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VAN DER WAERDEN SPACES

MENACHEM KOJMAN

(Communicated by Alan Dow)

Abstract. A topological space X is van der Waerden if for every sequence
(xn)n in X there exists a converging subsequence (xnk )k so that {nk : k ∈ N}
contains arbitrarily long finite arithmetic progressions. Not every sequentially
compact space is van der Waerden. The product of two van der Waerden
spaces is van der Waerden.

The following condition on a Hausdorff space X is sufficent for X to be van
der Waerden:

(∗) The closure of every countable set in X is compact and first-countable.
A Hausdorff space X that satisfies (∗) satisfies, in fact, a stronger property:

for every sequence (xn) in X:
(?) There exists A ⊆ N so that (xn)n∈A is converging, and A contains arbi-

trarily long finite arithmetic progressions and sets of the form FS(D) for
arbitrarily large finite sets D.

There are nonmetrizable and noncompact spaces which satisfy (∗). In par-
ticular, every sequence of ordinal numbers and every bounded sequence of real
monotone functions on [0, 1] satisfy (?).

1. Introduction

Let us recall van der Waerden’s Theorem. Let N = {0, 1, . . .} denote the set of
natural numbers.

Definition 1. A set A of natural numbers is called an AP set if it contains arbi-
trarily long finite arithmetic progressions.

Theorem 2 (van der Waerden [9]). If N is partitioned to finitely many parts, then
one of the parts is an AP set.

An equivalent formulation of van der Waerden’s theorem is that every sequence
in a finite (Hausdorff) topological space has a converging subsequence whose set
of indices contains arbitrarily long finite arithmetic progressions. In this paper we
address the problem of which topological spaces satisfy this topological formulation
of van der Waerden’s Theorems. The following condition (∗) on a space X will be
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a sufficient condition in two different generalized van der Waerden type theorems
(10 and 11 below):

The closure of every countable set in X is compact and first-countable.(∗)

2. Van der Waerden spaces

Definition 3. (1) A topological spaceX is van der Waerden if for every sequence
(xn)n in X there exists a converging subsequence (xnk )k so that (nk)k is AP.

(2) A topological space X is strongly van der Waerden if for every AP set A ⊆ N
and a sequence (xn)n∈A in X there exists a converging subsequence (xn)n∈B
where B ⊆ A is AP

Proposition 4. A space X is van der Waerden if and only if it is strongly van der
Waerden.

Proof. Suppose A ⊆ N is AP and f : A → X is given. By thinning A out we
may assume that A =

⋃
Cn where each block Cn is an arithmetic progression,

supCn < minCn+1 and |Cn+1| > (maxCn)2.
Let h : N → A be the increasing enumeration of A. Let g : N → X be defined

by g(n) = f(h(n)) for all n ∈ N. Since X is van der Waerden, there exists an AP
set B ⊆ N so that g�B = (f ◦ h)�B is converging. We claim that h[B] is also AP,
hence f�h[B] is as required.

To see that h[B] is AP, let k be arbitrary. Let C = {a0, a0+d, . . . , a0+(k−1)d} ⊆
B be an arithmetic progression of length k so that k < a0. Observe that for each
block Cn of A, h[C] ∩ Cn is an arithmetic progression.

Let Cn0 be the block in A to which h(a0 + d) belongs. Clearly k, a0 and d are
smaller than maxCn0 , hence a0 + (k− 1)d ≤ maxCn0 + (maxCn0 − 1)(maxCn0) =
(maxCn0)2 < |Cn0+1|. Since h is the increasing enumeration of

⋃
Cn, it holds that

h(a0 + (k− 1)d) ∈ Cn0 ∪Cn+1, and consequently h[C] ⊆ Cn0 ∪Cn0+1. Thus either
h[C] ∩Cn0 or h[C] ∩Cn0+1 is an arithmetic progression of length ≥ (k − 1)/2.

Corollary 5. The product of two van der Waerden spaces is van der Waerden.

Proof. Suppose Z = X×Y whereX,Y are van der Waerden and suppose f : N→ Z
is given. Put f(n) = (xn, yn). Since X is van der Waerden, there is an AP set
A ⊆ N so that (xn)n∈A is converging. Since Y is strongly van der Waerden, there is
an AP set B ⊆ A so that (yn)n∈B is converging. Clearly, (f(n))n∈B is converging
in Z.

Every van der Waerden space is surely sequentially compact. The next exam-
ple shows that being van der Waerden is strictly stronger than being sequentially
compact.

Theorem 6. There exists a Hausdorff, compact, sequentially compact, separable
space which is first-countable at all points but one, which is not van der Waerden.

Proof. Let F be a maximal member of {A : A is an infinite set of almost disjoint
infinite subsets of N and each A ∈ A is not AP}. Then in fact, F is a maximal
almost disjoint family. (If F is not maximal as an almost disjoint family, fix some
infinite B ⊆ N which has finite intersection with every A ∈ F . By thinning out, B
can be made non-AP.)

For every A ∈ F , let pA /∈ N be a distinct point. Let Y = N∪ {pA : A ∈ F} and
let T = {B ⊆ Y : for all A ∈ F , if pA ∈ B, then A \ B is finite}. Then with the
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topology T , Y is a locally compact Hausdorff space with N as a discrete subspace.
Let X = Y ∪ {p} be the one point compactification of Y .
X is compact, separable, and at every point except p, X is first countable. To

check that X is sequentially compact, suppose that (xn) is a sequence in X . If
{xn : n ∈ N} is finite, then (xn)n has a constant subsequence. Otherwise, we
may assume, without loss of generality, that (xn)n is one-to-one and that either
{xn : n ∈ N} ⊆ N or {xn : n ∈ N} ⊆ {pA : A ∈ F}. In the first case, maximality
of F implies the existence of some A ∈ F and some subsequence (xnk )k so that
xnk ∈ A for all k; this subsequence converges to pA. In the second case, (xn)n itself
converges to p. Thus X is sequentially compact.

