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ABSTRACT. Let By = {(z;) € R™;3°7 |z;|? < 1} and let E be a k-dimensional

subspace of R™. We prove that |E N B;‘\,lc/k > |By 71/”, for1<k<(n-1)/2
and k = n — 1 whenever 1 < p < 2. We also consider 0 < p < 1 and other
related cases. We obtain sharp inequalities involving Gamma function in order
to get these results.

INTRODUCTION

In [13], J. D. Vaaler proved that all k-dimensional sections of the unit cube
[-1/2,1/2]™ in R™ have k-dimensional volume bigger than or equal to 1. If we
write B = {z € R";[x1[P + - + |z,|P < 1}, 0 < p < oo, M. Meyer and A. Pajor
extended Vaaler’s result to the range p € {1} U [2,00] in [8]. More precisely, they
showed that

n 1 k n n
(0.1) \En B/ > By,

for all E, k-dimensional subspace of R". K. Ball (see [I], [2]), using Brascamp
and Lieb inequality, established (I for the 1-dimensional sections of any ball
in R™ having a multiple of the euclidean ball as the ellipsoid of maximal volume
contained in it. More recently Schmuckenschléger (see [12]) estimated the volume
of the (n — 1)-dimensional sections of By, for 1 < p < 2, but the proof of the
inequality he proposed was not correct. The aim of this paper is to give a proof
of the inequality appearing in [I2] (see Proposition below), to prove (ILI) for
1<k<(n—-1)/2and 1 < p < 2 (see Proposition 22) and to give the right
estimate for (L)) for 0 < p < 1 (see Proposition[ZH). Moreover, we prove ([IL1]) for
B = BY @p B, 1 < p < 2 (see Proposition [Z4]), answering a question raised to
the authors by M. Meyer.

In order to do this we need to establish sharp inequalities involving the Gamma
function which have their own interest. We state and prove these inequalities in
section 1 and the corresponding estimates for the volume of sections are given in
section 2.
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As usual we denote by ||z], = (E?|mi|p)1/p, for x = (x1...,2,) € R™ and
0<p<oo. If ACRF |A|; will represent the k-dimensional Lebesgue measure in
R,

1. SOME INEQUALITIES FOR THE GAMMA FUNCTION
Throughout this paper we are going to use Stirling’s formula, i.e.
(14 z) = 2%~V 27z exp pu(x) (x > 0),
where p(z) is a nonincreasing and nonnegative function for > 1 defined by
o0
Hiw) = ﬁ - é /0 (tpi(i)pdt
where p3(t) is a 1-periodic function that for ¢t € [0,1] is defined by p3(t) = t3 —

%tz + %t (see, for instance, [T1], pg. 62). Notice that |p3(t)| < % for all ¢t > 0.

Proposition 1.1. The following inequalities hold:
1
(1) TA+2)¥* < @+ DE+2)  (@>2),
4
(2) T(1+2)¥* < RE+D@+2) 1<z,

2/x 2
(3) T(1 4 x)%/* > " (z+3)(z+7) (z>5),
(4) T(1 +2)%/* el(x+1)(x+2) (x> 1).

vV

2

Proof. We are only going to prove (1) and (3) because (2) and (4) can be shown in
a similar way.
(1) Tt is enough to prove that for every z > 2

F(z) = logD(1 + ) — glog (é(m +1)(z + 2)> <0.

Let us compute f':

2 —log6 log (x + 1)(z +2) 1 1/2
!
= —— 1) —
fl) g vt 2 r+2 o+l
where (1 + 2) = (logI'(1 4+ z))’. Now using that

1/2 1/12 1/120

Wl +2) <loglo+ 1) = =5 - s+ 2

for 14+ x > 0 (see, for instance, [3], section 541) and considering y = x%rl we obtain
that
sup  f'(z) < sup g(y),
z€[2,400) y€(0,1/3]
where
2—1logb 1 Y y? yt
e | D+ —— =+ =—.
9(v) 2 plosly+ D+ 75 ~ 15+ 1w

