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ITERATED FUNCTION SYSTEMS OF FINITE TYPE
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ABSTRACT. We prove that any iterated function system of finite type possesses
the weak separation property.

1. INTRODUCTION

Let {f1,..., fm} be an iterated function system (IFS) on R defined by
(11) fl(il,') :piMix—I—bi,z': 1,...,m,

where 0 < p; < 1, b; € R? and M; is a d x d orthogonal matrix.
Let E denote the attractor of the IFS (1.1), i.e., the unique compact set £ C R¢
satisfies the equation

(1.2) E =] fi(B).

The problem of calculating the Hausdorff dimension of the attractor of an IFS is
one of the most interesting questions in fractal geometry. In general it is quite diffi-
cult to calculate the Hausdorff dimension of an attractor. However, in some special
situations the Hausdorff dimension of an attractor can be rigorously calculated.
These special circumstances include:

1. any IFS satisfying the open set condition (the OSC); see [H] [E;
2. any IFS of finite type; see [L] [NW].

The Hausdorff dimension of the attractor of an IF'S possessing the weak separa-
tion property (the WSP) has been investigated in [LN] and [Z].

In this note we establish a relation between the above conditions. Our result
shows that the finite type condition implies the WSP.
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2. THE FINITE TYPE CONDITION AND THE WEAK SEPARATION PROPERTY

Recall that the IFS (1.1) satisfies the open set condition (the OSC) (see [H], [E])
if there exists an open set O C R such that

(2.1) 0D U 1i(O) with this union disjoint.
i=1

To describe the WSP and the finite type of (1.1) we need some additional no-
tation. For the IFS given by (1.1), let Q = {1,...,m}, let Q* denote the set of all
words of length & in Q, and let Q* = (J;2, QF denote the set of all finite words
in Q. Forie QF jc Q" letij € Q¥ denote the concatenation of i and j. For
i=(i1,...,7x) € QF we denote

(22) fi = fil"'fik’ Pi = Piy Py Mi = _]\4“.]\4”C
Let p = min{p;}, and for k = 1,2, ... we define

(2.3) Ap ={i€ Q" : p; < p* < p; for any proper subset j of i},
(2.4) Tp = {(piM;, fi(0), k) :i € Ay} and T = | J Ty
k=1

Observe that in general Ay is not in one-to-one correspondence with I'y. For in-
stance:

Example. Let f; : R — R, i =1,2,3, be defined by
1 1 1 1

fi(z) = 3% fo(z) = 3¢+ L f3(z) = ¥t 3
Then p1 = p2 =1/3, p3 =p=1/9 and

Ay =A{(1,1),(1,2),(2,1),(2,2),(3)}-
Clearly i = (1,2) € Ay, j = (3) € Ay and i # , but (M, £:(0),1) = (53, £5(0), 1)
eIy
Now for u = (p; M;, £i(0), k) € Ty, we define the contraction f, : R — R by
(2.5) fu(x) = piMiz + fi(0) for z € R4,

Let O be an open bounded invariant subset of R4, i.e., f;(O) C O for alli = 1,...,m.
For u € I';, we denote

O(u) ={v € I't : /v(0) N fu(O) # 0},
and call O(u) the O-neighborhood of u. For u € Ty, v € T',, we say that O(u)
and O(v) are equivalent, denoted O(u) = O(v), if there is a similarity map 7(z) =
p" " * Mz 4 b, where b € R? and M is a d x d orthogonal matrix, such that
(2.6) fv=7ofuand {fv : v €O0(v)} = {70 fw :u' € O(u)}.

It is easy to see that = is an equivalence relation. Let [O(u)] denote the equivalence
class of O(u). From (2.6) we get

(2.7) If O(u) = O(v), then #0(u) = #0(v).
Definition 1 ([NW]). The IFS (1.1) is of finite type if there exists a bounded

invariant open set O C R? such that {[O(u)] : u € '} (where T is defined by (2.4))
is a finite set. The set O is called a finite type condition set.
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The following definition was given in [LN].

Definition 2. The IFS (1.1) possesses the weak separation property (the WSP)
if there exists an £ € N such that for any i € Q* and every k > 1, every p*-ball
contains at most ¢ distinct points fj;(0) for j € Ag. (Observe that f;(0) can be

repeated, i.e., f5(0) = f3:(0) with j #j".)

In [LN] it was shown that any IFS satisfying the OSC possesses the WSP; how-
ever the converse is not true. No similar relations between the finite type condition
and the WSP have been established. In [NW] it was conjectured that an IFS of
finite type must possess the WSP. We prove that the conjecture is true.

