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ABSTRACT. If M¢c = (‘8 g) is a 2 X 2 upper triangular matrix on the Hilbert

space H @ K, then a-Weyl’s theorem for A and B need not imply a-Weyl’s
theorem for M, even when C = 0. In this note we explore how a-Weyl’s
theorem and a-Browder’s theorem survive for 2 X 2 operator matrices on the
Hilbert space.

1. INTRODUCTION

Throughout this note let H and K be Hilbert spaces, let B(H, K) denote the set
of bounded linear operators from H to K, and abbreviate B(H, H) to B(H) and
let K(H) denote the ideal of compact operators acting on H. If T € B(H) write
N(T) and R(T) for the null space and range of T; «(T) = dimN(T). An operator
T € B(H) is called upper semi-Fredholm if R(T") is closed with finite dimensional
null space and lower semi-Fredholm if R(T) is closed with its range of finite co-
dimension. If T" is both upper semi- and lower semi-Fredholm, we call it Fredholm.
The index of a Fredholm operator T' € B(H) is the integer i(T) = o(T') — a(T™).
An operator T € B(H) is called Weyl if it is Fredholm of index zero and is called
Browder if it is Fredholm of “finite ascent and descent”. If T' € B(H) write o(T') for
the spectrum of T; 0,(T) for the approximate point spectrum of T'; 7o(T) for the
set of eigenvalues of T'; moo(T") for the isolated points of o(T") which are eigenvalues
of finite multiplicity; 7§, (7) for the isolated points of o,(T") which are eigenvalues
of finite multiplicity. The essential spectrum o.(T"), the Weyl spectrum w(T") and
the Browder spectrum o (7T") of T € B(H) are defined by ([10], [11])

0e(T) ={A € C: T — Al is not Fredholm},
w(T)={X e C:T — Al is not Weyl},
op(T) = {A € C: T — A is not Browder};

evidently
0.(T) Cw(T) Cop(T) = 0.(T) Uacco(T),
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where we write acc X for the accumulation points of X C C. We say that Weyl’s
theorem holds for T € B(H) if there is equality

(1.1) o(T)\ w(T) = moo(T).
This obviously implies ([12]) that Browder’s theorem holds for T
(1.2) o(T) =w(T) Umee(T).

By definition, 0¢q(T) = ({oa(T+ K) : K € K(H)} is the essential approximate
point spectrum and o44(T) = (oo (T + K) : TK = KT and K € K(H)} is
the Browder essential approximate point spectrum. We say that a- Weyl’s theorem
holds for T € B(H) if there is equality

(1.3) 0a(T) \ 0ca(T) = m50(T),
and that a-Browder’s theorem holds for T € B(H) if there is equality
(1.4) Oea(T) = oap(T).

We notice that a-Weyl’s theorem and a-Browder’s theorem are kinds of “ap-
proximate point spectrum” versions of Weyl’s theorem and Browder’s theorem,
respectively. It is known ([5], [7], [L§]) that if T' € B(H), then we have

(1.5) a-Weyl’s theorem = a-Browder’s theorem = Browder’s theorem.

V. Rakocevié¢ ([18]) has shown that the equality (1.3) holds for cohyponormal
operators. Recently S.V. Djordjevi¢ and D.S. Djordjevié¢ ([5]) showed that if T* is
quasihyponormal, then T obeys a-Weyl’s theorem.

2. a-WEYL’S THEOREM FOR 2 X 2 DIAGONAL,
SKEW-DIAGONAL OPERATOR MATRICES

a-Weyl’s theorem may or may not hold for a direct sum of operators for which
a-Weyl’s theorem holds. For example, if U € B(l3) is the unilateral shift, then
a-Weyl’s theorem holds for both U and U*, while it does not hold for U & U*. In
fact, 0,(U ®@U*) = {z € C: |z] < 1} and 0,,(Ud U*) = {z € C: |z] = 1}.
Therefore a-Weyl’s theorem does not hold for U @ U*. An operator T' € B(H) is
called approzimate-isoloid (abbrev. a-isoloid) if every isolated point of o, (T) is an
eigenvalue of T and an operator T' € B(H) is called isoloid if every isolated point
of o(T) is an eigenvalue of T' . Clearly, if T' is a-isoloid, then it is isoloid. However
the converse is not true. Consider the following example: let T = T7 ® Tb, where
T, is the unilateral shift on I, and 75 is an injective quasinilpotent on l3. Then
o(T) ={z€ C:|z] <1} and 0,(T) = {2 € C: |z] = 1} U{0}. Therefore T is
isoloid but is not a-isoloid.

