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A SPHERE THEOREM FOR ODD-DIMENSIONAL
SUBMANIFOLDS OF SPHERES

THEODOROS VLACHOS

(Communicated by Wolfgang Ziller)

Abstract. We establish a topological sphere theorem from the point of view
of submanifold geometry for odd-dimensional submanifolds Mn of a unit
sphere. We give examples which show that our result is optimal. Moreover,
we note the assumption that the dimension n is odd is essential.

1. Introduction

One of the most fascinating problems in Riemannian geometry is to find out to
what extent several restrictions on curvatures of a compact Riemannian manifold
M yield information on the topology of M . The classical sphere theorem states that
every compact simply connected n-dimensional Riemannian manifold with sectional
curvatures K satisfying 1 < K ≤ 4 is homeomorphic to the n-sphere Sn. The same
type of question can be raised for submanifolds of a Riemannian manifold. More
precisely, it should be interesting to know how the topology of a submanifold of a
Riemannian manifold is affected by conditions on the main intrinsic and extrinsic
curvature invariants.

The aim of this note is to establish an optimal sphere theorem from the viewpoint
of submanifold geometry for odd-dimensional submanifolds of a unit sphere, in
terms of the Ricci curvature and the mean curvature. The proof of our result relies
on the Lawson-Simons formula for the nonexistence of stable k-currents, which
enables us to eliminate the homology groups. We prove the following.

Theorem. Let Mn be a compact, oriented n-dimensional submanifold of the unit
(n+k)-sphere Sn+k with mean curvature vector H. Assume that the Ricci curvature
satisfies

Ric >
n(n− 3)
n− 1

+
n2(n− 3)
(n− 1)2

|H |2 +
n(n− 3)
(n− 1)2

|H |
√
n2|H |2 + n2 − 1.(∗)

If n is odd and n > 3, then Mn is homeomorphic to Sn. If n = 3, then Mn is
diffeomorphic to a space form of positive sectional curvature.

The class of submanifolds in a sphere which satisfies (∗) is not empty. In fact,
do Carmo and Warner [1] associated to each positive integer s an isometric min-
imal immersion of the 3-sphere S3

k(s), with constant sectional curvature k(s) =
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3/s(s+ 2)r2, into the sphere Sm(s)(r) of radius r, where m(s) = s(s+ 2). Viewing
Sm(s)(r) as a hypersphere in the unit sphere Sm(s)+1 for r < 1, we get an isometric
immersion ψs : S3

k(s) → Sm(s)+1 which satisfies (∗). Moreover, Wallach [7] con-
structed a minimal immersion of an n-dimensional complex projective space Pn of
constant holomorphic curvature 2n/(n+1)r2 into the sphere Sn(n+2)−1(r) of radius
r. As in the preceding example, we get an isometric immersion φn : Pn → Sn(n+2)

with mean curvature |H | =
√

1− r2/r which satisfies (∗) if n = 2 and r is suf-
ficiently close to 1. However, P 2 is not homeomorphic to S4. In addition, the
standard immersion of Sm(r) × Sm(

√
1− r2) into S2m+1 satisfies (∗) if r is suffi-

ciently close to
√

1/2. Nevertheless, Sm(r)×Sm(
√

1− r2) is not homeomorphic to
S2m. These examples justify the necessity of the assumption of the Theorem that
n is odd.

On the other hand, we can easily verify that the standard immersion of Sm−1(r)×
Sm(
√

1− r2) into S2m satisfies

Ric ≥ n(n− 3)
n− 1

+
n2(n− 3)
(n− 1)2

|H |2 +
n(n− 3)
(n− 1)2

|H |
√
n2|H |2 + n2 − 1,

for r sufficiently close to
√

(m− 1)/(2m− 1). This shows that the assumption (∗)
in the Theorem is optimal. In fact, this example served as the motivation for the
choice of the operative condition (∗).

