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ABSTRACT. The purpose of this note is to provide a 3-group G whose mod-3
cohomology ring has a nilpotent element ¢ € H*(G) satisfying &3 # 0.

1. STATEMENT OF THE MAIN RESULT

For every p-group G, denote by H*(G) the mod-p cohomology algebra of G. We
are now interested in the nilpotency degrees of elements of H*(G). For the case
p = 2, in [1], [2], it was shown that, given any positive integer n, there exists a
2-group whose cohomology ring has elements of nilpotency degree n 4+ 1. However,
the methods given there do not generalize to the case of odd characteristic p. In this
case, it seems that, until now, we do not have any example of elements of H*(G)
having nilpotency degrees greater than p.

The purpose of this note is to provide a 3-group G whose cohomology ring has a
nilpotent element ¢ € H*(G) satisfying €2 # 0. The group G is obtained as follows.
Let

E = (a1, az]ai = a3 = [a1, a2]” = [ay, [a1, a2]] = [az, [a1, a2]] = 1)
be the extraspecial 3-group of order 3% and of exponent 3, and let
K =C3 = (as,...,a5la} = [a;,aj] = 1)

be the elementary abelian 3-group of rank 4. Set G = E x K. Define u; € H'(G) =
Hom(G,Z/3),v; € H*(G),1 <i <6, by

ui(a;) = bij,

v = Buy,

with d;; the Kronecker symbol and 3 the Bockstein homomorphism. For 3 <7 <6,

consider wu;, v; as elements of H*(K) via the restriction map. So, by the Kiinneth
formula,

H*(K) = A[U3, . ,uG] ®F3[Ug, .. .,1)6],
and H*(G) may be identified with
H*(E) ® H*(K).
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Consider the central extension
(Q) O—>Z/3i>g—>G—>1

corresponding to the cohomology class z = v; + uguq + usug € H? (G). We will
prove

Theorem. There exists a nilpotent element ¢ € H?(G) satisfying €3 # 0.

However, for p > 3, our method could not be applied. So, the existence of a
p-group G having a cohomology class of nilpotency degree greater than p > 3 still
remains an open problem. Besides, we could not provide any example of cohomology
classes of a 3-group having nilpotency degrees greater than a given n, although it
is known that, for any p > 2 and for any p-group G of order p™*, nilpotency degrees
of nilpotent elements of H*(G) are bounded above by p™~! (see [5]).

2. PROOF OF THE MAIN RESULT
Via the restriction map, for 1 < i < 2, u; and v; can be considered as elements
of H*(E). Set ¢ = [a1, as] and let Ag = (a1, c), A1 = (a1a2,c), As = (a2as, c), Az =
(az, ¢) be elementary abelian subgroups of E. Set s¢ = Res]i0 (u1),s; = Resgi (u2),
1 <i <3, and let t; = Bs;,0 < j < 3. Let u be a generator of H'({c)) and set
v=pu € H*({(c)). It follows that

H*((c)) = Alu] ® Fs[v].
So, by Kiinneth formula, we have
H*(A,L) = A[Sz, u] ® Fg[ti, ’U]7

0<e<3.
It follows from [4] that H*(E) is detected by the A;’s. According to [3], we have

Lemma 1. (i) There exist elements Uy,Us € H*(E) such that:
(ia) v1,v2, U, Us is a basis of H*(E). Furthermore, we have

ui|a, = s0,  uila, = s1, u1|a, = 252, uy|a; =0,
vila, =to,  vila, = t1, v1]a, = 2ta, v1]a, =0,
uz|a, =0, uz|a, = s1, uz|a, = s2, uzla, = s3,
va]a, = 0, vala, = t1, vala, = ta, Vala, = 3,

U1|A0:SOU, U1|A1281u—|—t1, U1|A2:282u+t2, U1|A3:0,
U2|Ao =0, U2|A1 = 2s51u + t1, U2|A2 = 259u + 212, U2|A3 = 53U;

(ib) v}, v1v2,v3, v1U1,v1Us, 02Uy, 02Uy is a basis of H*(E) and U? = v1Us,
U22 = U2U1, U1U2 = V1V2.
(ii) viu,viug is linearly independent in H?(E).

