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ON THE SPLIT PROPERTY
FOR INCLUSIONS OF W ∗-ALGEBRAS

FRANCESCO FIDALEO

(Communicated by David R. Larson)

Abstract. A characterization of the quasi–split property for an inclusion of
W ∗–algebras in terms of the metrically nuclear maps is established. This result
extends the known characterization relative to inclusions of W ∗–factors. An
application to type I von Neumann algebras is also presented.

1. Introduction

The split property for inclusions of von Neumann algebras is of particular interest
from a theoretical viewpoint although it was first introduced and intensively studied
for the various applications in Quantum Field Theory. For the physical applications,
the relation of the split property with several nuclearity conditions is also of interest;
see [3], and [14] for a review.

To make the connection between the split property and the various nuclear-
ity conditions more transparent, canonical non–commutative embeddings M ↪→
Lp(M), p = 1, 2, were first considered in [2]. Namely, given an inclusion N ⊂ M
of von Neumann algebras with M acting standardly on the Hilbert space H with a
cyclic and separating vector Ω, one can consider the following embeddings, canon-
ically constructed via the modular operators ∆, J associated to Ω:

Φ1 : a ∈M → 〈·Ω|JaΩ〉 ∈M∗ ,(1)

Φ2 : a ∈M → ∆1/4aΩ ∈ H .(2)

The main result of [2] is the following. Let N ⊂ M be a factor–subfactor
inclusion. Then the nuclearity condition for the restriction to N of any of the
above maps ensures the split property for the inclusion. Conversely, if N ⊂M is a
split inclusion, the above embeddings, when restricted to N , are nuclear for a dense
set of cyclic separating vectors for M .

Unfortunately, the nuclearity condition is a stronger condition than the split
property when some privileged state (as e.g. the vacuum state for the physical
applications) is kept fixed. Hence a complete characterization of the split property
in terms of properties of the Lp embeddings would be desirable. This approach has
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been followed in [8] in order to solve the question for the L1 embedding. Namely,
given an inclusion N ⊂ M of von Neumann algebras and the L1 embedding Φ1,
constructed as in (1) by any standard vector Ω for M , it has been shown that
the metrically nuclear condition for Φ1dN characterizes in a complete way the split
property for the inclusion. Moreover, some conditions (weaker than nuclearity)
which ensure the split property were established in [9] relative to the L2 embedding.
All these results were obtained for inclusions of von Neumann factors. Hence it
could be interesting to extend some of the above results to the general case of
inclusions of von Neumann algebras. This is of certain interest also for the physical
applications where the local algebras of observables could have a non-trivial centre;
see [1].

In the present note, following the strategy of [8], we characterize the quasi–
split property for an inclusion of von Neumann algebras with (possibly) non-trivial
centres in terms of the metrically nuclear maps. An application to the structure of
type I von Neumann algebras is also presented.

The key point for the characterization of the (quasi–)split property is the new
theory of operator spaces and some classes of completely bounded maps between
them. For the theory of operator spaces we refer the reader to [6, 11, 12] and to
the literature cited therein.

We also refer the reader to [7, 8] for the definition and the basic properties of
the metrically nuclear maps N(E,F ) between the operator spaces E,F .1

Finally, we recall that an inclusion N ⊂ M of von Neumann algebras is said
to be split if there exists an interpolating type I von Neumann factor F , that
is, N ⊂ F ⊂ M . The last condition implies (and in many interesting situations is
equivalent to) the existence of a normal ∗–isomorphism between N⊗M◦ and N∨M ′
extending a⊗ b→ aJb∗J , after representing M in standard form; see [5].

2. The quasi–split property for inclusions of W ∗–algebras

This section follows Section 1 of [2] where the split property for inclusions of
factors is related to the extendibility of the canonical non–commutative embeddings
Φi, i = 1, 2. Here we deal with the general case of inclusions of von Neumann
algebras. This framework also covers the commutative case which has been treated
in some detail in [2]. We note that the subject contained in this section has a
natural description in terms of Connes correspondence ([4]). Accordingly, we adopt
the correspondence formalism in the sequel.

