
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 130, Number 1, Pages 49–52
S 0002-9939(01)06097-X
Article electronically published on May 3, 2001
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Abstract. In this paper we show that the Julia set J(G) of a finitely gen-
erated rational semigroup G is connected if the union of the Julia sets of
generators is contained in a subcontinuum of J(G). Under a nonseparating
condition, we prove that the Julia set of a finitely generated polynomial semi-
group is connected if its postcritical set is bounded.

1. Introduction

Let S denote a Riemann surface and H(S) the set of nonconstant holomorphic
mappings on S. Under composition, H(S) is a semigroup. We study the subsemi-
groups of H(S) from the point of view of dynamics. Given a subsemigroup G of
H(S), the domain of normality for G is called the Fatou set F (G), and its comple-
ment S\F (G) is called the Julia set J(G). One can think of this as a dichotomy by
the dynamical behavior of the semigroup at random. Here, we will deal with the
case when S is the Riemann sphere Ĉ.

By a rational semigroup we mean a subsemigroup G of H(Ĉ) containing at least
one element with degree ≥ 2. If a rational semigroup consists only of polynomials,
we call it a polynomial semigroup. If a rational semigroup G can be freely generated
by its finite elements {f1, · · · , fn}, we write G = 〈f1, · · · , fn〉, where n is a positive
integer, and call it a finitely generated rational semigroup.

This setting is a generalization of the study of the iteration of one rational
function. As a matter of fact, a principal aim for the study of rational semigroups
is to see how far the classical theory of the iteration of a rational function applies
in this more general setting. W. Zhou and F. Ren [5] initiated the study of the
dynamics of rational semigroups by introducing the concept of random iteration.
There have been some basic results along this line. For instance, the closure of the
set of repelling periodic points is the Julia set [1].

In this paper, we deal with the connectivity of the Julia set. It is well known
that the Julia set of a polynomial is connected if and only if the orbits of its
critical points are bounded [2]. In the case of polynomial semigroup, however,
we no longer have the corresponding conclusion. As a counterexample, we take
p1(z) = z2 + 4z and p2(z) = z2 − 4z + 4. Then J(p1) = [−4, 0] and J(p2) = [0, 4].

Received by the editors May 4, 2000.
2000 Mathematics Subject Classification. Primary 37F10, 37F50.
Key words and phrases. Connectivity, Julia set, rational semigroup.
This research was partially supported by a UGC grant of Hong Kong, Project No. 6070/98P.

c©2001 American Mathematical Society

49



50 YESHUN SUN AND CHUNG-CHUN YANG

Since J(p1)∪J(p2) = [−4, 4] is connected, it follows from Theorem 1 that J(〈p1, p2〉)
is connected (see Figure 1). On the other hand, for the critical point −2 of p1,
{p◦k2 ◦ p1(−2)}∞k=1 is not bounded. Each p◦k2 ◦ p1 has −2 as its critical point.
Therefore, the boundedness of the postcritical orbits set is not necessary for the
Julia set to be connected. Nevertheless, it is a sufficient condition as is proved in
Theorem 2 below.

Figure 1. The Julia set J(〈p1, p2〉) is connected, where p1(z) =
z2 + 4z and p2(z) = z2 − 4z + 4.

2. Preliminaries

By a continuum, we mean a nonempty compact connected metric space. A
subcontinuum is a continuum as a subspace. The following lemma comes from
continuum theory (see for example Nadler [3]). This general property will be used
in the proof of our main result.

Lemma 1. Let X and Y be two continua and let f : X −→ Y be an open map. If
B is a subcontinuum of Y , then each component A of f−1(B) is mapped onto B by
f .

For simplicity, we follow the definitions in [4].

Definition 1. Let G be a rational semigroup and z a point of Ĉ. The backward or-
bit O−(z) of z and the set of exceptional points E(G) are defined by O−(z) = {w ∈
Ĉ|there is some g ∈ G such that g(w) = z} and E(G) = {z ∈ Ĉ|CardO−(z) ≤ 2}
respectively.

Definition 2. Let G be a rational semigroup. The postcritical set P (G) is defined
by P (G) =

⋃
g∈G{critical values of g}. Let G be a polynomial semigroup. The

finite postcritical set P ∗(G) is defined by P ∗(G) = P (G)\{∞}.
We abuse notation and write F (g) for F (〈g〉) and J(g) similarly. The following

three lemmas are recalled from Hinkkanen and Martin [1].

Lemma 2. Let G be a rational semigroup. For any g ∈ G, g(F (G)) ⊂ F (G),
g−1(J(G)) ⊂ J(G), F (G) ⊂ F (g), and J(g) ⊂ J(G).

Lemma 3. Let G be a rational semigroup. Then E(G) = {z ∈ Ĉ|CardO−(z) <
∞} and CardE(G) ≤ 2.
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Lemma 4. Let G be a rational semigroup. If a point z is not in E(G), then J(G) ⊂
O−(z). In particular, taking a point z ∈ J(G)\E(G), we have O−(z) = J(G).

3. The connectivity of the Julia set

First, we give a general result for the connectivity of the Julia set of a finitely
generated rational semigroup.