We note that a topological sphere theorem from the point of view of submanifold
geometry was recently obtained by Shiohama and Xu [5]. They proved the follow-
ing: Let Mn be a complete, oriented n-dimensional submanifold of a unit sphere.
Assume that the squared length S of the second fundamental form and the mean
curvature vector H satisfy sup

(
S − a(n, |H |)

)
< 0, where

a(n, |H |) = n+
n3

2(n− 1)
|H |2 − n(n− 2)

2(n− 1)
|H |
√
n2|H |2 + 4(n− 1).

Then Mn is homeomorphic to Sn if n > 3 or diffeomorphic to a space form of
positive sectional curvature if n = 3.

It is worth noting that there exist submanifolds homeomorphic to a sphere which
satisfy (∗) and sup

(
S − a(n, |H |)

)
> 0. In fact, the squared length S of the second

fundamental form of ψs, s ≥ 2, is given by

S = 6 +
9(1− r2)

r2
− 18
s(s+ 2)r2

and

a(n, |H |) = 3 +
27(1− r2)

4r2
− 3
√

1− r2

4r2

√
9− r2.

Then it is easy to see that S > a(n, |H |), if r is sufficiently close to 1. This shows
that our Theorem does not arise from the result due to Shiohama and Xu [5].

Remark 1. Our result was proved in [3] under the additional assumption that the
submanifold Mn is minimal.

2. Preliminaries

Let Mn be an n-dimensional, oriented submanifold of codimension k of the unit
(n + k)-dimensional sphere Sn+k equipped with the induced Riemannian metric
〈 , 〉. Denote the standard connection of Sn+k by ∇, the Riemannian connection of
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Mn by ∇, and the second fundamental form by B. For tangent vectors X and Y
of Mn, we have the Gauss formula

∇XY = ∇XY +B(X,Y )

and the Weingarten formula

∇Xe = −AeX +DXe,

where the (1,1) tensor field Ae is the shape operator associated with a normal vector
field e, and D is the connection in the normal bundle of Mn. It is well known that
〈AeX,Y 〉 = 〈B(X,Y ), e〉. Let {e1, . . . , en} be a local orthonormal frame field in
the tangent bundle of Mn. The mean curvature vector H is given by

H =
1
n

n∑
i=1

B(ei, ei),

or equivalently

H =
1
n

n+k∑
α=n+1

(trAα)eα,

where {en+1, . . . , en+k} is a local orthonormal frame field in the normal bundle of
Mn and Aα denotes the shape operator associated with eα. For any unit tangent
vector X of Mn, the Ricci curvature Ric(X) in the direction of X is given by

Ric(X) = n− 1 +
n+k∑

α=n+1

(trAα)〈AαX,X〉 −
n+k∑

α=n+1

|AαX |2.(2.1)

The main idea in the proof of the Theorem is to show that Mn is a homology
sphere based on the following result due to Lawson and Simons [4].

Theorem 2.1. Let Mn be a compact n-dimensional submanifold of the unit sphere
Sn+k with second fundamental form B, and let p, q be positive integers such that
p+ q = n. If for any point P ∈Mn and any orthonormal basis {e1, . . . , ep, . . . , en}
of the tangent space TPM , the inequality

p∑
i=1

n∑
j=p+1

(
2|B(ei, ej)|2 − 〈B(ei, ei), B(ej , ej)〉

)
< pq

is satisfied, then Hp(Mn; Z) = Hq(Mn; Z) = 0, where Hi(Mn; Z) denotes the i-th
homology group of Mn with integer coefficients.

We also need the following auxiliary lemma.

Lemma 2.2. Let Mn be an n-dimensional submanifold of Sn+k with mean curva-
ture vector H. If the Ricci curvature satisfies

Ric >
n(n− 3)
n− 1

+
n2(n− 3)
(n− 1)2

|H |2 +
n(n− 3)
(n− 1)2

|H |
√
n2|H |2 + n2 − 1,

then n2(n− 5)|H |2 < 4(n+ 1).

