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Abstract. In this paper, we estimate the unknotting number and the four-
dimensional clasp number of a link, considering the greatest euler characteristic
for an oriented two-manifold in the four-ball bounded by the link. Combining
with a result due to Rudolph, we prove that an inequality stronger than the
Bennequin unknotting inequality actually holds for any link diagram. As an
application we show the equality conjectured by Boileau and Weber for a closed
positive braid diagram.

1. Introduction and the statements of main results

A link is a closed oriented 1-manifold smoothly embedded in the 3-sphere S3

and a knot is a link with one component. Let L be a link with r components. The
unknotting number u(L) of the link L is the minimal number of crossing changes
needed to create the trivial link with r components.

It is well known that the unknotting number is not less than the 4-genus [19].
The 4-genus g∗(L) of the link L is the minimum genus for an oriented 2-manifold,
without closed component, which is smoothly embedded in 4-ball with boundary L.
In this paper we consider the following link invariants to give lower bounds for the
unknotting numbers. Let L be a link and F ⊂ D4 a smooth, oriented 2-manifold
with ∂F = L, where D4 is the 4-ball bounded by S3. We suppose that F has no
closed components, but F is not assumed to be connected. We denote by χs(L)
the greatest value of the euler characteristic χ(F ) for such 2-manifolds F ⊂ D4.
We denote by cs(L) the minimum number of the double points for transversely
immersed disks in D4 with boundary L and with only finite double points as singu-
larities, and we shall call this invariant the 4-dimensional clasp number. We have
the following relations among the unknotting number, the clasp number, and the
euler characteristic χs(L).

Theorem 1.1. Let L be an oriented link with r components. Then the following
inequality holds:

u(L) ≥ cs(L) ≥ 1
2

(r − χs(L)).
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Figure 1. A link diagram and Seifert circles

Let D be an oriented link diagram. The writhe w(D) is the value defined by
the number of positive crossings minus the number of negative crossings of D. We
give signs to Seifert circles of D as follows. A Seifert circle is a strongly negative
circle if it is adjacent to at least two negative crossings but adjacent to no positive
crossings. A Seifert circle is a non-negative circle if it is not a strongly negative
circle.

For example, the trivial diagram of a trivial knot has a non-negative circle. The
blackboard diagram of a (−1)-framed trivial knot has two non-negative circles. A
knot diagram illustrated on the left of Figure 1 has three Seifert circles as illustrated
on the right. The top circle is strongly negative and the concentric circles at the
bottom are non-negative.

By means of Theorem 1.1 and a result announced by Rudolph [18], that is,
Theorem 3.1, we obtain the following inequality.

Corollary 1.2. Let L be an oriented link with r components and DL any diagram
for L. Let s≥(DL) be the number of non-negative circles of DL and s<(DL) the
number of strongly negative circles. Then we have

u(L) ≥ cs(L) ≥ 1
2
{r − (s≥(DL)− s<(DL)) + w(DL)}.

Let s(D) be the number of the Seifert circles of a link diagram D. Let L be
an r-components link which has a closed braid diagram DL. In [2], Bennequin
conjectured the inequality

u(L) ≥ 1
2

(r − s(DL) + |w(DL)|).

We shall call it the Bennequin unknotting inequality. In [16] Rudolph showed the
slice-Bennequin inequality

χs(L) ≤ s(DL)− w(DL).

It implies the Bennequin unknotting inequality by means of Theorem 1.1. However,
to the best of my knowledge, the complete proof of the Bennequin unknotting
inequality had not been written. In [20], Stoimenow showed that if the Bennequin
unknotting inequality holds for any closed braid diagram, then it holds for any
knot diagram. In fact, both of the Bennequin unknotting inequality and the slice-
Bennequin inequality can be extended to any link diagram by the Vogel algorithm
[22] or the Yamada algorithm [23]. Corollary 1.2 shows that an inequality stronger
than that conjectured by Bennequin actually holds.
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A closed positive braid diagram is a closed braid diagram with no negative cross-
ings. Let L be an r-components link which has a closed positive braid diagram DL.
Let x(DL) be the number of the crossings of DL. Boileau and Weber [3] conjectured
the equality

u(L) =
1
2

(r − s(DL) + x(DL)).