Since ¢ is concave on (0,1/3] and ¢’(1/3) > 0, we get

sup g(y) =g(1/3) <O0.
y€(0,1/3]
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Hence f is a nonincreasing function on [2,+00) and so for every z > 2

6
(3) Consider the function F : [5,+00) — R defined by

log (1-+.2) = 3 log (o + (e +2)) < 72) =0,

4
F(z) = —logl 1) —21 —1 —1 —1 .
() = = logT(w + 1) — 2logz — log(x +3) — log(x +7) — log 5=

We are going to show that F(z) > 0. We have

4
xF(x) = 4logT'(z + 1) — 2zlogx — xlog(x + 3) — xlog(x + 7) — xlog ——

2372
4

>4log (m“’e*“’\/ 27rx) —2zlogx — zlog(x + 3) — xlog(x + 7) — x log 53,2 = G(z).
™

If we denote g = —log% > 0, we get that
3 3 3 Ié]
G'(x) = |1 1-— — -
() [og< x+3>+5x+x+3+2]
7 7 7 Ié]
1 1-— — =.
+[og< m+7>+5x+x+7+2]

Y +y+é>0

h(y) = log(1 — y) + ——2——
(y) =log(1 —y) + 50— ) 5
whenever y € [0,7/12], since h is concave and h(0),h(7/12) > 0. It is clear that
for every x > 5, 7/(x + 7) and 3/(z + 3) belong to the interval [0, 7/12], therefore
G'(xz) > 0on [5,+00). Hence we conclude that G(z) > G(5) > 0 for all z € [5, 4+00),
and so F(x) > 0, for all x > 5. O

We have

Proposition 1.2. Let 1/2 <z <1 and y > 2. Then

a1 T(1+ay)'*s _L+ap

' M1+ (y+2)z) ~ I'(l+3x)
Proof. First of all note that for every y > 2, (L)) holds for z = 1 and z = 1/2,
simply using Proposition [Tl and because

L(L+y)'*v  TA+y)*y
FB+y)  (w+2)y+1) ~

1
6
and

LA+ Ta+5 2 [y+d

™

re+4) 1+ %¢ —y2sVy+2-6
Now we only have to prove that for every y > 2 the function f, : [%, 1] — R defined
by fy(z) =3logT'(1+xz)—log'(1+43z)— (1+ %) logT(14zy) +1logT'(1+ (y+2)x)
is concave. If we compute its derivate, we obtain
fil (@) =3¢/ (1 +2) = 99" (1 + 32) —y(y +2)¢' (1 + zy) + (y + 2)*¢' (1 + (y + 2)2).
Next we use that there exists a function 6 : (0, +00) — [0,1] such that for every
z>0

Y =24 b o o

z 222 623  302°
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(see [3] or [4]). Then we get that
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von 1 4 z+ 1 —1 4922 + 1223
fy(@) = (x+1)(z+3) [1 + 3 (z+1)(x+ %)} (1+z)3(1+3x)3
S1 S2
1y Ay+1) Tt ol
_%@+§Mm+ﬁﬂ[1 yy+2) @+ie+-L) toley)
S3
where

a(z,y) < y(y +2) y(y +2) (y+2)°

=30+ 32)° T 30(1+ay)®  6(1+xy)® | 6(1+ (y+2)z)
y(y +2)

< .
~30(1+3x)®  30(1+ xy)d

Notice that S1 and S3 can be deduced from the identity

—k(k+2) —k(k+2) (k +2)?

(k+2)2

(I+kx)  20+kx)?2 14+ (k+2)x

201+ (k + 2)2)?