We start with an inclusion N ⊂M of von Neumann algebras always with sepa-
rable preduals. Taking a normal faithful state ω ∈ M∗ and representing M on the
Hilbert space H ≡ L2(M) by the GNS representation relative to ω, we consider the
Tomita operators J,∆ relative to it. By M◦ we denote the opposite algebra of M .

Definition 1. The inclusion N ⊂M is said to be quasi–split if the map

a⊗ b ∈ N ⊗M◦ → aJb∗J ∈ B(L2(M))(3)

extends to a normal ∗–homomorphism η of N⊗M◦ onto N ∨M ′.

We remark that, since the standard representation is unique up to unitary equiv-
alence, the quasi–split property is really an intrinsic property of the inclusion.

1In [8] the metrically nuclear maps, denoted as D(E,F ), are called the matrix–decomposable
maps.
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Let N , M be von Neumann algebras; a N–M correspondence is a separable
Hilbert space H which is also a N–M bimodule with (commuting) normal left and
right actions of N , M respectively.

The standard representation of M gives rise to a correspondence which is unique
up to unitary equivalence, just the identity M–M correspondence M idM on L2(M)
determined by the map

a⊗ b ∈M ⊗M◦ → aJb∗J ∈ B(L2(M)) .

If we have an inclusion N ⊂M of von Neumann algebras, we obtain a (uniquely
determined) N–M correspondence if we restrict M idM to N on the left. We indicate
it by N idM .

Definition 2. An N–M correspondence σ is said to be split if there exist nor-
mal faithful representations π, π◦ of N , M◦ on separable Hilbert spaces Hπ, Hπ◦
respectively, such that σ is unitarily equivalent to π ⊗ π◦ (σ ∼= π ⊗ π◦ for short).

The term coarse is also used when π, π◦ are the standard representations of N ,
M◦ respectively.

Now we show that the quasi–split property can be viewed as a property of N idM .

Proposition 1. Let N ⊂ M be an inclusion of von Neumann algebras with sepa-
rable preduals.

The following statements are equivalent :

(i) N ⊂M is a quasi–split inclusion;
(ii) N idM ≺ σ, where σ is a N–M split correspondence and ≺ means the contain-

ment of representations.

Proof. (i)⇒(ii) If the map (3) extends to a normal ∗–homomorphism η of N⊗M◦
onto N

∨
M ′, then η = η1 ◦ η2 ◦ η3 where η3 is an amplification, η2 an induction

and η1 a spatial isomorphism; see [13]. Hence

η(a⊗ b) = v∗(a⊗ b⊗ I)v

where v : L2(M) → L2(M) ⊗ L2(M) ⊗ H is an isometry. Namely, the N–M
correspondence N idM is contained in a split one.

(ii)⇒(i) If N idM is a subcorrespondence of a split one, we have a subrepresen-
tation of the normal representation π ⊗ π◦ of N⊗M◦; see [15], Theorem IV.5.2.
Hence N idM uniquely defines a normal representation of N⊗M◦ that is a normal
map η of N⊗M◦ onto N ∨M ′ which extends (3).

When a faithful state ω ∈M∗ is kept fixed, one can construct the non–commuta-
tive embeddings Φ1, Φ2 given in (1), (2). Then, following [2], one can study the
extendibility properties of Φi, i = 1, 2.

A completely positive normal map Φ : N → Lp(M), 1 ≤ p < +∞, is said to
be extendible (according with [2], page 236) if, whenever Ñ ⊃ N is another von
Neumann algebra with separable predual, there exists a completely positive normal
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map Φ̃ which yields the following commutative diagram:

6@@
@
@
@
@
@R
-

Ñ

N Lp(M)

Φ̃

Φ

Here complete positivity has an obvious meaning if one considers for n ∈ N the
hierarchy of positive cones Lp(Mn(M))+ ⊂ Lp(Mn(M)); see [10].