Lemma 2. Let X be an element of H*(G) of degree n < 2. Then X = 0 provided
that one of the following conditions is satisfied:

(1) X’Ul = 0,’
(i) Xz =0.
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Proof. The case n = 1 is trivial. For n = 2, write X = as0 + a1,1 + ao,2 with
a;; € HY(E) ® H/(K). If Xv; = 0, then a2,0v1 = a11v1 = ag2v1 = 0, hence
ap,2 =0, and, by Lemma 1, as g = a1 = 0; 50 X =0. If X2 =0, then

az,ov1 = 0,
az,0(usua + usug) + ag 2v1 =0,
a1,1v1 = ao,2(usts + usue) = a1,1(usus + usug) = 0,

hence, it follows from what we just proved that az o = a1,1 = ap,2 =0, so X = 0.
The lemma follows.

Lemma 3. The cup-product with v? is an injective map from H?(E) to HS(E).

Proof. If v?(Av1 + Aavg + p1Up + pelUsz) = 0 with A\;, p; € Z/3, then restricting to
A;,0 <5 < 3yields Ay = A2 = p1 = po = 0. The lemma follows.

For elements X,Y,... of H*(G), denote by (X,Y,...) the ideal of H*(G) gen-
erated by X,Y,.... We have

Lemma 4. Let X be an element of H*(G) with X3z € (z). Then X = 0.

Proof. Write X3z = Yz with Y € H?(G). Since X and 3z are free of v, it follows
that Yv; = 0. By Lemma 2, Y =0, so X3z = 0. Write X = E?:1 Aiug. A direct
verification shows that A\ = --- = A\g = 0. The lemma follows.

Lemma 5. vivy ¢ (z,32).

Proof. Assume that vivy € (z,32). Then there exist elements a; j,b;; € H'(E) ®
HI(K) satisfying

vy = Z a;jz+ Z bi ;B
= Z Qg ('Ul —+ usug + U5U6) + Z b@j (U3U4 — V4U3 + VsUg — U6’U,5).
By decomposing (1), we get

(1)

(2) vivy = a4,001,

(3) 0 = aq,0(usus + usug) + ag 201,

(4) 0= GQ’Q(U3U4 =+ u5u6) + ag,4v1 + b2}1(’l)3’U,4 — V4U3 + VsUg — ’UGU5).

It follows from (3) and Lemma 2 that a4 contains v; as a factor. By Lemma 3,
as,0 = vov1. Hence, by (3) and Lemma 2, as o = —va(ugus + usug). So, from (4),
we get

20u3UsUs UG = G0,4U1 + b2,1(V3Us — VaUs + VsUE — VeUs),

a contradiction. The lemma follows.

With some abuse of notation, we consider elements of H*(G) as elements of
H*(G) via the inflation map. Set & = U; € H?(G). The first part of the theorem
follows from

Lemma 6. & is nilpotent.
Proof. Tt follows from Lemma 1 that £2 = v, Us; hence
53 = UlUlUQ = U%Ug.

So &2 = (v3$)%v3. Since, in H*(G), z = 0, we have v{ = (—uzus — usug)® = 0. It
follows that &2 = 0. Therefore ¢ is nilpotent. The lemma is proved.
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The proof of the theorem is completed by the following.
Lemma 7. & # 0 in H*(G).

Proof. Assume that ¢ = & = v?vy = 0 in H*(G). So ¢ € ImInfg. Set Z =
i(Z/3) C G. Denote by {E.,d.} the Hochschild-Serre spectral sequence corre-
sponding to the extension (G). So

By = H*(GQ) ® H(Z).

Let s be a generator of H'(Z) and set t = 3s € H?(Z). s can be chosen such that
da(s) = z. t is then transgressive and ds(t) = Sz. So, by Lemma 5, { # 0 in Eff’o.
Since ¢ € ImInf§, it must be hit by dy or ds. If ( = dy(a ® st) with a ® st € Ef’?’,
then
da(a ® st) = (a @ t)da(s)
=az®t
=0

in E;l’Q; so az = 0 in H*(G), hence ¢ = 0 by Lemma 2, a contradiction. If
¢ =ds(b®t?) with b® 2 € EM*, then

d3(b®1?) = (b® 1)ds(*)
=(b®1)(28231)
=206zt
=0

in E§’2; so bfz € (z), hence b = 0 by Lemma 4, a contradiction. Therefore ¢ # 0.
The lemma follows.
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