By means of Corollary 1.2, we determine not only the unknotting numbers but also
the 4-dimensional clasp numbers of closed positive braids.

Theorem 1.3. Let L be an oriented link with r components. We suppose that L
has a closed positive braid diagram DL. Let s(DL) be the number of the Seifert
circles and x(DL) the number of the crossings of DL. Then we have

u(L) = cs(L) =
1
2

(r − s(DL) + x(DL)).

In the second section, we explain the 4-dimensional clasp number and prove
Theorem 1.1. In the third section, we prove Corollary 1.2 and Theorem 1.3. In order
to prove Corollary 1.2, we reprove an inequality announced by Rudolph [18]. In the
last section of this paper, we give two examples as applications of the arguments of
the above results.

2. Four-dimensional clasp numbers

In this section, we prove the well-definedness of the 4-dimensional clasp number
and prove Theorem 1.1.

Lemma 2.1. For any link L, there are transversely immersed disks in D4 with
boundary L and with only finite double points as singularities.

Proof. We suppose that L is unknotted by u-crossing changes and that L has r
components. We construct suitable immersed disks in D4 with boundary L by this
unknotting operation. We suppose that L is a link in S3 × {0} and let Or be a
trivial link with r components in S3 × {1}. The trivial link Or bounds r disks
Dr in S3 × {1}. There exist proper immersed annuli F0 in S3 × [0, 1] such that
∂F0 = L ∪Or and F0 has u double points. We can consider that

F0 ∪Or Dr ⊂ S3 × [0, 1] = ∂D4 × [0, 1] ⊂ D4

is immersed disks in D4 with u double point.

In [19], Shibuya defined the invariant c∗(L) as the minimum number of the
double points for a transversely immersed surface with genus 0 and boundary L.
He called c∗ the clasp number. From definitions, c∗(L) ≤ cs(L). But the equality
does not hold in general, because if L is the Hopf link, c∗(L) = 0 and cs(L) = 1.
But the argument for the well-definedness of c∗ in [19] is similar to the one of cs. We
note that cs, the 4-dimensional clasp number defined in previous section, does not
depend on the orientations of links, and is invariant under an orientation-reversing
diffeomorphism of S3.

Proof of Theorem 1.1. By the argument in the proof of Lemma 2.1, we have u(L) ≥
cs(L). We prove cs(L) ≥ (r − χs(L))/2.

Let F ′ be immersed disks in D4 with boundary L and exactly c double points
as singularities. A small neighborhood of each of such double points in F ′ is a cone
over the Hopf link in the small 4-ball. In the boundary of the small 4-ball, this
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Hopf link bounds an annulus. We replace the small neighborhoods of those double
points in F ′ with such c annuli. Then we obtain new 2-submanifold F ⊂ D4. We
may suppose that F is a smooth, oriented 2-manifold such that L = ∂F . F has no
closed components. Then we have

χs(L) ≥ χ(F )
= χ((r disks)− (2c small disks)) + cχ(annulus)− 2cχ(circle)
= r − 2c.

Hence the following inequality holds:

cs(L) ≥ 1
2

(r − χs(L)).

In [18], Rudolph commented on the inequality u(L) ≥ (r − χs(L))/2 for r = 1.
If r = 1, that is, L is an oriented knot, the equality g∗(L) = (r − χs(L))/2 holds.
We note that it may not hold if r ≥ 2. In fact, in the case of the Hopf link, the
4-genus is 0 and χs(L) is 0.

