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ABSTRACT. We introduce the notion of a “good” solution of a fully nonlinear
uniformly elliptic equation. It is proven that “good” solutions are equivalent
to LP-viscosity solutions of such equations. The main contribution of the
paper is an explicit construction of elliptic equations with strong solutions
that approximate any given fully nonlinear uniformly elliptic equation and
its LP-viscosity solution. The results also extend some results about “good”
solutions of linear equations.

1. INTRODUCTION

We are interested in nonlinear elliptic partial differential equations of the form
(1.1) G(x,u(z), Du(z), D*u(x)) =0 for x € Q.
Here
G: QxR xR"xS8(n) —R,

where S(n) stands for the set of n x n real symmetric matrices, and {2 is a bounded
open set in R™, typically with a sufficiently regular boundary, meaning here the
uniform exterior cone condition.

We will always assume that G(z,r,p, X) is continuous in (r, p, X) with modu-
lus of continuity independent of x € 2, and is jointly measurable in all variables

(x7 r? p’ X)'

We will typically require that G of (1)) satisfy the following structure conditions:
(12) |G((E,T,p,X)—G(£E,7“,q,X)| §7|p_Q|a
(13) ’Pi(X - Y) < G(LE,T,]D,X) - G(x,r,p,Y) < P+(X - Y)v

forallz € Q, r € R, p,¢g € R” and X,Y € S(n). Here P* are the Pucci extremal
operators defined as

PHX)=-Atr(XT) +Atr(X7), P (X)=—-Atr(XT)+\tr(X),
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where tr(X) is the trace of X; A < A, and ~ are positive constants which are fixed
for all time; and given X € S(n), X+ and X~ are its positive and negative parts
(X = XT — X7). Thus (3) amounts to uniform ellipticity of G, with ellipticity
constants A and A.

Sometimes we will allow G to be just degenerate elliptic, meaning that

(14) G(z,r,p,X) < G(z,r,p,Y) whenever X —Y is nonnegative definite.
As for the dependence on r, we will assume that

(1.5) { r+— G(x,r,p,X) is uniformly continuous,

uniformly for z € Q and bounded (r, p, X).
Typically we will also request that G be proper, i.e. that

(1.6) r+— G(z,r,p, X) is nondecreasing.
We will frequently write as
(1.7) F(z,u, Du, D*u) = f()
by setting f(z) = —=G(z,0,0,0), F(z,r,p, X) = G(z,r,p, X) + f(z), so that
(1.8) F(z,0,0,0) =0.

In what follows we will move freely between (7)) and ([ITl). As explained above,
f is just a measurable function on 2. Regarding its behavior, we will require that

(1.9) feLP(Q), p>po,

where py < n is a constant such that the generalized maximum principle holds for
p > po (see [2] 6] 10]).

Clearly, F' of (I7) will satisfy versions of ([L2)-(L&) whenever G of (I.I)) does,
and vice versa.

We recall next the definitions of strong and LP-viscosity solutions of (7). We
refer the reader to [2, 5] and [10] for the theory of LP-viscosity solutions and to [I]
for an overview of recent results on fully nonlinear elliptic equations.

A function u € Wif () is a strong solution of (L)) if (I1]) holds pointwise a.e.,
ie.

G(z,u(x), Du(z), D*u(z)) =0 for a.e. x € Q.

A function u € C(Q) is an LP-viscosity subsolution (respectively, supersolution)
of (L) if for every “test function” ¢ € VVI?)CP(Q) and local maximum (respectively,
minimum) point & € Q of u — ¢

esslim inf G(z, u(z), Dyp(z), D*p(x)) <0

r—x

(respectively, esslimsup G(z,u(x), Dp(z), D*¢(x)) > 0).
T—T
A function u € C() is an LP-viscosity solution of (L)) if it is both an LP-viscosity
subsolution and an LP-viscosity supersolution of (L.
In the case of linear equations
n n
010) =3 ay@ene, (@) + 3 b, (1) + claule) — () =0

ij=1 j=1



GOOD AND VISCOSITY SOLUTIONS 535

a notion of so-called good solution has been proposed in [3]. Namely, u € C(Q) is a
good solution of (M) if there is a sequence u™ of strong solutions of approximate
problems

- Z agj (T)u,, (x) + Z b (x)uyy, (x) + ™ (z)u™ (x) — f"(x) =0

such that ™ — w in C(Q). It was proved in [§] (see also [5]) that the notions of
good and LP-viscosity solutions of (ILI0) coincide, at least in the case with b; = 0,
c=0and f € L*(Q).

