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ABSTRACT. We show that if harmonic measure and Hausdorff measure are
equal on the boundary of certain domains in Euclidean n—space, then these
domains are necessarily balls.

1. INTRODUCTION

Denote points in Euclidean n-space, R", by x = (z1,...,2,), and let E and
OF denote the closure and boundary of E C R", respectively. Put B(z,r) =
{y: |y — x| < r} when r > 0. Define k dimensional Hausdorff measure, 1 < k <mn,
in R™ as follows: For fixed 6 > 0 and E C R™, let L(6) = {B(z;,7;)} be such that
ECUB(zi,r;) and 0 < r; <9, i =1,2,.... Set

o5 () = inf (3 alk)rt)

L(5)
where a(k) denotes the volume of the unit ball in R¥. Then

HY(B) = lim ¢5(E), 1<k <n.

Let D be a bounded domain in R” with 0 € D and H""}(0D) < +o00. We
assume that D is a Dirichlet domain in the following sense: Given h continuous on
0D there exists H continuous in D and harmonic in D with H = h on dD. Under
this assumption it follows from the Riesz representation theorem for continuous
functions that there exists p a positive Borel measure on 0D with u(0D) =1 and
H(0) = [,p hdp. pis called harmonic measure in D with respect to 0. We assume
for some g > 0 and 1 < L < oo that u satisfies the Ahlfors condition:

(1.1) w(B(z,7)NdD) < Lr" ! for all x € D and 0 < r < .
In [LV92] we proved the following theorem.

Theorem A. Let D be a bounded Dirichlet domain with 0 € D and suppose that

(a) (CI) holds for 0D,
(b) p=aH""' on dD, a = positive constant,

(c) H"1(dD\ dD*) = 0,
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where
OD* = {xz € 0D : limsupr " min[H"(B(x,r) N D), H"(B(z,r) \ D)] > 0}.
r—0

Then D is a ball with center at 0.

Actually in [LV92, Theorem 5] hypothesis (a) was replaced with the conclusion
of Lemma[lin section 2 . However given (b) both assumptions are equivalent as one
proves easily using (2.1). In this paper we show that Theorem [A] can be improved
upon. More specifically, we prove

Theorem 1. Theorem [l is valid under just hypotheses (a) and (b).

We note that Theorem [l answers question (5) in [LVI2, section 5]. We also note
that (c¢) was used in a fundamental way in our proof of Theorem [Al To see why,
we briefly outline the proof of this theorem. Let g(-,z9) denote Green’s function
for D with pole at x9 € D, normalized so that Ag(z,z9) = —d(z — xo) in the
distributional sense where A, are the Laplacian and Kronecker J, respectively. If
u = g(-,0), then Theorem [A] follows easily from the following inequality using a
barrier argument:

(1.2) limsup |Vu|(y) < a, forall z € 0D,

y—z
where a is the constant in (b) of Theorem [Al Indeed, choose R > 0 so that
B(0,R) C D and z € 0B(0,R) N 9D. Let G be Green’s function for B(0, R) with
pole at 0. Then from the maximum principle we have G < u in B(0, R). Using this
inequality, the mean value theorem from elementary calculus and the fact that v, G
extend continuously to D \ {0}, it follows that

(1.3) liminf [VG|(y) < limsup [Vul(y).
y—z y—z

Now G is well known (see [Hel69]) and so by direct calculation we have
1
=~ H"1(0B(O,R))’
Using (2) - (Td), (b) of Theorem [Al and the fact that u(0D) = 1, we deduce that
1 1

T 1@BO.R) = " H (D)

(1.4) 1i§n_i>rzlf IVG|(y)

Thus
H" Y (0D) < H"Y(0B(0, R)),

which can only be true if D = B(0,R) as we see from either the isoperimetric
inequality or the fact that Hausdorff measure decreases under a projection. Hence
(C2) implies Theorem [Al

To prove [Z2) in [LVI2] we first observed from geometric measure theory argu-
ments that (c) implies the existence of a measure theoretic normal H"~! almost
everywhere. Using this fact and blowup type arguments we obtained that (LC2)
holds nontangentially in certain cones H"~! almost everywhere. To complete the
argument we then used subharmonicity of |[Vu| away from 0 and a Poisson integral
type argument.