In [19], Shibuya proved g∗ ≤ c∗ ≤ u for any link. The argument in the proof
of Theorem 1.1 is similar to his argument. If r = 1, c∗(L) = cs(L) holds. In [13],
Murakami and Yasuhara proved that the 4-dimensional clasp number of the knot
816 is 2 and not equal to g∗(816) = 1. So, the equality cs(L) = (r − χs(L))/2
does not hold in general. The existence of non-trivial slice knots implies that the
equality u(L) = cs(L) does not hold in general.

Remark 2.2. Let us compare the 4-dimensional clasp number with the kinkiness of
the knot defined by Gompf [4]. Let k+(K) and k−(K) be the minimum number
of positive double points and the minimum number of negative double points for a
transversely immersed disk in the 4-disk bounded by the knot K respectively. The
kinkiness of the knot K is the pair k(K) = (k+(K), k−(K)). From definitions, we
have cs(K) ≥ k+(K) + k−(K).

3. The Bennequin unknotting inequality

To prove Corollary 1.2, we use the following theorem announced by Rudolph:

Theorem 3.1 (Rudolph[18]). Let L be an oriented link and DL any diagram for
L. Let s≥(DL) be the number of non-negative circles of DL and s<(DL) be the
number of strongly negative circles. Then

χs(L) ≤ (s≥(DL)− s<(DL))− w(DL).

Since he proved only for the case where the DL has the at least one positive
crossing in [18], we reprove this theorem.

In the proof of Theorem 3.1, we use results by Nakamura [14] and Rudolph [16],
[18]. In [14], [18], they proved that positive links are quasipositive. A quasipositive
link is the link which has a closed quasipositive braid diagram, and a quasipositive
braid is the product of conjugate braids with positive braids. In [15], Rudolph
showed that such a link appears as the intersection of an embedded 3-sphere and
an algebraic curve in the 2-dimensional complex plane. Let s(D) be the number of
the Seifert circles of a link diagram D. In [16], Rudolph showed that the equality
χs(L) = s(DL)−w(DL) holds for any closed quasipositive braid diagram DL by the
so-called generalized adjunction formula. This formula is the inequality estimating
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Figure 2. Construction of D+
L from DL

the genus of a closed oriented surface embedded in some closed 4-manifold and it
was proved by Kronheimer, Mrowka, Morgan, Szabó, and Taubes [7], [8], [9], [12].
The arguments due to Nakamura and Rudolph imply that the equality χs(L) =
s(DL)−x(DL) holds for any positive link diagram DL, where x(DL) is the number
of the crossings of DL.

Proof of Theorem 3.1. Given an oriented link diagram D, let O(D) be the set of
Seifert circles, and X(D) be the set of crossings. Let X>(D) be the set of positive
crossings, and X<(D) be the set of negative crossings. Let O≥(D) be the set of
non-negative circles, and O<(D) be the set of strongly negative circles. We have
O(D) = O≥(D) t O<(D) and X(D) = X>(D) t X<(D). We denote by #A the
number of elements of a set A.

Let D+
L be a link diagram obtained from DL by putting

O(D+
L ) := O≥(DL) ⊂ O(DL), X(D+

L ) := X>(DL) ⊂ X(DL),

and L+ be a link with DL+ = D+
L . For example, when DL is the link diagram on

the left of Figure 2, let D+
L be the link diagram illustrated on the right of Figure

2.
First, we prove for the case D+

L 6= ∅ by the argument due to Rudolph [18]. The
diagram D+

L is not assumed to have crossings. When D+
L 6= ∅, let S and Q be

Seifert surfaces obtained by applying Seifert algorithm to DL and D+
L respectively.

