso-set in O(x) for every x € X. Hence, by Proposition[3], 0
has a continuous selection g avoiding ¢. Then g € U NV (f, a). O




CONTINUOUS SELECTIONS AND C-SPACES 239

(¢) = (a). We follow the proof of [16], Theorem 1.3, implication Sy = C|. Take
a sequence {v, : n = 1,2,...} of open covers of X. By definition, we must prove
that there exists a sequence {p, : n = 1,2,...} of disjoint families of open sets
in X such that each pu, refines +, and the union J{p, : n = 1,2,...} is a cover
of X. To this end, we proceed as in [16] with a few modifications. Namely, first
note that, for every n, there exists a metric space (M, d,,) and a continuous map
fn: X — M, such that

(9) dn, <3 (ie., dp(z,t) <3 for all z,t € M,);

(10) {f7H(B2(2)) : 2 € M,} is an open cover of X refining ~,,.

Let M = | {M, : n=1,2,...} be the disjoint union of our spaces M,, while d is
the metric on M defined as

(11)  d|M,, x M, = d,, and d(z,t) = 3 provided z € M,, t € M;, and n # k.

Thus, in fact, we may regard each f, as a continuous map from X into the metric
space (M, d). Embed (M, d) isometrically into a Banach space (F,d), where E =
C(K) is the space of all continuous functions on a zero-dimensional compact space
K and d is the metric on E generated by the norm ||.|| of E. Next, as in [16], set
A={heC(K): h(x) € Zfor some x € K}, where Z is the set of all integers. Then,
A is a closed and nowhere dense subset of E which is the union of hyperplanes in £
of the form {h € E: h(z) =n}, x € K and n € Z. As a result, these hyperplanes
provide a partition of E into open cells of diameter < 1. It now suffices to construct
a sequence {g, : n =1,2,...} of continuous maps g, : X — E such that

(12) d(fr(x),gn(x)) <1 forall x € X and n;

(13) For every © € X there exists an n with g, (z) ¢ A.

Indeed, if \ is the family of all components of E'\ 4, then pu, = g, '(\), n =1,2,...,
is a sequence of disjoint families of open subsets of X. By ([I0) and ([I2), each u,
refines v, while, by ([@3)), the union J{pn, : n =1,2,...} is a cover of X. That is,
{pn :n=1,2,...} is the required one.

Turning to the construction of these g,’s, for every n, we consider the l.s.c.
mapping ¢, : X — F.(E) defined by ¢, (z) = B1(fn(z)), v € X. Also, let Z be
the linear subspace of E“ defined as

z={(m) e B Y2l < oo .
n=1

Note that Z is a normed space because ||(yn)|lw = > oney 27" ||lyn|| defines a norm on
Z, and the topology of (Z, ||.||) coincides with the topology of Z as a subspace of
E¥. Let p be the metric on Z generated by the norm ||.||,, and let ¢ : X — F.(E¥)
be the mapping defined by

o(z) :H{cpn(x):nzl,2,...}, r e X.

It is easily seen that ¢ is l.s.c.
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Claim 2. Each ¢(x) is a p-complete subset of Z.

First, note that by (d) and (), the diameter of M as a subset of (E, d) is finite.
Therefore, according to the definition of the mappings ¢,,, there exists a closed ball
B over the origin 0 of E such that ¢,(x) C B for all z € X and n € N. Then, the
above claim follows from the fact that B¥ C Z.

We complete the proof as follows. Let Y be the completion of Z. Thus, we get
a Banach space and, by Claim 2, an l.s.c. mapping ¢ : X — F.(Y). Further, let F
be the closure in Y of the set A¥NZ. Then FNp(z) = AY Np(z) for every x € X.
Since each A¥ Np(x) is the product [[{AN Bi(fn(x)) : n € N}, and By (fp(x))NA
is a proper subset of By (fy(z)), we finally obtain that each F'Ny(x) is a Zso-set in
o(z) (we use the well known fact that, if A4, is a proper closed subset of B, then
[I{A, : n € N} is a Zoo-set in [[{B, : n € N}; see for instance [16, Proposition
6.2]). Therefore, according to (c), there exists a continuous selection g : X — Z for
¢ avoiding the set A“. Let g, : X — E be such that the corresponding diagonal
map A{g, :n =1,2,...} coincides with g. These g,,’s satisfy both ([I2) and (I3).