In the present paper we manage to show that (a) and (b) are enough to imply
(C2) without having to assume the existence of the cones mentioned above. In
this respect our argument is in the spirit of [MMV96]. In fact Theorem [ for an
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Ahlfors regular domain in R? can be deduced from [MMV96] as we point out in a
remark following Theorem [l Our proof of Theorem [ does not rely on the apriori
knowledge of nontangential limits in cones and seems simpler to us than the proof
in [LV92).

We note that Theorem [[] or even Theorem [Al implies that if D is the image of
a sphere under a bilipschitz mapping of R™ and (b) holds, then D is a ball. On the
other hand we proved the following theorem in [LV] which answered a question in
[ILVa1].

Theorem B. Given K > 1 there exists a K quasiconformal mapping g from R™
to R™ such that if D = g(B(0,1)), then D # ball and H"~' =y on dD.

Similar examples in R? were constructed earlier by [KL37]. Recall that a function
g : R"—R" is said to be K > 1 quasiconformal on R" if:

(i) g is a homeomorphism of R™ onto R™,
(ii) g has distributional partial derivatives that are locally nth power integrable,
(iii) | Dg(x)||™ < K J4(x) almost everywhere.

In (iii), Dg(x) = (%ﬁ) is the Jacobian matrix of g and | Dg(x)| is the norm
of Dg(z) as a linear operator on R™. Also J,(z) (the Jacobian of g at z) is the
determinant of Dg(z).

Thus domains D # ball for which g = aH" ! on dD can be nice (quasiballs)
but not too nice (bilipschitz images).

Finally, the authors would like to thank Juha Heinonen whose continued interest

in this problem stimulated them to prove Theorem [l

2. SEVERAL LEMMAS

In the proof of Theorem [ we will need the following lemmas.

Lemma 1. Let R > 0 be such that B(0,R) C D, dB(0,R) N dD # 0. Then for
some N > L, we have

|[Vu| < N < oo in D\ B(0,R/4).
Here u is Green’s function for D with pole at 0.

Proof. To prove Lemma [I| we use the following formula obtained from the Riesz
representation formula for subharmonic functions (see [Hel69]):

(2.1) /OT t2_nl/(B(£L',t))£ = /SV(x +rw)dH" 'w = m(x,r, V),

t

where S is the unit sphere in R™ and V is subharmonic in B(x,2r) with Riesz
mass v and V(z) = 0. To use 1)) we first extend u to a subharmonic function in
R™\ {0} by putting v = 0 in R™\ D. Applying (1) with V = u,v = p, using (L1])
and well known estimates for subharmonic functions we conclude for x € 0D that
2.2 max u < cm(x,r,u) <cr

(22) e < emaru) <

when 0 € B(x,2r) and r < rg. Here c as in the sequel denotes a positive constant > 1
depending only on ‘the data’, not necessarily the same at each occurrence. In gen-
eral we write c¢(a1,ag,...,a,) when we wish to indicate dependence on ay,...,a,.
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Let d(z) denote the distance from x to dD. Using (Z2) and the Poisson integral
formula for harmonic functions we deduce that

(2.3) |Vu|(z) < cu(z)/d(x) < cforxe DN{y:d(y) <r/8},

where r; = min{rg,d(0)}. From (23) and the maximum principle for harmonic
functions we conclude that Lemma [l is valid. O

Next we have

Lemma 2. For H" ! q.e. x € 0D,

H" (B D
lim sup (B(x,r) NOD) <1.
r—0 aln —1)rn=1

Proof. Lemmal[2 follows easily from the definition of Hausdorff measure (see [Mat95]
Ch. 6] where a different normalization is used). O

We note for fixed j,1 < j < n, that if V(z) = max{z;,0}, then v(B(0,t)) =
a(n —1)t""1 so from (1) with z = 0 we get

(2.4) a(n—1) = / wj dH" w.
Sﬂ{wj>0}

To prove ([L2) and thus Theorem [ we put
inf sup{|Vu(y)|: d(y) < d} = limsup |[Vu| = M
6>0 x—0D

and shall show that

(2.5) M <a.