We may suppose that Q lies in the interior of S. Let F be a smooth, oriented
2-manifold in D4 without closed components such that L = ∂F and χ(F ) = χs(L).
The link diagram D+

L is a positive link diagram. Hence we have χs(L+) = χ(Q) =
s(D+

L )− x(D+
L ), which is a consequence from results by Nakamura [14] or Rudolph

[16], [18]. We may suppose that F ∪ S is connected, since otherwise we can work
separately for each component. Then, by same argument as the one in [17],

χ(Q) ≥ χ(F ∪ S −Q)
= χ(F ) + χ(S)− χ(Q),

because we can regard F ∪ S −Q as a 2-manifold in the 4-ball with boundary L+.
Hence the inequality

χs(L) ≤ 2χ(Q)− χ(S)
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holds. So, therefore we have proved that the desired inequality holds in the case
D+
L 6= ∅:

χs(L) ≤ 2(#O(D+
L )−#X(D+

L ))− (#O(DL)−#X(DL))
= 2(s≥(DL)−#X>(DL))
−{(s≥(DL) + s<(DL))− (#X>(DL) + #X<(DL))}

= (s≥(DL)− s<(DL))− w(DL).

We add the proof for the case D+
L = ∅. Let L! be the mirror image of the link

L and DL! be the link diagram obtained by changing all crossings of DL. When
D+
L = ∅, we have DL! is a positive link diagram of L!. Then

χs(L) = χs(L!) = #O(DL!)−#X(DL!)

as above. We have #X(DL!) = #X<(DL), #O(DL!) = #O<(DL) = s<(DL),
and #X<(DL) ≥ s<(DL) since each Seifert circle of DL is adjacent to at least
two negative crossings. Since DL has no positive crossing, w(DL) = −#X<(DL).
Hence we have

χs(L) = s<(DL) + w(DL) ≤ 0 ≤ −s<(DL)− w(DL).

Therefore we have proved that the desired inequality also holds in the case D+
L = ∅

since s≥(DL) = 0.

Proof of Corollary 1.2. Theorem 3.1 implies that

u(L) ≥ cs(L) ≥ 1
2

(r − χs(L))

≥ 1
2
{r − (s≥(DL)− s<(DL)) + w(DL)}

by Theorem 1.1.

To prove Theorem 1.3, we use the following lemma.

Lemma 3.2 (Boileau-Weber[3]). Let L be an oriented link with r-components. We
suppose that L has a closed positive braid diagram DL. Let s(DL) be the number of
the Seifert circles and x(DL) the number of the crossings of DL. Then the following
inequality holds:

u(L) ≤ 1
2

(r − s(DL) + x(DL)).

Proof of Theorem 1.3. Since DL is a closed positive braid diagram, any Seifert
circle of DL is non-negative, and w(DL) = x(DL). Then

u(L) ≥ cs(L) ≥ 1
2

(r − s(DL) + x(DL)),

by Corollary 1.2. Hence

u(L) = cs(L) =
1
2

(r − s(DL) + x(DL)),

by Lemma 3.2.
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Remark 3.3. Tanaka [21] determined the 4-genera and the unknotting numbers
of some 10-crossing knots using a result of Rudolph [16], the equality χs(L) =
s(DL)−w(DL) for any quasipositive link diagram DL. The author [5] determined
the unknotting numbers of two 10-crossing knots using almost same as the argument
in Auckly’s lecture notes [1] based on the generalized adjunction formula proved by
Kronheimer, Mrowka, Morgan, Szabó, and Taubes [9], [12].

Remark 3.4. Deformations of the link diagram by the Vogel algorithm and the
Yamada algorithm do not change either the writhe or the number of Seifert circles.
But they can change the value (s≥ − s<).

4. Examples

In this section, we estimate χs or u or cs for some links. We give two examples.
One of them is the computation for torus links using Theorem 1.3. The other is the
computation of lower bounds for the unknotting numbers and the 4-dimensional
clasp numbers of the links obtained from certain links by fusion. It is an extension
of a result by the author [5].

First, we give the following example.

Example 4.1. Let T (p, q) be a torus link of type (p, q). We suppose that p and q
are positive integers. Let d be the greatest common divisor of p and q. Then

u(T (p, q)) = cs(T (p, q)) =
1
2
{(p− 1)(q − 1) + d− 1}.