4. SOME APPLICATIONS

Theorem 4.1 (Countable sum theorem). If a paracompact space X is a countable
union of closed C-subsets, then X is itself a C-space.

Proof. Let X = J{X,, : n € N} with each X,, C X a closed C-space. By Theorem
1.1, it suffices to show that X satisfies condition (c). To this end, let Y, ¢ and F
be as in (c¢) of Theorem 1.1. To show that ¢ has a continuous selection avoiding F,
we construct by induction a sequence {f,} of continuous selections for ¢ and open
sets U,, C X such that

(14) J{Xi:1<i<n}cU,, neN,

(15) fn(z) = fori(z) € F forallz € U, and n € N.

Suppose that f, and U, have been already defined. Consider the l.s.c. mapping
Ont1  Xpy1 — F(Y) defined by pni1(z) = {fu(z)} if z € X110 N U, and
“n+1(z) = p(x) otherwise. Since X,41 is a paracompact C-space, by (c) of The-
orem 1.1, there is a continuous selection g,11 : Xp+1 — Y of ¢,11 avoiding the
set F. Define another l.s.c. mapping 6,41 : X — F.(Y) by Opy1(z) = {fn(x)} if
2 €Uy, Opi1(x) = {gni1(@)} if £ € Xpyq and 0,41 (2) = () if 2 ¢ X1 UU,.
According to the Michael’s selection theorem [8, Theorem 3.2"], 6,4; admits a
continuous selection f,41. Obviously, V = {x € X : f,11(z) € F} is an open
subset of X containing X, 11 U U,. Choose the open set U,,; C X such that
Xni1UU, CUny1 C U,y C V. This completes the construction.

Finally, by (I4) and (IH), setting f(x) = fn(z) if x € X,,, n € N, we obtain a
continuous selection f of ¢ avoiding F'. O

Having already established Theorem 1] we can prove that property C' is a local
property. The next theorem was proved in [T, Theorem 2.16] under the additional
requirement on X to be hereditarily collectionwise normal. The same proof remains
valid in the present situation.

Theorem 4.2. A paracompact space X has the property C if and only if every
point of X has a neighbourhood which has property C.
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To prepare for our next application, we need the following lemma.

Lemma 4.3. Let E be a Banach space and let Y C E be a conver Gs-subset of E.
If HC E is closed and HNY € Z,(Y), then

HNY € Z,(Y).

Proof. Tt suffices to show that, for a given 6 > 0 and f € C(K,Y ), where K is
a finite-dimensional metrizable compactum, there exists g € C(K,Y’) such that
d(f(z),g(z)) < ¢ for each z € K. To this end consider the set-valued mapping

v K — F.(Y) defined by ¢(z) =Y N Bs(f(x)) Y, x € X. Since f is continuous,
@ is ls.c. Obviously, ¢(z), z € K, are closed convex subsets of Y. Then, by
[5l, Corollary 1.2] (or [9, Theorem 1.2 and Example 2.5]), ¢ admits a continuous
selection g. O

We are now ready to prove the following result providing a partial answer to the
Michael’s problem [IT], Problem 396].

Theorem 4.4. Let X be a paracompact C-space, let E be a Banach space, and
let Y be a Gs-subset of E. Then every lLs.c. mapping ¢ : X — F.(Y) admits a
continuous selection.

Proof. Let E\Y = |J{F, : n € N} with each F,, C F closed. Consider the l.s.c.
mapping 7 : X — F.(FE) defined by B(z) = ¢(z), € X. Since, by Lemma F3]
P(z)NF, is a Zso-set in p(z) for all z € X and n € N, we can apply (b) of Theorem
1.1 to obtain a continuous selection f of @ avoiding | J{F, : n € N}. Then f is a
selection of ¢. O
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