To this end assume M > a, let € > 0, € < 107'% and let 29 € D\ B(0,3R/4) with
(2.6) |Vu(zo)| > M — .

Let W(z) = max{|Vu(x)|— (M —2¢),0} and observe that W (z() = e. Choose t > 0,
so that |Vg(-,z9)] # 0 on {z : g(z,2¢) = t} and B(0,3R/4) C {z : g(x,x0) > t}.
This choice is possible by Sard’s theorem. Since W is subharmonic in D\ B(0, R/2)
we have

e < W(a:o)g/

0
W(y)a—g(y, x0)dH™ 'y + e(x0, 1)
{g9(-z0)=t} Ty

where % denotes the inner normal derivative at a boundary point y of {g(-, zo) >
t} and

e(zo,t) < / (V95 20)| + gy, z0)]) dH" 1y
9B(0,R/2)

where ¢ = ¢(N, R). Now in D \ B(0, R/2)

(2.7) u(z) < c%
while in D\ [B(zo,d(x0)/2) U B(0, R/4)] we have
T 2—n T 2—n
(2.8) g(x,x0) < cmin{ d(zo) u(x), d(x) u(zo)},

u(z)

u(zo)



A SYMMETRY THEOREM REVISITED 447

as follows from the maximum principle. Using Lemma [l or (2:2) we see that
(2.9) [u(@)] < cd()

when x € D\ B(0,R/2).
Next from (2.8) with z = y, ([2:9) with = x¢ and gradient estimates as in (2:3),
we find that

(2.10) e(zo,t) < ed(xo)

where ¢ = ¢(N, R) is independent of z9 € D\ B(0, R/2). From (ZI0) we deduce
that we may choose zp near enough 9D so that e(xg,t) < €/2. Thus if ¢ is so small
that |Vu| < M + € on {z: g(z,z9) = t}, we have

/2 < / 3653—72(y7960)dHn1y
{IVu|>M—2e}n{g(-,z0)=t}

and so

< 99 (. o)dH 1y

- Ony
{IVul|>M—2e}n{g(-,z0)=t}

Let E(t) = {z : |[Vu|(z) > M —2¢e} N{x : g(x,x0) =t}. If x € E(t) or x = xo, then
we must have

(2.11)

=

(2.12) u(z) > M&:)

since otherwise it would follow from gradient estimates as in (Z3)) that |Vu|(z) <
M —2e. Let © € E(t) and consider the tangent ball B(x,d(x)). We see from (ZI2)

and (Z7)-23) that t = g(z,70) < cd(z0)* " d(z) and t = g(z,2¢) > cu(zo)d(z).
Thus for ¢; = cu(xg), c2 = cd(z0)* ™ we have

(2.13) ad(z) <t <cod(x) for x € E(t)

where ¢; = ¢;(zo, N, R),i = 1,2. We claim for ¢ > 0 sufficiently small that there
exist tangent balls {B(x;,d(z;))}, with ; = z;(¢t) € E(t) and

(2.14) E(t) C UB(xi,d(xi)/Zl),

(2.15) B(z;,d(2:)/100) N B(z;, d(x;)/100) = 0 for i # j,

(2.16) > dlw)" ™ = é

where ¢3 = ¢3(wo, N, R). In fact from @) with V = max(g(-, zo) — ¢, 0),
() = 5 o) A"y,

We see from (2.8), 29) as in 2:2) that for x € {y: g(y,xz0) = ¢}

dg -1 m -
—J dH™ < V) d@)"
8ny (ya {Eo) y=c <B(;c,dz(l;()/2) > (x)

{9(-;z0)=t}NB(z,d(x)/4)
< cd(x)”*l.
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Next we use a well-known covering lemma to choose a cover of E(t) by balls
{B(z;,d(x;)/4)} with {B(z;,d(x;)/100)} pairwise disjoint:

1 dg -1 dg -1
< [ 22 dH" 1y < 29 dH™
5 < / o, (U 70) y<) / B, W 70) y

E(1) i BONB(id(w)/4)

<c Z d(z;)"

Thus (ZI4)-(ZI0) are valid. From (ZI3)-(ZI6) we see for sufficiently small ¢ > 0

n

and ¢ = ¢(zg, N, R) large enough that there are at least tl% disjoint tangent balls
with centers in E(¢). Finally in this section we prove

Lemma 3. With the above notation

[9( o) = ] A(IVul*)dH"y
{g(-;m0)>t}\B(0,R/2)
0
<c [ NIVUP = [Fua) P g o) dH o+ e oo, )
{g(-,m0)=t} !
where e*(xg,t) < cd(zo) for some ¢ = ¢(N, R).