Proof. The link T (p, q) has d components. By means of Theorem 1.3, we have

u(T (p, q)) = cs(T (p, q)) =
1
2
{(p− 1)(q − 1) + d− 1}

since T (p, q) has a closed positive braid diagram with p Seifert circles and (p− 1)q
crossings.

In [10], Milnor conjectured that the unknotting number of the algebraic link
is equal to the δ-invariant of the singularity. The δ-invariant is “the number of
local double points” of the algebraic curve. This conjecture is true since it is a
corollary of a result by Kronheimer and Mrowka [7], [8]. The above example gives
an alternative proof of this conjecture for torus links. In fact, Milnor showed the
equality 2δ = µ + r − 1 in [10], where µ is the Milnor number of the singularity
and r is the number of components of the link. For the torus link of type (p, q), we
have µ = (p− 1)(q − 1), and r = d. Then u(T (p, q)) = cs(T (p, q)) = δ.

By Theorem 1.1, we extend a result by the author [5, Corollary 2.2]. In order to
state it, we shall review the definition of fusion procedure, before estimating χs for
a certain link using Theorem 3.1.

Let L be an oriented r-components link. Let B1, · · · , Bν be mutually disjoint
oriented bands in S3 such that Bi∩L = ∂Bi∩L = αi∪α′i, where α1, α

′
1, · · · , αν , α′ν

are disjoint connected arcs. The closure of L∪∂B1∪· · ·∪Bν−α1∪α′1∪· · ·∪αν ∪α′ν
is also the link. We will denote it by L′. If L′ has the orientation compatible with
the orientation of L−

⋃
i=1,··· ,ν αi∪α′i and

⋃
i=1,··· ,ν(∂Bi−αi∪α′i), L′ is called the

link obtained from L by the band surgery along the bands B1, · · · , Bν . Moreover if
L′ has (r − ν) components, this transformation is called a fusion.

Let L = K1
1 ∪· · ·∪K1

m1+n1
∪K2

1 ∪· · ·∪K2
m2+n2

be an ((m1 +n1, 0), (m2 +n2, 0))-
cable on the Hopf link with linking number 1. We reverse orientations of Ki

mi+j ,
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Figure 3. The link L(3,1),(2,1)

i = 1, 2, j = 1, · · · , ni, components of L. We denote these orientation reversed
components by Lij , i = 1, 2, j = 1, · · · , ni, and the link K1

1 ∪ · · · ∪K1
m1
∪L1

1 ∪ · · · ∪
L1
n1
∪K2

1 ∪ · · · ∪K2
m2
∪ L2

1 ∪ · · · ∪ L2
n2

by L(m1,n1),(m2,n2). For example, L(3,1),(2,1)

is the link illustrated in Figure 3. We suppose m1 ≥ n1, m2 ≥ n2, and m1 > 0.

Lemma 4.2. Let L(m1,n1),(m2,n2) be the above link. Then

χs(L(m1,0),(m2,n2)) = m1 +m2 − n2 − 2m1(m2 − n2).

Proof. We consider the trivial solid torus V = S1 × D2 in S3. We suppose that
K1

1 , · · · ,K1
m1

lie parallel to S1 × {∗} in the interior of V , and that K2
1 , · · · ,K2

m2
,

L2
1, · · · , L2

n2
lie parallel to {∗} × ∂D2 on ∂V . We consider the trivial diagram

for V . This condition gives the link diagram DL(m1,0),(m2 ,n2) as in Figure 3. It
has (m1 + m2) non-negative circles, n2 strongly negative circles, 2m1m2 positive
crossings, and 2m1n2 negative crossings. Applying Theorem 3.1, we have

χs(L(m1,0),(m2,n2)) ≤ m1 +m2 − n2 − 2m1(m2 − n2).