The following proposition is the natural generalization of [2], Proposition 1.1.

Proposition 2. Let N ⊂ M be an inclusion of von Neumann algebras with sepa-
rable preduals, and ω ∈ M∗ a faithful state. Consider the embeddings Φi, i = 1, 2,
relative to ω.

The following statements are equivalent :
(i) N ⊂M is a quasi–split inclusion;
(ii) Φ1dN : N → L1(M) is extendible;
(iii) Φ2dN : N → L2(M) is extendible.

Proof. (iii)⇒(ii) We can consider the commutative diagram

-

@
@
@@R �

�
���

M

L2(M)

L1(M)
Φ1

Φ2 Ψ

where Ψ, given by
Ψ(x) := 〈∆1/4 ·Ω|Jx〉,

is computed by the transpose map of Φ2. So if Φ2dN is extendible, then Φ1dN is
extendible as well.

(ii)⇒(i) Let F be a type I factor with separable predual containing N and Φ̃1

the corresponding completely positive normal extension of Φ1. Then

ϕ̃(f ⊗ b) := Φ̃1(f)(b)

gives rise to an F–M correspondence (σ,Hσ); see [15], Proposition IV.4.6. More-
over, the F–M correspondence (σ,Hσ), when restricted to N on the left, contains
N idM . The assertion now follows as the standard representation of M is faithful.
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(i)⇒(iii) It is enough to show that Φ2 extends to a type I factor with separable
predual containing N as a unital subalgebra. Let (π ⊗ π◦,Hπ ⊗ Hπ◦) be a split
correspondence containing N idM . Then there exists an isometry v : L2(M) →
Hπ ⊗ Hπ◦ with range projection vv∗ ∈ π(N)′⊗π◦(M◦)′, such that, for a ∈ N ,
b ∈M◦, we get

aJb∗J = v∗π(a) ⊗ π◦(b)v .
As vv∗ ∈ B(Hπ)⊗π◦(M◦)′, it is easy to show that v∗(B(Hπ) ⊗ I)v ⊂ M . Now

we define Φ̃2 : B(Hπ)→ L2(M) as

Φ̃2(f) := ∆1/4v∗(f ⊗ I)vΩ

which is a completely positive normal extension of Φ2 to the type I factor B(Hπ).
The general case is recovered by taking the tensor product F∞⊗B(Hπ) with the
hyperfinite type I factor F∞ and consider any normal conditional expectation ε :
F∞⊗B(Hπ)→ B(Hπ).

We note that Proposition 1.1 of [2] can be immediately recovered as a corollary
of the above result.

Proposition 3. If N ⊂M is an inclusion of von Neumann factors with separable
preduals, then the condition (i) in Proposition 2 can be replaced by the a–priori
stronger condition

(i′) N ⊂M is a split inclusion.

Proof. Let η be the normal map which extends (3) to all of N⊗M◦. If N and
M are both factors, then ker η = {0}, that is, η is a normal ∗–isomorphism onto
N ∨M ′. The proof follows as the last condition turns out to be equivalent to the
split property; see [5], Corollary 1.

3. Metrically nuclear maps and the quasi–split property

In the present section we show that the quasi–split property for an inclusion N ⊂
M of von Neumann algebras is characterized by the metrically nuclear condition for
the L1 embedding Φ1 of N into the predual of M . Such a characterization parallels
the analogous one given in [8] for factor–subfactor inclusions. It can be naturally
applied to inclusions arising from Quantum Field Theory, where the local algebras
could be type III algebras with a non-trivial centre.2

Theorem 1. Let N ⊂M be an inclusion of von Neumann algebras with separable
preduals, and ω ∈M∗ a faithful state. Consider the L1 embedding Φ1 relative to ω.

The following statements are equivalent :
(i) N ⊂M is a quasi–split inclusion;
(ii) Φ1dN ∈ N(N,M◦∗).