Theorem. If the IFS (1.1) is of finite type, then it possesses the WSP.
As mentioned in [NW] our theorem shows that Theorems 1.2 and 1.3 of [NW]
follow from the earlier results of Zerner; see [Z] Corollary and Theorem 3.
3. PROOF OF THE THEOREM

Assume that the IFS is of finite type and let O denote a finite type condition
set. Without loss of generality we may assume that

(3.1) diam O <1 and sup{]|fi(0)]| :ie Q*} < 1.

Lemma 1. There exist xg € O and § > 0 such that for any u = (piM;, fi(0), k) €
Ty, the set fu(O) contains the 6p*-ball B(fi(xo),dp").

Proof. Take xg € O and let § > 0 such that B(zg,p~16) C O. We claim that for
any u = (piM;, fi(0), k) we have B(fi(x0),0p") C fu(B(xo,p~'9)) C fu(O).

In fact, observe that for i = (iy,...,ix) € QF the orthogonal matrix M; given
by (2.2) induces an isometry (also denoted by M;) from RY into itself. Thus
M;i(B(xo,7)) = B(Mi(xo),r) for any ball B(zg,r). Therefore p;M;(B(xg,7)) =
B(piM;(zo), pir). Observe that for u = (p;M;, fi(0), k) € T'y, we have

fu(x) = piMi(z) + fi(0) for every x € RY.

It follows that

B(fi(w0),p~0p1) = fu(B(zo,p™10)) C fu(O).
From (2.3) we get

pi < pF < p~lp; for any i € Ay.

Consequently

B(fi(w0),6p") € B(fi(x0), p~'0p1) C fu(O).
The lemma is proved. |

For any i € Q* and every k > 1, let B(p*) be a ball of radius p*, and let
Fi. = {/510) : j € A} N B(p®),

By, = {u = (pM;j, £;(0), k) : f3(0) € Fy.}.
Then

(3.2) #E, > #Fy.
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Note that for any u = (p;M;j, f;(0),k) € I'y, by (2.7) we have
#0(u) = #0(v) for every O(v) € [O(u)].

Hence by the finite type of the IFS we have

(3.3) M =sup{#O(u) : u € T'; and k € N} < c0.

We will complete the proof of our theorem by demonstrating the following propo-
sition.

Proposition. #F), < M445—<.
We first show:
Lemma 2. Th;re exists a sequence {?k}, G C E, such that #Gj, > #Fk/M
and the family G(O) = {fu(O) : u € Gy}, where fy is defined by (2.5), is disjoint.
Proof. First take any u; € Fk and consider the set
F(w) = {u € Fy : fu(0) N fu, (0) # 0}.
Then take uy € F \ F(u;) and consider the set
F(up) = {u € Fy : fu(0) N fu,(0) # 0}.
Now take uz € F, \ [F(uy) U

F(u2)], and so on. Continuing this process until
By \

[Flu))U...UF(ug)] =0
we obtain a set
Gk = {ul, ...,uk} - Fk.

From (3.3) we have #G), > #F},/M. By definition G¢(0) = {fu(0) : u € G}.} is
disjoint, and consequently the lemma is proved. O

Now we are able to complete the proof of the proposition. By Lemmas 1 and 2
there exists a family of disjoint balls

By = {B(fu(0),60") : u = (pMj, f5(0), k) € Gi}
such that
B(fu(x0),0p") C fu(O) for any u € Gy.
Observe that #Bj, = #G).. By (3.1) and (2.3) for any u = (p;M;, f;(0), k) € Gy, we
have
1/a(0) = f5(O)] = sup{[lz = f5(0)[| : = € fu(O)}
sup{[z = f5(0)I| : € fu(O)} + [ /5(0) — f5:(0)]
diam p;M;(O) + |0 — fi(0)]]
py diam O + ps]| f3(0)]| < 2p5 < 2p".

INIAIA

It follows that
diam | By, diam (Fy U JBy)
diam (Fj, U{fa(0) : u € Gy})

20k +2pF = 4p*.

ININ IA
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Thus |JBy is contained in a ball B(4p*) of radius 4p* in R%. Since By, consists of
disjoint balls we have

Y AV(B): B € B} < V(B(4p")),

where V(B) denotes the volume of a ball B in R%. Observe that the volume of an
r-ball B in R? is V(B) = C4r?, where Cy is a constant depending only on d. (Note:
Cy =2 and Cy = 7!) Since #By = #G), we have

#G1.Ca(0p")" < Ca(4ph)”.
Consequently from (3.2) and from Lemma 2 we get
#Fy < #Fy < M#Gr < M4~

Thus the Proposition, and hence the Theorem, is proved.
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