Proof. Use g(-,w0) — t, [Vu|?> — |Vu(z)|? in Green’s second identity. e*(zq,t) is
estimated in the same way as e(xo, ). We omit the details. O

3. Proor oF THEOREM [

Proof. Using Lemma [[land J ;Tg(y, 19)dH" 1y = 1 we see that the right-
{gCwo)=t} "

hand side of Lemma [3] can be estimated by ¢ = c¢(xg, N, R). Since t is arbitrary we

have

(3.1) / o 20) A(Vul)dH"y

D\B(0,R/2)

= 22 g('axo)(uwﬂj)2dHny <c
“J D\B(0,R/2)

Let 6 > 0,5 < €'% be a small positive number to be chosen later. Put A =1 —§
and set t;, = 1007%, k = 1,2,.... From (BI) it is easily seen for ky > 100 a positive
integer sufficiently large that

(3.2) >y / d(z)|V2ul*(z)dH"z < ¢

k=ko 7" B(a,(tx) Ad(z;))

where ¢ = ¢(d,z9,N,R). Indeed, using the fact that for fixed k the balls
{B(z;(tx),d(x;(tx))/100)} are disjoint, it follows that each point in D\ B(0, R/2)
lies in at most ¢* = ¢*(d) of the balls {B(x;(tx), Ad(z;(tx)))}, k = ko,.... Also
by Harnack’s inequality and (27, (ZI2), we have g(z,zg) > @ for some ¢ =
¢(0, g, N, R) in each of the balls. Using these facts in (31]) we get (32). In (B2) we
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can now use Poincaré’s inequality and estimates for the oscillation of u,,,1 < j < n,
by way of the Poisson integral to get that if Ay = 1 — 26, then

oo

3.3 100~ Fyn—1 max Vu(z) — Vuy)|?) < ¢
( ) k;o(zj:( ) x,yEB(gcj(tk),/hd(xj(tk)))| ( ) (y)| )7

for some ¢ = ¢(d, 9, N, R). We claim there exists k1 > ko a positive integer such
that whenever k£ > k1 we have

(3-4) [Vu(z) = Vu(y)| <6
on a subset {B(y;, \1d(y;))} of {B(z;(tx), Md(z;(tx)))} (k fixed) with

(35) > dyy) = o

where ¢ = ¢(xg, N, R) and c3 is the constant in (ZI6). Otherwise, from (B3) and

[EB13)-(2.15) we see that the inside sum for this k is > g—f. Summing over k we get
a contradiction to (B:2). Thus (3.3) is true.
Next from Lemma ] and real variable arguments we find that for given § > 0

there exists p = p(d) > 0 with

H"Y(B(z,r)NdD)
a(n —1)rn—1

(3.6) <1+46,0<r<p,

for all z € D except for a set of at most H"~! measure < §1°, We use (B.H)
and (3H) to show, for sufficiently small § > 0, the existence of a positive integer
ko > kq, such that whenever k > kg there exists z = z(k) € 9D satisfying ([B:6]) and
z lies within § 100~" of a point of tangency of one of the balls { B(y;(tx), d(y; (tx)))}-
Indeed, assuming p >> 1007*2 we see that if the above statement is false, then
from (B.5), using disjointness of the balls {B(y;,d(y;)/100)} it would follow that

there is a set contained in D with H"~! measure > % for which (3.6)) fails.
c(zo,N,R)
This is a contradiction if 6 = §(zp, N, R) > 0 is small enough.
We are now ready to prove Theorem [[I Let z = z(k2) be as above and let
B(y,d(y)) be the guaranteed tangent ball corresponding to ks, z. Let 2 be a
point of tangency and observe that p(d) >> d(y). From Lemma [ we have for