_ % 1+2w+¢). T+
(x+%)(x+ﬁ) k(k +2) (a:—f—%)(a:—i—ﬁ)
applied to £ = 1 and k = y respectively.
Now we are going to study each summand separately:
S1: It is easy to check that
4 T+ 7
min 1+—-—2>=— rz=1
we[L,1] ( 3 (z+1)(z+13) 4 ( )
S2: It can be shown that
ma 922 + 1223 — 1 < ma 922 4 1223 21 (x=1)
X X = — = .
vel3 ] (1 +2)?(1+32)* ety (1+2)*(1432)> 64
j 4y +3)

2y +1) TS

S3: max (1+ . =
m@ﬂ( y(y +2) @+§Xw+;bJ

Notice that since
(x+1)(z+ %)

(y+2)(y +4

Yo @=1/2)

wvelda] (x4 )@ + 35

) y+4

we get that for every 1/2 <z <1 and every y > 2

) (x:

1

2

_),

5 4(y+3)
1/y RS =, w4(1+ﬁﬁmﬁﬂ)
vto5)| T @HDE+3)

(z+ i)(x + ﬁ)

On the other hand

yy+2) (z+ 1)

y(y+2)

4277

55/36

<

T (z+1)(z+1/3)

(~0.012).
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Therefore we obtain that for each y > 2,

" —21/4 21/64 55/36 4277
[y () < + + +
1+2z)(1+3z) (Q+4+z)(1+3z) (r+1)(x+1/3) 375000
_ M R
375000 (z+1)(z+ 1)
forall 1/2 <z <1. O

Proposition 1.3. The function g : [1/2,+00) X [2,400) — (0, +00) defined by

y  T(+ay'
T(1+y)" yT(1+2)

g(x,y) =

verifies:

(1) For everyy > 2, g(-,y) is nonincreasing in [1/2,+00).
(2) For every x > 1, g(x,-) is nonincreasing in [2,4+00) and for every 1/2 < x <
1, g(x,-) is nondecreasing in [2,+00).

Proof. (1) Let y > 2. By using Stirling’s formula it is easy to see that

1/y 1 1 1 i
hie.w) = gt ) L =y o) e (@ - u(x))-

Since |p3(t)| < 1/20, we have

d(logh) oy —1 1 1 oo ps(t) ps(t)
Ox (@9) =~ 2zy * 1202 12222 +/0 (t+xy)*  (t+2) dt

y—1 1 1 1 [T 1 1
s - + 2 2.2 T 20 4 4
2zy 1222 122%2y%2 20/, (t+2) (t+ xy)

<L <1_1) (-1+i+L> <0
2 Yy 4r 12022
for all z > 1/2 (note that this result can be extended to x strictly smaller than 1/2).
Therefore log h(-,y) is a nonincreasing function in [1/2, +00) and so it is g(z, y).
(2) Let © > 1/2. If we again use Stirling’s expression of the Gamma function we
have
el—xx;c

9@Y) = vt

1+x) /2 exp (é(u(xy) - u(y))) :

Consider the function
1 1
¢z, y) = o—logz + —(u(zy) — ply
(2, y) % y( (zy) — n(y))
defined for y > 1 and = > 1/2.

1 1 1 1 ° 1 1
¢(x,y)=2—ylogx+ Tyg(;—l)—g—y/o p3(t) ((xy—i—t)?’ - (y+t)3>dt'

Then

0% B 1 I < ps(t)
(x,y) = + 43:/0 Gy +1° dt

0x0y 2z | 6x2yP xy + t)°
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Since max{|p3(t)];t > 0} < 55, we achieve

0% (1) < 1 N 1 N 1
Ox0y Y= 2y%x  6x2y3  20x3yt

< 1 1 1 1 <0
- 2’z 6 4022

Hence if x > 1,

0o 0¢
ha <221 y) =
oy DY) = 5, (Ly) =0
for all y € [2,00) and if 1/2 <z <1,
0o 0¢
0=75,0v) =75, (@)
for all y € [2,00) and thus the result holds. O

Proposition 1.4. The following inequality holds:

27 — 1 2z /(2x—1)
2

2
P(1+22)T (1+ g) > 97D(1 + )27 (1 +

for all x > 5/2.