We consider the sets

O, (H)={T € B(H) : R(T) is closed and a(T") < o0},
®_(H)={T € B(H) : R(T) is closed and o(T™) < o0},
O (H)={T € B(H): T € ®,(H) and i(T) < 0}.

It is known ([I8]) that if 7' € B(H), then 0¢(T) ={\ € C: T — X ¢ &, (H)}.
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When A € B(H) and B € B(K) are given we denote by M an operator acting

on H @ K of the form
A C
MC - (0 B) )

where C' € B(K, H).
We begin with:

Lemma 2.1. For a given pair (A, B) of operators, if (4 ) € ®L(H & K), then
Mc € @ (H @ K) for every C € B(K, H). Hence, in particular, we have

(2.1.1) Gea( M) C e (A 0

. B> C 0ealA) Uoea(B).

Proof. Suppose (4 %) € ® (H® K). Then (4 %) € <I>+(HEB K)andi(f49)<0.
So A and B are upper semi-Fredholm and i(A) +4(B) <0
Observe that

212 o= (09 ( 9 (4 )

Since (} ¢) is invertible for every C' € B(K, H), and since ({ %) and (4 9) are
both upper semi-Fredholm, it follows that M¢ is upper semi-Fredholm. But since
i(Mc) = i(A) +i(B) <0, hence M¢ € ® (H @ K). The inclusions in (2.1.1) are
evident from the first assertion. O

Theorem 2.2. Suppose a-Weyl’s theorem holds for A € B(H) and B € B(K).
(1) If a-Weyl’s theorem holds for (4 %), then

A 0
(2.2.1) Oca (0 B) = 0ca(A) Uoca(B).
(2) If A and B are a-isoloid, then the converse of (1) is true.

Proof. (1) By Lemma 2.1, 0¢q (4 %) C 0ea(A) U oea(B). Since a-Weyl’s theorem

holds for (4 %), a- Browder s theorem holds for (4 %). Therefore oeq(A)Uoeq(B) C

oap(A) U Uab(B) =00 (4 %) =0ca (4 %), that is, 0eq(A) Uoea(B) C oea (4 %).
(2) For the statement (2) observe that if A and B are a-isoloid, then

222) 78y () ) = (80(4) \ 00 (B) U (mo(B) \ 00(4)) U () 0 75 )

If a-Weyl’s theorem holds for A and B, then the right-hand side of (2.2.2) is the
set (04(A) Uq(B)) \ (0ea(A) Uoee(B)). Thus if (2.2. 1) holds, then 7, (4 %) =
(0a(A) Uoe(B)) \ (0ea(A) Uoea(B)) =04 (4 )\ 0ca (4 %). Thus a-Weyl’s holds
for (4 9). O

The assumption “A and B are a-isoloid” is essential in the statement (2) of
Theorem 2.2. For example if A € B(l3) and B € B(lz) are given by

A1, 22, 23,24, ) = (21,0, 23,24, -)

and

1

B($1,$2,$3,"'):(0,$1, g

:Cg,'~'),

55[:2;
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then we have that (a) a-Weyl’s theorem holds for A and B; (b) 0eq(A) = {1} and
GealB) = {0}: (¢) 70 (4 8) = Gea (£ ) = {0, 1}; () 7o (4 §) = {0}; () B is not
a-isoloid.

Next we consider a-Weyl’s theorem for 2 x 2 skew-diagonal operator matrix of
the form ( 9 4). a-Weyl’s theorem for the skew-diagonal matrices is more intricate
in comparison with the diagonal matrices. We begin with:

Lemma 2.3. If A€ B(H,K) and B € B(K, H), then

(1) 0a(AB)\ {0} = 0a(BA) \ {0}.
(2) Uea(AB) \ {0} = Uea(BA) \ {0}

Proof. (1) Remember ([8]) that if A # 0, then

(2.3.1) (ABO‘ A ?) — POV (BAO‘ A ?) B,

where E(X) and F'(X) are both invertible for each A # 0. But if ST is bounded below
and T is invertible, then S is bounded below, and so 0,(AB)\ {0} C 0,(BA)\ {0}.
Similarly, o4(BA) \ {0} C 0,(AB) \ {0}.