We will say that the functions G1,Gas, ..., G, ... satisfy structure conditions
uniformly in m if (C2), (C3)), ([CT) are satisfied uniformly in m with the same fixed
A ALy, and if |G, (2,0,0,0,)| < g(x) for some g € LP(Q).

It was hinted in [5] how to extend the notion of a good solution to fully nonlinear
equations. Here we make this precise.

Definition 1.1. We say that u € C(Q) is a good solution of (L)) if there exist G,
satisfying structure conditions uniformly in m and strong solutions u,, of G,, =0
in Q, such that u,, — w in C(2) and G,, converge to G in the following sense:

Gm(matvax) - G(xvt7an)

1.11
(1.11) for a.e. z € Q and all (¢,p, X) € R x R" x S(n).

The requirement that the constants A\, A,y be fixed for all equations comes from
the fact that the constant py in (C9) depends on them and on diam ().

The main result of this paper shows that the notions of LP-viscosity solution and
good solution of () coincide, generalizing the results of [§] and [B] for linear equa-
tions to the general case of f € LP(Q) and nonzero b; and c. This paper provides
another tool for the analysis nonlinear elliptic partial differential equations with
measurable spatial dependence. For example, using our main theorem, the results
in [3] on uniqueness of good solutions translate immediately into corresponding
results on uniqueness of LP-viscosity solutions.

2. CONSTRUCTING STRONG SOLUTIONS

We are going to construct a strong solution of the Dirichlet problem
(2.1) —Au+ G(z,u, Du, D*u) =0 inQ, u=1 ondN

when G is bounded. This will turn out to be an important construction in proving
that an LP-viscosity solution of (LLI)) is a good solution of (I1I) as well.

Proposition 2.1. Let G: Q@ x R x R® x §(n) — R be measurable, bounded and
satisfy (L2), (CA) and (@A), let p € C(9N), and let Q satisfy uniform exterior
cone condition. Then the Dirichlet problem @2J)) has a strong solution u € C(2) N
W2P(Q) for every p < oo.

loc

For existence we do not require G to be proper—the only essential ingredients are
the boundedness and ellipticity of G—and in fact, we need this greater generality
later. However, if G satisfies ([L6]), then the constructed strong solution is unique.

Proof. We will solve ([ZI) by the fixed point method. To this end, for any given
v € C(Q) we will consider the Dirichlet problem

(2.2) —Au+ G(z,v(x), Du, D?u)=0 inQ, u=1 ond.
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Since the equation in (22)) is independent of u, it follows from the general theory
(see [4], Theorem 4.1) that ([Z2)) has an LP-viscosity solution (for any finite p) in
C(Q), which we are going to denote by Tv. By [2], Proposition 3.5, Tw is twice
pointwise differentiable a.e., thus g(x) = G(z,v(x), D(Tv)(x), D*(Tv)(z)) is well-
defined and g € L*°(Q) since G is bounded. It follows that Twv is a pointwise
a.e. — and therefore LP-viscosity (see [I0], Corollary 1.6) — solution of the Dirichlet
problem

(2.3) —Au=—g(r) inQ, wu=1y ondQ.

However, (23)) clearly has a unique strong solution, which must coincide with Tv,
and it follows that Tw € VVlif (Q) for every finite p. In particular, Tw is a unique
strong solution of (2.2)).

To finish the proof it is now enough to show that the map T: C(Q2) — C(9Q)
has a fixed point. This, however, is fairly obvious. For R sufficiently large T is a
compact mapping from the closed ball of radius R in C(Q) to itself. Hence T has
a fixed point and the proof is complete. O

We close this section with a direct construction of good solutions of
(2.4) F(x,u,Du,D*u) = f(z) inQ, u=1 ondQ

under the assumptions that ¢ € C(9€), 2 satisfies uniform exterior cone condition,
F is measurable and satisfies (I.2)), (I.3)), (I.5), (T.6), (I.8), and (T.9). Under the
same conditions we know that (2:4]) also has an LP-viscosity solution; see Theorem
4.1 in [4]. The construction uses Proposition[Z1] illustrating (in a simpler context)
how it is applied in the following section.

We will rewrite the differential equation in (24) as

—Mu + G(z,u, Du, D*u) = 0,

where G(z,r,p, X) = Mr(X)+ F(x,r,p, X)— f(z). Clearly G is degenerate elliptic,
i.e. it satisfies (4.
Without loss of generality we may replace (2.4) by

(2.5) —Mu+ G(x,u, Du, D*u) =0 inQ, wu=1 ondQ.
For m = 1,2, ... consider truncating functions x,,: R — R given by

—m  forr < —m,
(2.6) Xm(r) =< T for r € [—=m, m],
m for r > m.