Proof. We apply Stirling’s formula and so we only need to achieve

(1.2) (%/2)” > V3 (20 — 1)m)/ =)
and
(1.3) () + 5o (29”2‘ 1) ~ (2w~ 21 () <0,

The inequality (I.2)) is deduced from the fact that the function

- 1
Fy) =y(1+y/2)log(1+y ") - % log2 — 5 log(7y)

is convex for y > 0. In particular since F’(4) > 0 and F(4) > 0 we deduce F(y) > 0
for all y > 4 and so the inequality is true for x > 5/2 (consider 2z — 1 = y).
In order to show (L3)) we use the corresponding expansion and we have

2x 20 — 1 T 5 T
2 —u2)—2u(Z)= -4 %
“(a’)+2x—1”< 2 ) (22) ”(2) 24z | 3(2z —1)?

1 [ 2 2 1 1 2
_5/0 p?’(t)((x—l—t)?’+2x—1(t+(2x—1)/2)3_ (22 4+ 1) (t+x/2)3)dt
5 x 1 [ 2 2
:_%+3(2x—1)2+§/0 p3(t)((t+x/2)3_(x+t)3) dt

1 [ 21 1 1
- 5/0 ps(t) (2:5—1 (t+ (22— 1)/2° (2:c+t)3) dt

<l (e B8 8/ <0032
~ 24z 200 (2-1/x)2 (2-1/2)?(2z-1)) — 24z ’
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since the function

-5+ 23 + i + 8/5
20 (2-1/x)2  (2—-1/2)?(2z—1)
is nonincreasing for x > 2. Therefore the result follows. O

2. THE VOLUME OF CENTRAL SECTIONS
OF THE UNIT BALL IN {7, 0 < p < 2

We apply the preceding inequalities to estimate the volume of the k-dimensional
sections of B}, stated in the introduction.

Proposition 2.1 (see [12]). Letn € N, n > 2, p € [1,2] and let E be any (n —1)-
dimensional subspace in R™. Then

‘1/n 1

|ENBr > |By|".

Proof. Let E be a hyperplane in R™. A well-known result (see [6]) ensures that

n 1 pgn|(=D/n
1B, NE|,_, B">\/?} }

where Lp, (the isotropy constant) is

T(1+ 4)0(1 4 2)t2/m
n+2 133
12T (1 4 =2)T (1 + )

LEn =
.

(see [9]). Hence it is enough to prove that
3 n\1+2/n
T(1+ 2)T(1+ 2)1+%/
n+2 1y —
D1+ 22)r(1 + 1)
for all n > 2 and all 1 < p < 2. Notice that this follows from Proposition[T.2. O

Proposition 2.2. Let n € N, n > 2, p € [1,2] and let E be any k-dimensional
subspace in R™ with 1 < k < "*1. Then

1/k

\EnBp/* > |BrY"

Proof. Acording to K. Ball’s result quoted in the introduction, we only have to
consider the case n > 5.
Holder’s inequality implies that

Uk 11 1/k 1_ 1/k
[EnByl/ > |Eni =By T =nih |BY,

(in fact n'/2=1/? B2 is the ellipsoid of maximal volume contained in B}). Hence it
is enough to show that
11 Uk o | gn|l/n
B > (B
foralll<p<2andf0ralll<k:<" , that is,

n 1/n 1/k
PG+ TG+
nl/PT(5 +1) ~ nl/20(5 +1)

(2.1)

(see for instance [10]).
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By using Proposition [C3, for every 1 < p < 2 we get that g(1/p,n) > g(1,n);
therefore it is enough to prove (ZII) for p = 1. Furthermore, since I'(1 + z) is
log-convex on [0, +00), the function f(z) = (1 4 z)= is a nondecreasing function
on [0, 4+00), so

k 1/k n—1 e
1“(5 +1) < 1“(T +1)

forall 1 <k < ”T_l On the other hand, since ”T_l > 1, we can use Proposition

[T, (1) and (2), and we obtain that
e N 2
r+1 ~ &

Thus, it suffices to show that

<9i2(n L3)(n+ 7))1/4.