(2) Tt follows from (2.3.1) that if A # 0,

N(AB — \) = N(BA - )) and (R(AB — \))* = (R(BA — \)*,

~

which gives the result, where = means that there exists an invertible operator
between spaces. [l

Although 0,(AB) = 0,(BA), we need not expect that o.,(AB) = 0eq(BA).
Consider the following example: let dimH < oo and let S, T € B(l2) be given by

S(l’l,fEQ,(Eg,' ) = (0,%1,0,%2,0,%3,"') and T(x17x27x37"') = ($2,$4,$6,"'),

and let A = (% 2) and B = (% 2). Then 0,(AB) = 0,(BA) = {0,1}, while

Oea(AB) ={0,1} # {1} = 0ea(BA).
Theorem 2.4. If A€ B(H,K) and B € B(K, H), then

AB 0
(2.4.1) Oea ( 0 BA) = 0ca(AB) U0eq(BA).
Hence, in particular, if AB and BA are a-isoloid and if a-Weyl’s throrem holds for
AB and BA, then a-Weyl’s theorem holds for (48 9,).

Proof. By Lemma 2.1, 0.q( 4P 2,) C 0ea(AB) U 0cq(BA). Conversely, suppose
A ¢ oea(AP 2)). Then AB — X and BA — X are upper semi-Fredholm and
i(A%_”\ pA_y) < 0. Now we show that i(AB — \) = i(BA — \). If A # 0,
then by Lemma 2.3 i(AB — A\) = i(BA — X). If A =0, then since AB and BA are
upper semi-Fredholm, it follows from the continuity of the index that for sufficiently
small |p| with p # 0, i(AB) = i(AB—pu) = i(BA—p) = i(BA). This proves (2.4.1).
The second assertion follows from Theorem 2.2. O

Corollary 2.5. Let A € B(H,K) and B € B(K,H). If AB and BA obeys a-

Browder’s theorem, then a-Browder’s theorem holds for (4B 2,).

Proof. Since 0eq (48 24) = 0ea(AB) Uoeq(BA), the result follows from [7, Theo-
rem 3.11]. O
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Example 2.6. (1) If H = K in Theorem 2.4, one might expect to replace the
condition “a-Weyl’s theorem holds for AB and BA” by the condition “a-Weyl’s
theorem holds for A and B”. However, this is not true. Consider the following
example as follows: let T} and T be defined on ls by

1 1
T1($1,$2,$3,"') - (1‘1,0751‘2,5333,"'),
3 )= (0, 31 572 )
2(T1,x2, T3, - 721‘1)33:27 .

Let T'= (' 7.0 ;) on la@l>. Then
1
0a(T) ={-1}U{z € C: 2] = 5} U {1},

Gea(T) = {-11U{2€C: 2] = %},
moo(T) = {1}.

Therefore a-Weyl’s theorem holds for T'. However,
1
ou(T?) = {z€C: s = 1)U 1},
1
0ea(T?) ={2€C:|z| = Z} U{1},

oo (T%) = {1},

and hence a-Weyl’s theorem doesn’t hold for T2.

(2) Since
0 A\> _ [(AB 0
B 0) \0 BA)’

we might expect that “a-Weyl’s theorem for ( ‘6‘)” is inherited from “a-Weyl’s the-
orem for (4P 2,)”. However, in general, a-Weyl’s theorem need not be trasmitted
from T2 to T. Consider the following example as follows: let T} and 1% be defined
on ls by