For every m we will consider an approximating Dirichlet problem
(2.7) —AAu + X (G(z,u, Du, D2u)) =0 inQ, wu=1vY ond.

Since xm (G(x,r, p, X)) satisfies the conditions of PropositionZIland G is proper,
(27) has a unique strong solution u,,, € C(Q)NW2P(Q) for every p < oo. The family
of equations satisfies structure conditions uniformly in m and so by Proposition 4.2
in [4] the w,, are precompact in C(f2), and therefore—passing to a subsequence
if necessary—we can assume that u,, — u in C(Q2). The function u € C(Q) is a
desired good solution since the approximations in (Z7) obviously converge to G in

the sense of ([CITI).
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3. VISCOSITY SOLUTIONS ARE GOOD SOLUTIONS

Consider the Dirichlet problem
(3.1) F(xz,Du,D?u) = f(x) inQ, wu=1 ondQ.

We will prove that then every LP-viscosity solution of (31]) is a good solution. The
fact that good solutions are LP-viscosity solutions is obvious from the definition of
good solutions and the general theory—convergence and stability—of LP-viscosity
solutions (see [2], Theorem 3.8).

Theorem 3.1. Let F be measurable and satisfy (L2), [L3), L), let f satisfy
([C9), let v € C(OQ), and let Q satisfy uniform exterior cone condition. Then
every LP-viscosity solution of is a good solution in the sense of Definition
[[7], i.e. there is a sequence of operators F,, independent of w, satisfying (L2),
[C3) and [TI), a sequence fm, € LP(Q) and a sequence u,, € C(Q) N I/Vlicp(Q) of
strong solutions of

(3.2) Fo (2, Dtn, D) = fr(z)  in Q
such that
(3.3) Um — u in C(Q),

F,, converge to F in the sense of (LI1I):
F,(x,p,X)— F(x,p,X) forae x€

3.4
(34) and all (t,p, X) € R x R" x §(n),
and
(3.5) fm — f in LP(Q) and a.e. in .

Observe that F in (B1) is independent of u. The result holds with « depen-
dence as well, assuming that F is proper; the proof is the same in all essential
features as it is without u dependence. However, the introduction of u dependence
introduces additional terms which clutter up the proof and further obscure the fun-
damental ideas behind the proof. For these reasons we present the result without
u dependence.

Recall that Jensen in [8] (see also [b]) proved that L™-viscosity solutions of
linear equations (I0) with f € L>(Q) are good solutions. Our result general-
izes this to general (subject to structure conditions) fully nonlinear equations and

[ e LP(€),p > po.
Proof. Step 0. Fix a countable, dense in R™ x S(n) sequence (p;, X;) € R"™ x S§(n),
i=1,2,....

Step 1. Choose a sequence f,, € C(Q) N L*>() such that

om = |If = .fm”LP(Q) — 0.

Consider the Dirichlet problem
(3.6) P~ (D*w) —~|Dw|=f—fm inQ, w=0 ondQ.
By Corollary 3.10 in [2], (3:6) has a unique strong solution w, and by the maximum
principle [[w[| ;o) < Cdm. Let Uy, = u — w. It follows that up, is an LP-viscosity
solution of

(3.7) F(z, DUy, D*Up) < frn(z) in Q
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and

(3.8)
Similarly, solving
PHD?>w) +~|Dw|=f—fm inQ, w=0 ondQ

and setting u,, = u — w we conclude that w,, is an LP-viscosity solution of

U= Tm| oo () = [0l oo () < COm-

(3.9) F(z,Du,,, D*u,)) > fm(z) inQ
and
(3.10) l[u— Hm”Loo(Q) < Com.

Also Uy, = u =Y =u,, on 0.
Step 2. Let ©,, CC Q be a subdomain of 2 with smooth boundary and such
that

1
(3.11) z € Q\Q,, = dist(z,00) < —

Next we are going to regularize @,, and u,, on ), by means of the by-now stan-
dard process of sup-inf convolution; see [9]. An equivalent approximation procedure
was used in [8] without bringing up the connection to sup-inf convolutions. This
connection has been pointed out in [5], and here we will follow the approach of [5)].

