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ON NORMAL OPERATOR EXPONENTIALS

CHRISTOPH SCHMOEGER

(Communicated by Joseph A. Ball)

ABSTRACT. Suppose that A and B are bounded normal operators on a complex
Hilbert space and that eAeB = eBeA. In this paper some conditions implying
AB = BA are given.

1. TERMINOLOGY AND RESULTS

Throughout this paper let H denote a complex Hilbert space and L£(H) the
Banach algebra of all bounded linear operators on H. For A € L(H) the spectrum
and the spectral radius of A are denoted by o(A) and r(A), respectively. The set
of eigenvalues of A is denoted by ¢,(A). For the resolvent set of A we write p(A).
We use N(A) and A(H) to denote the kernel and the range of A, respectively.

We say that o(A) is 2mi-congruence-free if

o(A) No(A+2jmi) =0 for j = +1,42, ... .

If A € L(H) is normal and has the spectral resolution

(1.1) A= / AE(N)
o(A)
let E(Q2) denote the associated projection measure defined on the Borel subsets

) C o(A). It is convenient to think of E as being defined for all Borel sets in C:
put E(Q) = E(QNao(A)).

Definition. Let A € L£L(H) be normal with the spectral resolution (L1l). We say
that o(A) is generalized 2mi-congruence-free if

(1.2) E(o(A)No(A+2jmi))=0for j=1,2,....
Remarks. Let A € L(H) be normal with the spectral resolution ([LII).

(1) Since E(0) = 0, it is clear that if o(A) is 2mi-congruence-free, then o(A) is
generalized 27mi-congruence-free.

(2) Let n denote the smallest integer with n > r(:) . Then o(A)No(A+2jmi) =0
for j > n. Thus ([2)) holds if and only if

E(c(A)No(A+2jmi))=0for j=1,2,...,n—1.
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Examples. Let A € L(H) be normal with the spectral resolution (IIJ).
(1) If r(A) < 7, then (C2) holds.
(2) Let m < r(A) < 2r. By Remark (2), (I2) holds if and only if

E(oc(A)No(A+2mi))=0.
(3) Let 2w < r(A) < 3w. By Remark (2), (L2) holds if and only if
E(c(A)No(A+2mi)) = E(c(A)No(A+4mi)) =0.

(4) Let j € N and suppose that there is some p € C with o(A)No(A+2jmi) C {u}
and p ¢ op(A). Since E({p}) =0 ([4 Theorem 12.29]), it follows that

E(o(A)No(A+2jmi)) =0.

The following result is due to E. M. E. Wermuth ([8]). See [6] for a very short
proof.

Theorem 1.1. Let A, B € L(H) and suppose that o(A), o(B) are 2mwi-congruence-
free. If e“eP = eBeA, then AB = BA.

If o(A) or o(B) is not 2mi-congruence-free, then, in general, e“e? = ePe? does

not imply that AB = BA. For examples see [6], [7] and [g].
But for normal operators we can say more. Now we state the main results of
this paper. Proofs will be given in Section 3 of this paper.

Theorem 1.2. Suppose that A and B are normal operators in L(H) and suppose
that ete? = eBeA.

(a) If o(A) is generalized 2mi-congruence-free, then Ae®? = P A.

(b) If 0(A) and o(B) are generalized 2mwi-congruence-free, then AB = BA.

Theorem 1.3. Let A,B € L(H). If A+ B is normal, if 0(A+ B) is generalized
2mi-congruence-free and if

then AB = BA.
We introduce the following notation: for B € L(H) write {B}¢ for the set
(T € L(H) : TB = BT} .
The set {B}¢¢ is defined by
{B}Y**={Se€L(H):ST=TS forall T € {B}“} .

Theorem 1.4. Let A € L(H) be normal and suppose that o(A) is generalized 2mi-
congruence-free. If B € L(H) and e?* = eP, then A € {B}*° (and so AB = BA).

Theorem 1.5. Let A, B € L(H). If A is selfadjoint, 0(A) C [—m, 7] and e'* = €5,
then we have

(a) B* = —B if B is normal,

(b) A€ {B}°® (and so AB = BA), if —m ¢ 0,(A) or m ¢ o,(A).

Observe that part (b) of Theorem 1.5 is a generalization of [5, Satz 4 (b)].
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2. PREPARATIONS

In order to prove the theorems in Section 1 we need some supplementary results.
Let A € L(H). The mapda : L(H) — L(H), defined by

54(C) = CA— AC (C € L(H)),

is called the inner derivation determined by A. It is clear that d4 is a bounded
linear operator on L£(H) with [|04] < 2||A]|. It is shown in [I] that

(2.1) og(da)={A—p:\pea(Ad)}.
From [2] Proposition 6.4.8] it follows that
(2.2) 4 (C) = e ACe for all C € L(H) .

Throughout this paper let f denote the entire function f : C — C given by
27 e* —1), ifz#0,
() = { ( ) #

1, if2=0.
From zf(z) = f(2)z = e* — 1 and (22)) we get
(2.3) f(34)(64(0)) = e ACe® — C for all C € L(H) .

r(A)

™

Proposition 2.1. Let A € L(H), let n denote the smallest integer with n >
and let
Ma={ €o(da): f(A\)=0}.

a) If o(A) is 2mwi-congruence-free, then My = (.

b) If Mg =0, then f(64) is an invertible operator on L(H).

c) If A\ € My, then X is a simple zero of [ and there is j € Z\{0} with A = 2jmi.
d) My has at most 2(n — 1) elements,

My C{+2mi, +4mi, ..., £2(n — 1)7wi} .

