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SMOOTH DIAMETER AND EIGENVALUE RIGIDITY
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ABSTRACT. A recent injectivity radius estimate and previous sphere theorems
yield the following smooth diameter sphere theorem for manifolds of positive
Ricci curvature: For any given m and C there exists a positive constant £ =
e(m, C) > 0 such that any m-dimensional complete Riemannian manifold with
Ricci curvature Ricc > m—1, sectional curvature K < C and diameter > m—e
is Lipschitz close and diffeomorphic to the standard unit m-sphere. A similar
statement holds when the diameter is replaced by the first eigenvalue of the
Laplacian.

Let M be a complete Riemannian manifold of dimension m > 2 with Ricci
curvature Ricc > m — 1. Then, by the Bonnet-Myers theorem, the diameter of M
is bounded from above by 7, and by Cheng’s maximal diameter sphere theorem the
maximal value 7 is attained if and only if M is isometric to the unit m-sphere (see
[Chg]).

In contrast to the sectional curvature setting, where Grove and Shiohama (see
[GrS]) showed that a complete Riemannian m-manifold with sectional curvature
> 1 and diameter > 7/2 must be homeomorphic to the m-dimensional sphere, and
where until today no example of an exotic sphere with positive sectional curvature
is known, in the case of positive Ricci curvature however the following phenomena
arise: First of all, Anderson and Otsu (see [Anl], [Ot1]) showed that Cheng’s result
is not even topologically rigid by constructing, for m > 4 on closed smooth m-
manifolds whose homotopy type is distinct from that of the sphere, Riemannian
metrics with Ricc > m — 1 and diameter arbitrarily close to m. Secondly, it is
known that many exotic spheres, i.e., smooth manifolds which are homeomorphic,
but not diffeomorphic to a standard sphere, carry metrics of positive Ricci curvature
(compare [Nash], [Poor], [H], [Ch|, [Wr]).

Thus additional assumptions are needed to obtain sphere theorems for positively
Ricci curved manifolds, and of particular interest here is the problem of finding
conditions which guarantee smooth instead of merely topological rigidity. Contri-
butions to this field of questions have been made in particular by Anderson, Bessa,
Brittain, Cai, Colding, Eschenburg, Grove-Petersen, Itokawa, Katsuda, Nakamura,
Otsu, Paeng, Perelman, Petersen, Petersen-Zhu, Shiohama, Wilhelm, Wu, Xia, and
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Yamaguchi (see [An2], [Bes], [Br], [Cail, [Co], [E], [GrP], [It], [Kat], [Nal, [Ot2], [Pal,
[Per], [Pet], [PZ], [Shill, [Wi], [Wul, Xia], [Yaml]; compare also the survey [Shi2]).

Except for Perelman’s topological diameter sphere theorem (see [Per]), stating
that for any given m and C there exists a positive constant ¢ = e(m,C) > 0
such that any m-dimensional complete Riemannian manifold with Ricci curvature
Ricc > m — 1, sectional curvature K > C' and diameter > 7 — ¢ is a twisted
sphere, all of these results use further assumptions on additional geometric quan-
tities besides various conditions on curvature and diameter. The purpose of this
note is to point out that by combining Perelman’s result and previous smooth
sphere theorems with a recent injectivity radius estimate one obtains, along with
other consequences, the following differentiable sphere theorem which requires only
assumptions on curvature and diameter:

1.1 Theorem. For any given m and C there exists a positive constant e(m,C) > 0
such that for e < e(m,C) any m-dimensional complete Riemannian manifold M
with Ricci curvature Ricc > m—1, sectional curvature K < C and diameter > m—¢
is diffeomorphic to the standard m-sphere. Moreover, the Lipschitz distance between
M and the unit m-sphere S™(1) converges to zero as e — 0.

Lichnerowicz (see [Li]) showed that the first eigenvalue A; (M) of the Laplacian of
a complete Riemannian m-manifold with Ricci curvature Ricc > m — 1 is bounded
from below by m, and by Obata’s minimal eigenvalue sphere theorem (see [Obl)
A1(M) is equal to m if and only if M is isometric to the unit m-sphere. It follows
from results of Croke and Cheng (see [Ci], [Chg]) that Theorem 1.1 is equivalent
to the following smooth eigenvalue pinching sphere theorem:

1.2 Theorem. For any given m and C there exists a positive constant e'(m,C) > 0
such that for e < &'(m,C) any m-dimensional complete Riemannian manifold M
with Ricci curvature Rice > m — 1, sectional curvature K < C and Mi(M) < m+e¢
is diffeomorphic to the standard m-sphere. Moreover, the Lipschitz distance between
M and the unit m-sphere S™(1) converges to zero as € — 0.

Theorems 1.1 and 1.2 and sphere theorems as in [Bes| imply that a violation of
smooth rigidity in Cheng’s maximal diameter or Obata’s minimal first eigenvalue
sphere theorem can only be achieved by sequences of manifolds whose sectional
curvatures blow up and whose injectivity radii converge to zero:

1.3 Corollary. Let (M,)nen be a sequence of complete Riemannian m-manifolds
with Ricci curvature Ricc > m — 1 whose diameters converge to m or whose first
eigenvalues converge to m as n goes to infinity.

Then either all but finitely many M, are diffeomorphic to the standard m-sphere,
or else limsup, oo Ky, =400 and lim, .o inj,, =0.

Theorem 1.1 follows from previous sphere theorems and the following injectivity
radius estimate:

1.4 Theorem ([PT)). For each m and any 0 < § < 1 there exists a positive con-
stant ig(m, §) > 0 such that the injectivity radius iy of any Riemannian metric g
with Ricci curvature Rice > (m — 1)0 and sectional curvature K < 1 on a sim-
ply connected closed m-dimensional manifold with finite second homotopy group is
bounded from below by iy > ig(m, 9).

In fact, to prove Theorem 1.1 one observes that since an upper sectional and
a lower Ricci curvature bound imply a lower bound for the sectional curvature,
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Perelman’s topological diameter sphere theorem can be invoked and one may as-
sume that the manifolds M in question in Theorem 1.1 are twisted spheres, so that
in particular Theorem 1.4 applies to them. With this uniform injectivity radius
estimate at hand known differentiable sphere theorems, for example the ones of
[Bi], [Kat], [Bes|, [Pal, or [Yam], now easily yield the theorem’s conclusions.

The question remains whether the upper sectional curvature bound in Theo-
rem 1.1 is indeed indispensable, or whether instead the assumptions in Perelman’s
theorem might already imply diffeomorphism to S™. To construct Riemannian
metrics on exotic spheres which violate smooth rigidity seems in view of Corollary
1.3 actually rather difficult.

It is a pleasure to thank the referee for constructive remarks.
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