Recall that for a given continuous function w: Q@ — R, for € > 0 its sup-
convolution w¢ and its inf-convolution w,. are defined as

wi(o) = sup ((w) = 5ol =) . wle) = jut (wlw) + golo =9 we

Now for €,6 > 0 we consider w® = (w+%);s. It is well known that if €,d are
sufficiently small, then w®® is C*! on §,,, and w® converge to w as €,d | 0; see
[9). Moreover, this approximation procedure respects viscosity subsolutions; see [5],
Section 4.

First we will consider (@,,)’. Since f,, are bounded, it follows from the results
in [§] and [5] (in particular see Proposition 4.6 in [5]) that for every sufficiently
small € one can choose a suitable § = d(e) so that u}, = (W,)9° € W2>(Q,,) and
is a strong solution of a perturbed version of (3.1)), namely

(3.12) Fo(z, Dut (), D*uf (2)) < f,,(x) for a.e. x € Q.
Here
(3.13) Folz,p,X) = F(Ttz,p,X) and f,,(2) = fn(T;f )

with T)}z = x + eDu,},. While the equations considered in [8] and [5] were purely
second order, the computations carried out there show that first order terms can
be accommodated as well.

Similarly, setting w, s = (weys)°, we conclude that u,, = (w,,)e.s € WH®(Q)
and

(3.14) F,.(z, Duy, (z), D*u,,(z)) > f () fora.e. z € Qn,
where now
(3'15) Em(xava) = F(Trzmava) and im(l‘) = fm(Trzx)

with T,z = z — eDu,,.
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Derivations of (312) and (BI4) use the fact that there is 8,, > 0, independent
of €, such that

(3.16) DT > B, ] ae. in Q.

See [8] and Section 4 of [5] for details. It follows from (3.16) that (75)~! map null
sets into null sets, and therefore F,, and F,, are measurable. Moreover, by (B.16)
the composition with 7 is an approximate identity in LP(f2,,) and therefore—
decreasing € if necessary—we can achieve that

_ - ~ 1
(317) ||fm - meLP(Qm)’ ||i’m - meLp(Qm) < E
and
1
(3.18) / }F(Tix,pi,Xi)—F(x,pi,Xi)} dr < p- fori=1,2,...,m.
Q77l

Further, without loss of generality, we may also assume that
(3.19) [ — | e @) 1 = Uil e () < COm

Finally, redefining u,,, = u,, —3C4,, and u,, = u,}, +3C4,, we obtain that (B12)
and ([BI4) still hold, while by [B38), (BI0) and EI9)
(3.20) U — 506, <u, <u—Clp, u+C8y, <ul <u+5C5, onQ,.

Step 3. Before going any further with the construction of approximating equa-
tions, here we will establish some limiting properties of the approximations con-
structed in Step 2, which will be needed later in Step 6. From (@IX), for every
(pi7Xi) and Q" ccQ

/ |F(Tnﬂjx,pi,Xi) — F(x,pi,Xi)| dr — 0 asm — oo.
By a diagonal argument we construct a subsequence mj, and a null set N' C Q
such that
xeEQ\N = F(Tnﬂjkx,pi,Xi) — F(z,pi, X;) ask — oo, for all i,
and using structure conditions (I-2)) and (I-3)) we can generalize this to
(3.21) xEQ\NiF(Tikx,p,X)—>F(x,p,X) as k — oo,
' for all (p, X) € R" x S(n).

Step 4. Next choose a constant M, > m so that for a.e. z € Q,,,

| Fon (2, Duf, (), D*uf, () + M, ()

(3.22)

|E,.(z, Duy,, D*u;) + A, (z)| < My,
Writing
(3.23) Golx,p, X) = =AM tr(X) + xar,, (Fon (2,0, X) + A r(X)),
it follows from (BI2) and ([B:22) that
(3.24) G (z, Duf (), D*ul (2) < f,.(x) for ae. z € Q.
Similarly,

(3.25) G, (x, Du,, (), D*u,, (x)) > [, (@) forae x€Qn,
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where now
(3.26) G, (z,p, X) == tr(X) + xu,, (F,, (2,0, X) + Atr(X)).
The next step of the proof is similar to the proof of Theorem 3.30 in [8]. Let

w: Qpy x R — [0, 1] be a continuous function such that

(3.27) plr,t) =0 if ul(z) <t, wplx,t)=1 if u,(z) >t
This can be done due to (B20).
Define

Hm({E,T,p,X) = u(x,r)ém(x,p,X) + (1 - M(xvr))gm(xdgvX)

(3.28) = =-2tr(X) + p(x, r) xm,, (Fm (2,0, X) + Atr(X))

+(1 - ,LL({E, 7")) XM, (Em(x7va) + )\U‘(X)),

(3.29) h(2,7) = pu(,7) Fr () + (1= p(z, 7)) £, (@)
and consider the Dirichlet problem
(3.30) Hp(z,v, Dv, D*v) = hpp(z,v) in Qp, v=u on dQ,.