(€) If Mg # 0 and Ma = {\1,..., e} with k <2(n —1) and X\j # X\ for j #1,
then

(
(
(
(

N(f(64)) =N@Ba—A1)® - ®N(0a— i)
and C™ =0 for each C € N(64 — \j).

Proof. (a) clear. (b) is valid, since f(\) # 0 for all A € 0(d4). (c), (d) and (e) are
shown in [7]. O

Notation. Let T € L(H) and Q C C, Q # (). Let S(T'; Q) be the subset of H defined
by

S(T;9) = () (T = N(H) .
A€Q

The following propositions are of central importance for our investigation.

Proposition 2.2. If A € L(H) is normal and has the spectral resolution (L) and
if B € L(H), then

S(A;p(B)) = E(a(A) Na(B))(H) .
Proof. Theorem 1 in [3]. g
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Proposition 2.3. Let A € L(H) be normal and let p € C. Then

(2.4) (A= u)(H) = (A" = B)(H) .
Proof. Since A is normal, A — p is normal. Exercise 12.36 in [4] shows that (2.4))
holds. g

Proposition 2.4. Let A € L(H) be normal and suppose that A has the spectral

resolution (LIJ).
(a) If \o € C, C € N(6a — o) and D € N(64 + Ao), then

C(H) € E(o(A) No(A = X)) (H)
and
D*(H) CE(c(A)No(A—X))(H) .
(b) If \g € C and E(c(A)No(A—Xg)) = 0, then A\g and —Xg are not eigenvalues
! ((5?) If 0(A) is generalized 2mi-congruence-free, then N(f(d4)) = {0}.
Proof. (a) Take C' € L(H) with CA — AC = M\C, thus AC = C(A — \g). Put
B =A— X For u € p(B) we get

(A=p)C(B—p)~!

AC(B —p)™' = pC(B —p)~!
CB(B—p)~' —pC(B—p)~"
= CB-p)(B-p'=C.

This shows that C(H) C S(A, p(B)). From Proposition 2.2 we get
(2.5) S(A,p(B)) = E(o(A) Na(B))(H) ,
thus C(H) C E(c(A)Na(A— X)) (H).

Now take D € N(d4 + Ao), hence DA— AD = —XoD thus DA = (A—Xg)D. As
above let B = A— )\g. Then A*D* = D*B*. A similar computation as above gives

(A* — p)D*(B* — p)~' = D* for all u € p(B*) .

Thus D*(H) C S(A*, p(B*)). Since p(B*) = {u € C: 7 € p(B)}, we get from (2.4)
that

S(A%, p(BY)) = 5(A, p(B)) ,
hence, by (Z8), D*(H) C E(c(A) No(4A = Xg))(H).
(b) follows from (a).
(c) Let n be the smallest integer with n > @. Take \g € M 4. Thus \g = 2jmi
with j € Z\ {0} and |j| <n — 1.
Case 1. j > 0. Since o(A) is generalized 2mi-congruence-free,
E(c(A)No(A+ X)) =0.
From (b) we then derive N(d4 — Ao) = {0}.
Case 2. j < 0. Then we have
E(c(A)No(A—Xp))=0.

Again use (b) to see that N(d4 — Ag) = {0}.
Since Ag € M4 was arbitrary, we conclude from Proposition 2.1 (e) that N(f(0.4))
=10} O
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3. PROOFS
Proof of Theorem 1.2. (a) From (Z3) we get
f(64)(04(eP)) =e4eBet —eB =0,
thus §4(e?) = ePA — AeP € N(f(64)). Proposition 2.4 (c) gives Ae? = ePA.
(b) From (a) and (2:3) we get
f(6B)(0p(A) =eBaeP —A=0,
therefore, AB — BA € N(f(dp)). Hence, by Proposition 2.4 (¢), AB = BA. O
Proof of Theorem 1.3. Use (2.3]) to derive

fGas)(0arp(e?) = e WHBededtB oA

e BemAeAeBed — A

Proposition 2.4 (c) implies that e (A + B) = (A + B)e?, therefore, Be? = ¢4 B.
Using (23), this gives

= e_Be_ABeAeB _ B
0.

Since N(f(da+B)) = {0}, (A+ B)B = B(A+ B). This shows that AB = BA. O
Proof of Theorem 1.4. Let T € {B}°. (Z3)) implies that
fA)(0A(T) =e ATe —T = BTeP —T=0.

Since N(f(04)) = {0} (Proposition 2.4 (c)), we have AT = T'A. Since T € {B}°
was arbitrary, it follows that A € {B}. O

Proof of Theorem 1.5. (a) From e = P we get e 74 = (¢¢4)71 = (eB) L =B
and e = (¢")* = (eP)* = P, hence ef = 7B, thus P8 = T = €0, since
B is normal. Since B + B* is selfadjoint, Corollary 2 in [7] gives B + B* = 0.

(b) Observe that ¢A is normal and r(¢A) < m. It is easy to see that

o(iA) No(iA + 2mi) C {in} .
Case 1. w ¢ 0,(A). Then ir ¢ 0,(iA). Example (4) in Section 1 gives
E(o(tA)No(tA+2mi)) =0.

Example (2) in Section 1 shows that o(iA) is generalized 2mi-congruence-free. Now
use Theorem 1.4 to get A € {B}°°.

Case 2. —m ¢ 0,(A). Then 7 ¢ o,(—A). Since e~ = e B, we get A € {B}*°
as in Case 1. O
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