Proof. For n ≤ 5, we have nothing to prove. Hereafter we assume that n ≥ 6. Our
assumption implies that the scalar curvature τ satisfies

τ >
n2(n− 3)
n− 1

+
n3(n− 3)
(n− 1)2

|H |2 +
n2(n− 3)
(n− 1)2

|H |
√
n2|H |2 + n2 − 1.
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From the Gauss equation, we get τ ≤ n2|H |2 + n(n− 1). Then we have

(n+ 1)(n− 1) + n(n+ 1)|H |2 > n(n− 3)|H |
√
n2|H |2 + n2 − 1,

or equivalently, after squaring and neglecting common factors

n2(n2 − 4n− 1)|H |4 + n(n+ 1)(n2 − 5n+ 2)|H |2 − (n+ 1)2 < 0.

From this we obtain, after simplification of the radical term of this quadratic in-
equality,

|H |2 < n+ 1
2n(n2 − 4n− 1)

(
− n2 + 5n− 2 + (n− 3)

√
n(n− 4)

)
.

Now the desired inequality will follow from the above if we prove
n+ 1

2n(n2 − 4n− 1)

(
− n2 + 5n− 2 + (n− 3)

√
n(n− 4)

)
<

4(n+ 1)
n2(n− 5)

.

Since
√
n(n− 4) < n − 2 for n ≥ 4 and 2(n2 − 4n− 1) > n(n − 5) for n ≥ 8, the

previous inequality holds for n ≥ 8; this inequality is obvious for n = 6 and 7.

3. Proof of the Theorem

If n = 3, then it follows by a result due to Hamilton [2] that Mn is diffeomorphic
to a space form of positive sectional curvature. Hereafter we assume that n >
3 and take any positive integers p, q such that p + q = n. Let P ∈ Mn and
{e1, . . . , ep, . . . , en} be an arbitrary orthonormal basis of the tangent space TPM .
We also choose an orthonormal basis {en+1, . . . , en+k} of the normal space at P
such that H = |H |en+1 at P . Denote by An+1, . . . , An+k the corresponding shape
operators. Then we have

p∑
i=1

n∑
j=p+1

(
2|B(ei, ej)|2 − 〈B(ei, ei), B(ej , ej)〉

)

= 2
p∑
i=1

n∑
j=p+1

n+k∑
α=n+1

〈Aαei, ej〉2 − n|H |
p∑
i=1

〈An+1ei, ei〉+
n+k∑

α=n+1

( p∑
i=1

〈Aαei, ei〉
)2

.

By Cauchy-Schwarz inequality we obtain
p∑
i=1

n∑
j=p+1

(
2|B(ei, ej)|2 − 〈B(ei, ei), B(ej , ej)〉

)

≤ 2
p∑
i=1

n∑
j=p+1

n+k∑
α=n+1

〈Aαei, ej〉2 − n|H |
p∑
i=1

〈An+1ei, ei〉+ p

n+k∑
α=n+1

p∑
i=1

〈Aαei, ei〉2.

We suppose that p ≥ 2. Then we get
p∑
i=1

n∑
j=p+1

(
2|B(ei, ej)|2 − 〈B(ei, ei), B(ej , ej)〉

)

≤ p
p∑
i=1

n+k∑
α=n+1

|Aαei|2 − n|H |
p∑
i=1

〈An+1ei, ei〉.
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In view of (2.1), we obtain
p∑
i=1

n∑
j=p+1

(
2|B(ei, ej)|2 − 〈B(ei, ei), B(ej , ej)〉

)

≤ p
p∑
i=1

(
n− 1− Ric(ei)

)
+ n(p− 1)|H |

p∑
i=1

〈An+1ei, ei〉.(3.1)

For convenience we set

b =
n(n− 3)
n− 1

+
n2(n− 3)
(n− 1)2

|H |2 +
n(n− 3)
(n− 1)2

|H |
√
n2|H |2 + n2 − 1.