T1($1,$2,$3,"') = (0,%1,%2,%3,%4,' ")a

1 1 1
To(x1, 2,3, ) = (5332, 38 T4 )-

Let T = (""" ,% ;) on I, @l>. Then
oo(T)={-1}u{z€C:|z-1| =1},
Oea(T) ={-1}U{z € C: |z| =1},
mo(T) = {—1}.
Therefore a-Weyl’s theorem does not hold for T. However,
0a(T?) = {re? : r = 2(1 4 cosh)},
Oea(T?) = {re? : r = 2(1 + cosh)},
m60(T?) = ¢,
and hence a-Weyl’s theorem holds for T°2.
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(3) Generally, “a-Weyl’s theorem holds for AB” does not imply “a-Weyl’s theo-
rem holds for BA”. For example suppose the operators 11,75, T3 € B(l2) are given
by

1 1 1
Ty (z1, 22,23, ) = (535275%3,1%47"')7
TQ(£17£27£3)"') = (O,$1,07$2,0,$3,0,"'),

T3(x1, 02,03, -+ ) = (w2, 74, %6, T8, ).
Let A = (%1 TOZ) and B = (é%)- Then

04(AB) = 0ca(AB) = 04(BA) = 0co(BA) = {0, 1},
T (AB) = ¢,
mo0(BA) = {0}

Therefore a-Weyl’s theorem holds for AB but fails for BA.

Theorem 2.7. Let A € B(K,H) and B € B(H, K) be such that AB and BA are
a-isoloid. If a-Weyl’s theorem holds for AB and BA, then the following statements
are equivalent:

(1) a-Weyl’s theorem holds for (% 4);

(2) 0ea (S ‘8) Z\/O'ea(AB) U Uea(BAS,'

(3) a-Browder’s theorem holds for( '8)7

wherev/ X denotes the set of square roots of complex numbers in X C C.

Proof. (1) & (2) Suppose eq (§ 4) =v/0ca(AB) U 0co(BA). Then it follows from
a similar argument of ([13], (3.10); (4.3)) that

o (B o) \ou () =VorlAB) U0 (BA) \V/aalAB) Uora (B

(0a(AB) U0o(BA)) \ (0ea(AB) U 0ea(BA))

=V
:\/ a (A(;B BOA) \ 7ea (A(;B BOA)

. (AB 0
“\/To\ o BAJ
Now we show that
AB 0 0 A
(2.7.1) 5 < 0 BA> = TG <B O) .

But since o, (% 4) is symmetric with respect to the origin, it follows from the

approximate point spectral mapping theorem that

2
. AB 0\ |, 0 A . 0 A
isooa( o pga) =\ |%|p | =isooalp )

where we write isoX for the isolated points of X C C. Thus for (2.7.1) it suffices
to show that for any A € C,

AB — )\ 0
0 BA—- X

(2.7.2) O<a<

><c>o<:>0<a<_\/X A )<oo.

B -V
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If A =0, then (2.7.2) follows from the observation
(2.7.3) 0<a(N(A) @ N(B)) <oco<+=0< a(N(AB) @ N(BA)) <
If A # 0, then (2 7.2) follows from the observation

\/{ y:z e N(AB - )} U \/{ Ayy) y e N(BA—\)}
CN <_1\3/X —il/X) C N(AB—=))@® N(BA-)),

where \/ F' denotes the closed linear span of F'. This proves (2.7.1).
Suppose a-Weyl’s theorem holds for (% 4).
Then oeq (% 4) =0a (% 4)\ 7o (5 4). It will be shown that

ou(p o) \rio (o) =VorABI el

Indeed,
0 A\, . (0 A . (AB 0
Ua(B 0)\7700 (B 0) :\/Ua(AB)UUa(BA)\ 7700<0 BA)
3 AB 0N\, (AB 0
“\/%\ 0o BA)\T0{ o BA
AB 0
9ea\ 0 BA
=/0ca(AB) U e, (BA).

Therefore oeq (5 A _\/O'ea AB) U 0eq(BA).

(2) & 3 ) Suppose Oea (540 \/O'ea (AB)U oea(BA) Then a-Weyl’s theorem
holds for ( % 4), and so a-Browder’s theorem holds for ( % 4). Conversely, suppose
a-Browder’s theorem holds for (4 4). Since AB and BA obeys a-Weyl’s theorem,
Oca(AB) = aab(AB) and oea(BA) = oap(BA), respectively.

But since o (% VO (AB) U ap(BA), 0cq (S 4) = ow(%4) =
Voa(AB) U o, (BA) \/O'ea (AB) U 0eq(BA) and completes the proof. O
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