All assumptions of Proposition2 Tl are satisfied and thus ([B:30) has a strong solution
Um € C(Qm) N Wf)’Cp(Qm). Now we define

(3.31) Gm(@,p, X) = H (%, 0 (%),0, X)), gm () = hm (2, vm (),

so that v,, solves

(3.32) Gu(2, Dvp(2), D0y (2)) = gm(z) for ae. € Dy, v =u  on Q.

Observe that by construction

(3.33) gm0y < Ml poegys A LX) + G, p, X)| < M.
Moreover, from (BI7) and (B:29)
. . . 2
(330 lgm— Fullzo@ny < Fon = Fllzniany + 1, = Fll ) <
Next we claim that
(3.35) Vm < ut +8CH, on Q,,.

To show ([B3H) consider Qf = {x € Qp,: vy (x) > ujf (2)}. Then p(x, vy, (z)) =0
on Q! and therefore g, (z) = f, (z) and Gy (z,p, X) = G,, (z,p, X) for z € Q.
It follows that vy, is a strong solution of G,,, = f on f, and since by (3.23) u,,
is a supersolution of the same equation, by the minimum principle

infgﬁ” (U, — Um) > infBQ; (ug;, — Um)

> min (infaﬂﬁ\aﬂm (u,, —ut), infaq,, (u,, — u)) > —10C0,,

by (B20), and using (B320) again yields (B3H).

A symmetric argument shows that
(3.36) VUm > u,, —8C3, on Q.

Putting (330), (B306) and (B20) together gives
(3.37) u—13C8,, < vy <u+13C6, on Q.
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Step 5. We will extend g,,, and G, to the whole Q according to

| gm(z) for x € Qyy,
fm(x){ 0 for x € Q\ Qun,

3.38
( ) Gm(x,p, X) for z € Q,

Fm(x,p,X)—{ A tr(X) for x € Q\ Q.
Recalling (333), by Proposition 211 the Dirichlet problem
(3.39) Fo(z, Dw,D*w) = fr, inQ, u=1 ond

has a unique strong solution u,, € C(Q) N WliCp(Q) for every p < oo. Moreover,

by Remark 4.3 in [4] there exists a modulus of continuity p determined only by
A A1, p, s || fmll L) the modulus of continuity of ¢, diam (£2) and the parameters
of the cone condition for Q (and therefore independent of m) such that

(3.40) () = ¥(y)| < plle —yl) fora € Q, ye Q.

Step 6. Denoting by p, the modulus of continuity of u on Q we conclude from

(B:11) and (B:40) that
(3.41) |um () — u(z)] < p(

Since both u,, and v,, solve the same equation G,, = ¢, in ,, while v, = u
on 9Q,,, by the maximum principle and (3:41)

1

1
E)—i—pu( for z € Q\ Q.

—)

1
+Pu(

sup |Um_vm| < sup |um_u| Sp( _)
m

—)
2EQm €00, m
and this, together with (337), yields

)

1 1
(3.42) sup |um —ul < p(—) + pu(—) + 13CH,,.

TEQm m E)
Using (B.41]) again we conclude that
1 1
Sup |um — u| < p(=) + pu(=) + 13Cdp,
reQ m m

and therefore ([B.3) follows.
From (B.34)

| frm — f||Lp(Q) < ”f“LP(Q\Qm) + llgm — fm”LP(Qm) +1f - fm”LP(Q)

< fllrrgn) + = + Oms

which, together with (BIT), establishes (BE) along a subsequence.

We will finish the proof by showing that the convergence in ([34]) holds along a
subsequence my, constructed in Step 3; recall (B22I). To this end, we will show that
F,, converge to F' pointwise a.e. in the sense that

z€Q\N = F,, (z,p,X) = F(z,p, X) ask — oo,

(3.43) for all (p, X) € R™ x S(n).

However, F,, is just a convex combination of truncations of F',, and F,,, defined in

BI3) and (BI3F) (recall (338), (B3T), (B28), (328) and (323)), and hence (B43)
follows easily from (3.21)). O
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