0 < r <p(d),

(3.7) /Su(é—l—rw)dH"_lw < /Su(z—l—rw) dH"'w + cdd(y)
<aa(n—1)(1+6)r+cdd(y)

where ¢ is independent of §. To get the last inequality in (BZ) we used (b) of
Theorem [A] 7)) with V' = w,v = p and &8). To estimate the left-hand side of
(B) suppose 2 =y — d(y)é, where é, = (0,...,0,1). On the one hand we deduce
from (B4) and |Vu| < N that

(3.8) [u(z) —u(y) — (Vuly), z —y)| < cdd(y)

for all x € B(y,d(y)) where (-,-) denotes the inner product in R”. On the other
hand using this inequality for £, 84l), and |Vu| < N we have

lu(y) — (Vu(y), én )d(y)| < cdd(y).
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Comparing these two estimates and using u > 0 we see that

(3.9) [(Vu(y), én) — [Vul(y)] < ¢b
where ¢ does not depend on 4. Using (39) in (B8] we find that
(3.10) lu(@) = (Vu(y), én) e — yu + d(y)]| < e6'/2d(y).

Let 7 = §'/*d(y). For this value of r we see from high school geometry that
Hz @ 2n — yn +d(y) > 0} \ B(y,d(y))] N dB(2,7) has H"~! measure at most
c6*r"=1 and x,, — y, + d(y) < c5'/*r on this set. Using this observation, (1),
and ([24) we obtain

(3.11) / w2+ rw)dH" rw > (Vu(y), én) r / wpdw — o4y
S SN{w, >0}

= (Vu(y),én) ra(n —1) —cot/4r,
Putting in (B0) we deduce that
(3.12) (Vu(y), én) < a+cd'/*.
Using (BI2) and the fact that |Vu(y)| > M — € we conclude from (B3]) that
M — e < [Vu(y)| < (u(y), én) + 8 < at s,

Since § can be arbitrarily small we have M — ¢ < a. Letting ¢ — 0 we get M < a
which is a contradiction to our assumption that M > a. From this contradiction
we first conclude (22H) and then Theorem [ O

Remark 1. If n = 2 it follows easily from [MMV96] that Theorem [is true when
0D is Ahlfors regular. By definition 0D is Ahlfors regular if for some o > 0, K > 1,

K-ty < H"Y(B(x,r)ndD) < K+ !

for all z € 9D and 0 < r < rg. We briefly outline the proof. From the Riesz
representation theorem for subharmonic functions and (b) of Theorem[A]we deduce
that

21Vu(z) = —x/|z|* + / (x —y) |z —y|2dH" 'y for z € D.
oD

The right-hand side of this equation is zero for x ¢ D. From Lemmal[ll we see from
this equality that

|/ (x—y) e~y 2 dH'y| < M < oo
oD

whenever x € 9DUB(0, R/4). Using this inequality and Ahlfors regularity it follows
easily that

(3.13) |/ (2= y) |2 — y|"2dH'y| < My < o0
ODN{|z—y|>€}

for all € > 0 and z € 9D. Let r > 0,0 < r < R/8. Then (BI3) implies for given
r,z € 0D, the existence of p, r/2 < p < r such that if y = characteristic function
of B(z,p), then

Tex(z) = | X@W)(—y) |z —y| > dH"y|
{lz—y|>e}nNdD
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satisfies
(3.14) / IT.x|? dH' < c(My)r.
B(z,p)NOD

In fact using Ahlfors regularity and (313)) one first shows for x € 9D that

ITex|(z) < c(M2) log(p/|p — [z — 2[]).
Integrating this inequality in x, p and using weak type estimates one gets (B:14).
From (3:14) and Theorem[in we see that 9D is contained in a rectifiable
curve. The argument in [LV92] can now be used essentially verbatim to get that D
= ball. Finally we note that since it is unknown whether Theorem [ in [MMV96]
has an analogue in R™ we were forced to come up with the simpler and more general
proof of Theorem [ above.
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