Our assumption on the Ricci curvature and (2.1) imply that each eigenvalue λ of
An+1 satisfies λ2 − n|H |λ+ b− n+ 1 < 0. Hence we have

λ <
1
2

(
n|H |+ 1

n− 1

∣∣∣− n(n− 3)|H |+ 2
√
n2|H |2 + n2 − 1

∣∣∣).
By virtue of Lemma 2.2, we get

λ <
1

n− 1

(
n|H |+

√
n2|H |2 + n2 − 1

)
and therefore

〈An+1X,X〉 <
1

n− 1

(
n|H |+

√
n2|H |2 + n2 − 1

)
(3.2)

for each unit tangent vector X . Then using (3.2) and our assumption, (3.1) yields
p∑
i=1

n∑
j=p+1

(
2|B(ei, ej)|2 − 〈B(ei, ei), B(ej , ej)〉

)

< p2(n− 1− b) + p(p− 1)
n|H |
n− 1

(
n|H |+

√
n2|H |2 + n2 − 1

)
.

It is obvious that p 6= q. Without loss of generality we may assume that p < q,
hence n ≥ 2p+ 1. Then it follows easily that

p(p− 1) ≤ p2n− 3
n− 1

.

Therefore we obtain
p∑
i=1

n∑
j=p+1

(
2|B(ei, ej)|2 − 〈B(ei, ei), B(ej , ej)〉

)
< p2n+ 1

n− 1
≤ pq.

From Theorem 2.1, we infer that Hp(Mn; Z) = Hq(Mn; Z) = 0 for all positive
integers p, q such that 2 ≤ p, q ≤ n − 2 and p + q = n. Assume now that p = 1.
Then

n∑
j=2

(
2|B(e1, ej)|2 − 〈B(e1, e1), B(ej , ej)〉

)
≤ 2

n+k∑
α=n+1

|Aαe1|2 − n|H |〈An+1e1, e1〉
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and appealing to (2.1) we get

n∑
j=2

(
2|B(e1, ej)|2 − 〈B(e1, e1), B(ej , ej)〉

)
≤ 2
(
n− 1− Ric(e1)

)
+ n|H |〈An+1e1, e1〉.

From our assumption and (3.2), we obtain

n∑
j=2

(
2|B(e1, ej)|2 − 〈B(e1, e1), B(ej , ej)〉

)
<

2(n+ 1)
n− 1

+
n2(5− n)
(n− 1)2

|H |2 +
n(5− n)
(n− 1)2

|H |
√
n2|H |2 + n2 − 1

< n− 1.

Appealing again to Theorem 2.1, we deduce that H1(Mn; Z) = Hn−1(Mn; Z) =
0. So Mn is a homology sphere. The above arguments can be applied to the
Riemannian universal covering M̃n of Mn since (∗) implies that the Ricci curvature
is positive, bounded away from zero and M̃n is compact by Myers’ Theorem. Since
M̃n is a homology sphere with fundamental group π1(M̃n) = 0, it is also a homotopy
sphere. By the generalized Poincaré conjecture (Smale n ≥ 5, Freedman n = 4)
we have that M̃n is homeomorphic to Sn. A result due to Sjerve [6] implies that
π1(Mn) = 0 and so Mn is homeomorphic to Sn. This completes the proof of the
Theorem.

Remark 2. It should be interesting to indicate the maximum homology informa-
tion given by (∗) when n is even. Let Mn be a compact, oriented n-dimensional
submanifold of the unit (n + k)-sphere Sn+k which satisfies (∗) and n = 2m > 4.
Then arguing as in the proof of the Theorem above and appealing to Theorem 2.1,
we deduce that Hp(Mn; Z) = Hq(Mn; Z) = 0 for all positive integers p, q such that
p+ q = n and p, q 6= m.
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