2.2 (1 A/n > 7
(2:2) A+m)" = —

for all integers n > 5 and this is a consequence of Proposition [l O

n*(n+3)(n+7)

Remark 2.3. If we consider
K={(z1,...,2m) €R" x -+ xR [l + - + [lom 3 < 1},

with 1 < p < 2 and n,m € N, and we use the same method as in Proposition
22, it can be shown that for every k-dimensional linear subspace E in R™™ with
1<k< %—1
(2.3) B0 K]S > K]
for all p € [1,2] and all n,m € N. The only new tool we need is the inequality

n1/2r(1+ %)1/'@
T(1+ HT(n+1)/n ~
which is a consequence of Proposition[CL3l Moreover we can achieve the inequality

23) for all 1 < k < 2n, when m = 2, and this way extends the results in [§] in this
case, as is shown in the following result.

(2.4) (n>1)

Proposition 2.4. Let 1 <p <2, neN and
K ={(z1,22) € R" xR"; |[laa|3 + [|22|l3 < 1}.
Then Z3)) holds for all k-dimensional subspace in R*™, with 1 < k < 2n.

Proof. Following the same methods as in Proposition[2.2, we only have to prove

2n—1
I'1+2n)I(1 + 2)2 > 2"T(1 4 n)?T(1 + n2 )2n/(2n=1)

for n > 2. The case n > 3 is Proposition [[4 and n = 2 can be checked directly. [

Next we are going to estimate the volume of the sections through the origin for
the p-balls B}, 0 < p < 1. We should notice that Koldobsky (see [7]) studied this
problem for the particular case of central hyperplane sections. He computed the
volume of these sections in terms of the Fourier transform of a power of the radial
function, for every p > 0, and he applied this result to confirm the conjecture of
Meyer and Pajor on the minimal volume of these particular sections of the unit
p-balls B, 0 <p < 2.
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Proposition 2.5. Let E be any k-dimensional subspace of R™, 1 < k <n, and let
0<p<1. Then

1-1
l/k el—1/p

BnﬂE -
By VEL 2 m e

| |1/n

and the constant
el—l/p

L(1+41/p)pt/»

is the good order of magnitude for fixred n when p — 0F.

€(0,1)

Proof. We use the results from [§]:
[EnBy/" = nt P B0 By

=0t By

:nlfl/p F(1+n/p)1/n nl/n
(n))V/"T(1+1/p) ol

By Proposition [[.3]

ni-1/p T(1+n/p)t/m
(n)Y/»T'(1+1/p)

is nonincreasing with n and this implies the result, since

1—1p_ L(L+n/p)t/m el-l/r

i = .
e AT (1 1/p) | T+ 1/p)pi/?

Note that this value belongs to (0,1). Indeed

elfl/p _ e\/l_)
T = e exp( (1)

e 1 D 1 [ ps(t)
= exp(ilogp- L4z BY_gu
Vor P (2 8P~ F 3/0 SVETE

and

d (1 p 1 [ ps(t) /

= (Zlogp- 2 B3 gt) = — - =

dp (2 LT 3/0 (1/p+1)? 1/p—|—t
1

Finally we show that the result is sharp. It is easy to check that

el—l/p P N
—F(l 1P ~ eyl o when p — 0

and if we consider the 1-dimensional subspace Ey = span{(1,...,1)} C R", then
it is easy to prove that

1B} mE0‘1 _ n1/271/p1_‘(]‘ +n/p)t/" N p?
|Bn|1/n I'(1+1/p) (2m)2 20
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Remark 2.6. If we now consider
K={(z1,...,2m) ER" x -+ xR ||z1|f + -+ |lzm|]] <1},

with 0 < p < 1 and n,m € N, and we use the same ideas as in Proposition 25, it
can be shown that for every k-dimensional linear subspace E in R"™, 1 < k < nm,

6171/17

> | |1/TL7’7’L
- 1/p
r(1+1/p)p

1/k
|E0K|k nm
for all p € (0,1] and all n,m € N.
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