Proof. (i)⇒(ii) Consider on N ∨M ′ the vector state ϕ(c) := 〈cΩ|Ω〉. As N ⊂ M
is quasi–split, there exists a normal ∗–homomorphism η of N⊗M◦ onto N ∨M ′
extending the algebraic homomorphism (3). Accordingly, the composite map ϕ ◦ η
gives rise to a normal state on N⊗M◦, that is, ϕ ◦ η ∈ N∗⊗̂M◦∗; see [6], Theorem
3.2. As Φ1(a)(b) = ϕ ◦ η(a ⊗ b), the proof becomes complete taking into account
Definition 2.1 of [8] relative to the metrically nuclear maps.

2The proof of Corollary 1 of [9], being incomplete relative to the implication (iii)⇒(iv), can be
completed taking into account Theorem 1.
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(ii)⇒(i) If Φ1dN ∈ N(N,M◦∗), then Φ1(a)(b) =: ϕ(a⊗ b) defines a normal state
on all of N⊗M◦ by [8], Lemma 3.2. Now let Ñ ⊃ N be a von Neumann algebra with
separable predual containing N and consider a normal state ϕ̃ on Ñ⊗M◦ extending
ϕ. Then Φ̃1(a) := ϕ̃(a⊗ · ) is a completely positive normal map extending Φ1. The
proof follows by Proposition 2.

Remark 1. We note that, by the above considerations, Theorem 2 in [9] can be eas-
ily generalized to inclusions of von Neumann algebras replacing the split condition
with the quasi–split one. We leave the details to the reader.

Finally, following analogous characterizations contained in [2], Corollary 2.9, and
in [9], Proposition 7, we apply Theorem 1 to the structure of type I von Neumann
algebras.

Theorem 2. Let M be a von Neumann algebra with separable predual, and ω ∈M∗
a faithful state. Consider the L1 embedding Φ1 relative to ω.

The following statements are equivalent :

(i) M is atomic;
(ii) Φ1 ∈ N(M,M◦∗).

Proof. (i)⇒(ii) As M is atomic, it is a direct sum of type I factors Mi. Let {pi}i∈n

be the set of the minimal central projections ofM , where n is any finite or countable
set describing the dimension of Z(M). In such a way Mi = Mpi . Consider the ∗–
isomorphisms ηi : Mi⊗M◦i → Mi ∨M ′i extending api ⊗ bpi → aJb∗Jpi. These
isomorphisms always exist as Mi are all type I factors. Then it is easy to verify
that

η(c) :=
⊕
i∈n

ηi(cpi ⊗ pi)

is a normal ∗–homomorpism of M⊗M◦ onto M∨M ′ which extends the map a⊗b→
aJb∗J . Namely, the trivial inclusion based on M is quasi–split, that is, Φ1 ∈
N(M,M◦∗) by Theorem 1.

(ii)⇒(i) If (ii) is satisfied, then the inclusion based on M is quasi–split again
by Theorem 1. Namely, there exists a normal ∗–homomorphism η of M⊗M◦ onto
M ∨M ′ which extends the map a⊗ b→ aJb∗J .

Consider first the centre of M . We start by noticing that Z(M) is isomorphic to
L∞(X,µ) whereas Z(M)⊗Z(M) is isomorphic to L∞(X×X,µ×µ) where (X,µ) is
a standard measure space; see [15], Theorem III.1.22. In such a situation, the map
a⊗ b→ aJb∗J leads to

a(x)b(y) ∈ L∞(X ×X,µ× µ)→ a(x)b(x) ∈ L∞(X,µ)

when it is restricted to Z(M)⊗Z(M). But, it is straightforward to verify that the
above map is indeed a normal ∗–homomorphism if and only if (X,µ) is purely
atomic. Then Z(M) is atomic.

Now let Mi be the factors appearing in the decomposition of M . Restricting the
map η to Mi⊗M◦i , we conclude that the trivial inclusions based on the factors Mi

are all quasi–split, hence split by Proposition 3. Then the Mi are all type I factors.
Namely, M is a direct sum of type I factors, that is, M is atomic.
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