Theorem 1. Let G = 〈f1, · · · , fn〉 be a finitely generated rational semigroup with
{f1, · · · , fn} as the generator system. We assume that the Julia set of each genera-
tor is nonempty. Then the Julia set J(G) is connected if and only if the union of the
Julia sets of generators

⋃n
i=1 J(fi) is contained in some subcontinuum K ⊂ J(G).

Proof. Let g = fi1 ◦ · · · ◦ fik be an element in G, where k is a positive integer,
ij ∈ {1, · · · , n}, j = 1, · · · , k. Define subsets Kj inductively as follows. Let K0 =
K. Let Kj = f−1

ij
(Kj−1) ∪ Kj−1 for j = 1, · · · , k. Obviously, by Lemma 2,

K ⊂ Kj−1 ⊂ Kj ⊂ J(G) for each j = 1, · · · , k. Each Kj is connected. For if
K0 = K is connected, we assume Kj−1 is connected. Since fij is an open map on
Ĉ, by Lemma 1, each of the finitely many components of f−1

ij
(Kj−1) is mapped

onto Kj−1. Notice that J(fij ) 6= ∅ is in Kj−1 and completely invariant under fij .
Therefore, each component of f−1

ij
(Kj−1) meets Kj−1, and Kj is hence connected.

Specifically, Kk is connected.
We take Kg to be Kk and set K∗ to be

⋃
g∈GKg. Because K is contained in each

Kg, K∗ is a connected subset in J(G). There is at least one fi with degree ≥ 2.
Then, K contains at least three points. It follows from Lemma 4 that we can take
a point z in K\E(G). From the construction of Kg, it follows that g−1(z) ⊂ Kg.
Thus, O−(z) ⊂ K∗. Consequently, J(G) = O−(z) ⊂ K∗ ⊂ J(G) = J(G). This
implies that J(G) is connected. The proof is complete.

Remark 1. The connectivity of the Julia set of each generator is not required in
Theorem 1.

As mentioned in Section 1, the Julia set of a finitely generated polynomial semi-
group may be connected even though the postcritical set is not bounded. Using
Theorem 1, we present the following theorem. Recall that a plane continuum is
called nonseparating if its complement in the plane is connected.

Theorem 2. Let G = 〈p1, · · · , pn〉 be a finitely generated polynomial semigroup
with the generator system {p1, · · · , pn} and each generator of degree ≥ 2. If the
finite postcritical set P ∗(G) is bounded and if we further assume that at least one
Julia set is nonseparating, then the Julia set J(G) is connected.

Proof. If
⋃n
i=1 J(pi) is connected, the conclusion follows from Theorem 1 immedi-

ately.
We assume that L =

⋃n
i=1 J(pi) is not connected. Since each finite critical

orbit of pi is contained in P ∗(G), each J(pi) is a continuum. We may assume that
J(p1) is a nonseparating continuum so that J(p1) is identical with the filled Julia set
K(p1). We suppose that J(p1)∩J(pi) = ∅. If J(p1) belongs to the unbounded Fatou
component of pi, then K(p1) and K(pi) are disjoint. Taking a critical point c of pi
in K(pi), we note that pk1(c) ∈ P ∗(G) and {pk1(c)} is unbounded since c /∈ K(p1).
The contradiction shows that if J(p1)∩J(pi) = ∅, then J(p1) lies in some bounded
Fatou component U of pi. The same argument shows that P ∗(G) ⊂ J(p1) since
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P ∗(G) is forward invariant under p1. In particular, P ∗(pi) ⊂ J(p1), from which
it follows that pi has no Siegel disks and, indeed, that there is just one attracting
cycle. In fact it is an attracting fixed point which belongs to J(p1) ⊂ U . Further,
U is the domain of attraction of this fixed point: indeed, U is completely invariant
under pi.

Further, if J(pj) meets neither J(p1) nor J(pi), then J(p1) belongs to some Fatou
component V of J(pj). Thus, J(p1) ⊂ U ∩ V while ∂U ∩ ∂V = ∅. Hence, either
U ⊂ V or V ⊂ U .

Thus, we may find a sequence of integers i1, i2, · · · , im and domains Ui1 , Ui2 , · · · ,
Uim such that ∂Uij ∩ ∂Uij+1 = ∅, J(p1) ⊂ Ui1 ⊂ Ui2 ⊂ · · · ⊂ Uim , where Uij is an
invariant Fatou component of pij and each J(pν), 1 ≤ ν ≤ n, is in the component
of L, which contains some J(pik).

By the above construction the attracting fixed point α of pik in Uik lies in J(p1) as
do all the singularities of p−nik . Thus, for any n ∈ N,Kn = p−nik (J(p1)) is connected
and contains α, so that the closed set K(k) =

⋃∞
n=0Kn is connected. It also meets

J(pik). Hence, (
⋃n
ν=1 J(pν)) ∪ (

⋃m
k=1 K(k)) is a connected subset of J(G), using

Lemma 2. It follows from Theorem 1 that J(G) is connected.

Remark 2. One cannot omit the nonseparating condition. For instance, we let
f1(z) = z2 and f2(z) = z3/4. The Julia set J(〈f1, f2〉) is not connected.
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