In order to prove the equality, we construct a 2-manifold F embedded in S3 ×
[0, 1] = ∂D4 × [0, 1] ⊂ D4 such that ∂F = L(m1,0),(m2,n2) and χ(F ) = m1 +
m2 − n2 − 2m1(m2 − n2). We can suppose that each K2

m2−n2+j lies in the tubular
neighborhood of L2

j . Let Bj be a trivial band connecting K2
m2−n2+j and L2

j in the
above tubular neighborhood. The link obtained from L(m1,0),(m2,n2) by the band
surgery along the bands B1, · · · , Bn2 is the link L(m1,0),(m2−n2,0) ∪ O1 ∪ · · · ∪On2

where each Oj is a split trivial component. We identify F ∩ (S3 × {t}) with this
band surgery in S3 at time t (t ∈ [0, 2/3]). Here we put

F ∩ (S3 × {0}) = L(m1,0),(m2,n2) × {0}

F ∩ (S3 × {1
3
}) = (L(m1,0),(m2,n2) ∪B1 ∪ · · · ∪Bn2)× {1

3
}

F ∩ (S3 × {2
3
}) = (L(m1,0),(m2−n2,0) ∪O1 ∪ · · · ∪On2)× {2

3
}.

Let S be a Seifert surface with boundary L(m1,0),(m2−n2,0), obtained by applying
the Seifert algorithm to the link diagram similar to the one in the proof of the above
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inequality. Let Dj ’s be the disjoint disks in S3 − L(m1,0),(m2−n2,0) with ∂Dj = Oj .
We put

F ∩ (S3 × {1}) = (S ∪D1 ∪ · · · ∪Dn2)× {1} ⊂ S3 × [0, 1] ⊂ D4.

Thus we obtain the desired surface F . Then

χs(L(m1,0),(m2,n2)) ≥ χ(F )
= χ(S) + n2χ(annulus)
= m1 +m2 − n2 − 2m1(m2 − n2).

Hence the equality holds.

Theorem 4.3. Let L(m1,n1),(m2,n2) be the above link. If an oriented r-components
link L in S3 is obtained from L(m1,0),(m2,n2) by the fusion, then

u(L) ≥ cs(L) ≥ m1(m2 − n2)− (m1 +m2) + r.

Proof. By constructing a 2-manifold with boundary L(m1,0),(m2,n2) from the fusion,
we have

χs(L(m1,0),(m2,n2)) ≥ χs(L)− (m1 +m2 + n2 − r).

By Lemma 4.2, we have

χs(L) ≤ 2(m1 +m2)− 2m1(m2 − n2)− r.

By Theorem 1.1,

u(L) ≥ cs(L) ≥ 1
2

(r − χs(L))

≥ m1(m2 − n2)− (m1 +m2) + r.

If r = 1, the above result can be proved by using the argument in [6], which
implies the following inequality.

Theorem 4.4 ([6]). Let L(m1,n1),(m2,n2) be the above link. If an oriented knot K
in S3 is obtained from L(m1,n1),(m2,n2) by the band surgery along the ν bands, then

u(K) ≥ cs(K) ≥ (m1 − n1)(m2 − n2)− 1
2

(ν +m1 − n1 +m2 − n2 − 1).

Remark 4.5. By means of a result by Miyazaki and Yasuhara [11, Proposition 3.6],
there is a 2-components link which cannot be obtained from L(m1,n1),(m2,n2) by the
fusion.

Acknowledgment

The author would like to thank Professor Toshitake Kohno for his encourage-
ment. She also would like to thank Professor Hitoshi Murakami and Professor
Akira Yasuhara for their useful comments and Mr. Hiroshi Matsuda for his helpful
suggestions and comments about the Bennequin unknotting inequality.



252 TOMOMI KAWAMURA

References

1. D. Auckly, Surgery, knots, and the Seiberg-Witten equations, Lectures for the 1995 TGRCIW,
preprint.
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