To see that X is not van der Waerden, let xn = n. Every convergent subsequence
(xnk)k satisfies that for some A ∈ F , {nk : k ∈ N} \A is finite. By the choice of F ,
{nk : k ∈ N} is not AP.

The following is a well-known, equivalent, finite version of van der Waerden’s
theorem:

Theorem 7. For all k and ` there exists n such that for every partition of n =
{0, 1, . . . , n − 1} to ` parts, one of the parts contains an arithmetic progression of
length k.

One immediately sees that the finite version implies the following equivalent
formulation of van der Waerden’s theorem:

Theorem 8. For every partition of an AP set to finitely many parts, one of the
parts is AP.

This formulation also follows directly from Proposition 4 applied to finite spaces.

Corollary 9. The collection of all complements of non-AP sets is a uniform filter
A over N which consists of AP sets. An ultrafilter U satisfies that every member
of U is AP if and only if A ⊆ U .

Theorem 10. Suppose a Hausdorff space X satisfies the following condition:

The closure of every countable set in X is compact and first-countable.(∗)

Then X is van der Waerden.

Proof. Suppose that (xn)n∈N ⊆ X is given. Let D = clX{xn : n ∈ N}. Let U
be an ultrafilter over N which extends A. Thus every set A ∈ U is AP. Define an
ultrafilter U ′ over D by A ∈ U ′ ⇐⇒ {n : xn ∈ A} ∈ U . By compactness (and
Hausdorffness) of D, there is a unique point x ∈ D with the property that every
neighborhood (in D) of x belongs to U ′. Fix, by first-countability, a decreasing
neighborhood base (uk)k at x. For every k, since {n : xn ∈ uk} ∈ U , the set
{n : xn ∈ uk} contains arbitrarily long arithmetic progressions. For each k, choose
an arithmetic progression Ck ⊆ N of length k so that {xn : n ∈ Ck} ⊆ uk. The set
B =

⋃
k Ck is AP and (xn)n∈B converges to x.

2.1. A strengthening. For a nonempty set D ⊆ N denote by FS(D) the set of
all finite sums over D. A finite sum is an integer of the form

∑
n∈α n where α ⊆ D

is finite and nonempty. Call a subset A ⊆ N an IP set if there exists an infinite set
D ⊆ N so that FS(D) ⊆ A.
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Theorem 10 can be considerably strengthened using the technology of idempo-
tents in (βN,+). βN is the set of all ultrafilters over N and the operation of addition
in N can be extended to βN via the formula

A ∈ U + V ⇐⇒ {n : A− n ∈ U} ∈ V.(1)

For a good exposition of this material see [2] (with the caution that they reverse
the operation from the way it is described in (1)). An ultrafilter U ∈ βN is an
idempotent if U is nonprincipal and U +U = U , and an idempotent U is a minimal
idempotent if it belongs to a minimal right ideal in (βN,+). If U is an idempotent,
then every set A ∈ U is IP, and if U is a minimal idempotent, then every set in U
is AP (Theorems 4.40 and 14.1 in [2]).

Theorem 11. Suppose a Hausdorff space X satisfies condition (∗). Then for every
sequence (xn)n∈N ⊆ X there exists a set A ⊆ N so that

(1) (xn)n∈A is converging;
(2) A contains arbitrarily long arithmetic progressions;
(3) A contains FS(D) for arbitrarily large finite sets D.

Proof. Let U be a minimal idempotent in (βN,+). Suppose (xn)n∈N is given, and
let U ′ be the corresponding ultrafilter on clX{xn : n ∈ N}. Let x ∈ clX{xn : n ∈ N}
satisfy that every neighborhood of x belongs to U ′, and let un be a decreasing neigh-
borhood base at x. Since every set in U contains both arbitrarily long arithmetic
progressions and an IP set, one can fix FS(Dn) and an arithmetic progression Cn
inside {k : xk ∈ un} with |Cn|, |Dn| ≥ n. Now

⋃
n Cn ∪ FS(Dn) is as required.

3. Concluding remarks

The class of spaces which satisfy (∗) includes all compact metric spaces, all
compact linearly ordered topological spaces and every limit ordinal of uncountable
cofinality. In particular,

Corollary 12. Every sequence (αn) of ordinal numbers contains a converging sub-
sequence (αnk) so that {nk : k ∈ N} contains arbitrarily long arithmetic progressions
and FS(D) for arbitrarily large finite sets D.

The space ω2 with the order topology is an example of a space that satisfies (∗)
which is neither first-countable nor compact (but all of its separable subspaces are
metrizable). Helly’s space of all monotone functions from [0, 1] to [0, 1] with the
topology induced by pointwise convergence (see [3]) is an example of a separable,
compact and first-countable space — which, therefore, satisfies (∗) — which is not
metrizable. The instance of Theorem 11 for this particular space gives:

Corollary 13. Suppose that fn : [0, 1]→ [0, 1] is monotone for each n. Then there
is pointwise converging subsequence (fnk) so that {nk : k ∈ N} is AP and contains
FS(D) for arbitrarily large finite sets D.
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