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ON NORMAL OPERATOR EXPONENTIALS

CHRISTOPH SCHMOEGER

(Communicated by Joseph A. Ball)

Abstract. Suppose that A and B are bounded normal operators on a complex
Hilbert space and that eAeB = eBeA. In this paper some conditions implying
AB = BA are given.

1. Terminology and results

Throughout this paper let H denote a complex Hilbert space and L(H) the
Banach algebra of all bounded linear operators on H. For A ∈ L(H) the spectrum
and the spectral radius of A are denoted by σ(A) and r(A), respectively. The set
of eigenvalues of A is denoted by σp(A). For the resolvent set of A we write ρ(A).
We use N(A) and A(H) to denote the kernel and the range of A, respectively.

We say that σ(A) is 2πi-congruence-free if

σ(A) ∩ σ(A+ 2jπi) = ∅ for j = ±1,±2, . . . .

If A ∈ L(H) is normal and has the spectral resolution

A =
∫

σ(A)

λdE(λ) ,(1.1)

let E(Ω) denote the associated projection measure defined on the Borel subsets
Ω ⊆ σ(A). It is convenient to think of E as being defined for all Borel sets in C:
put E(Ω) = E(Ω ∩ σ(A)).

Definition. Let A ∈ L(H) be normal with the spectral resolution (1.1). We say
that σ(A) is generalized 2πi-congruence-free if

E(σ(A) ∩ σ(A+ 2jπi)) = 0 for j = 1, 2, . . . .(1.2)

Remarks. Let A ∈ L(H) be normal with the spectral resolution (1.1).
(1) Since E(∅) = 0, it is clear that if σ(A) is 2πi-congruence-free, then σ(A) is

generalized 2πi-congruence-free.
(2) Let n denote the smallest integer with n > r(A)

π . Then σ(A)∩σ(A+2jπi) = ∅
for j ≥ n. Thus (1.2) holds if and only if

E(σ(A) ∩ σ(A+ 2jπi)) = 0 for j = 1, 2, . . . , n− 1 .
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Examples. Let A ∈ L(H) be normal with the spectral resolution (1.1).
(1) If r(A) < π, then (1.2) holds.
(2) Let π ≤ r(A) < 2π. By Remark (2), (1.2) holds if and only if

E(σ(A) ∩ σ(A+ 2πi)) = 0 .

(3) Let 2π ≤ r(A) < 3π. By Remark (2), (1.2) holds if and only if

E(σ(A) ∩ σ(A+ 2πi)) = E(σ(A) ∩ σ(A+ 4πi)) = 0 .

(4) Let j ∈ N and suppose that there is some µ ∈ C with σ(A)∩σ(A+2jπi) ⊆ {µ}
and µ /∈ σp(A). Since E({µ}) = 0 ([4, Theorem 12.29]), it follows that

E(σ(A) ∩ σ(A + 2jπi)) = 0.

The following result is due to E. M. E. Wermuth ([8]). See [6] for a very short
proof.

Theorem 1.1. Let A,B ∈ L(H) and suppose that σ(A), σ(B) are 2πi-congruence-
free. If eAeB = eBeA, then AB = BA.

If σ(A) or σ(B) is not 2πi-congruence-free, then, in general, eAeB = eBeA does
not imply that AB = BA. For examples see [6], [7] and [8].

But for normal operators we can say more. Now we state the main results of
this paper. Proofs will be given in Section 3 of this paper.

Theorem 1.2. Suppose that A and B are normal operators in L(H) and suppose
that eAeB = eBeA.

(a) If σ(A) is generalized 2πi-congruence-free, then AeB = eBA.
(b) If σ(A) and σ(B) are generalized 2πi-congruence-free, then AB = BA.

Theorem 1.3. Let A,B ∈ L(H). If A + B is normal, if σ(A + B) is generalized
2πi-congruence-free and if

eAeB = eA+B = eBeA,

then AB = BA.

We introduce the following notation: for B ∈ L(H) write {B}c for the set

{T ∈ L(H) : TB = BT } .

The set {B}cc is defined by

{B}cc = {S ∈ L(H) : ST = TS for all T ∈ {B}c} .

Theorem 1.4. Let A ∈ L(H) be normal and suppose that σ(A) is generalized 2πi-
congruence-free. If B ∈ L(H) and eA = eB, then A ∈ {B}cc (and so AB = BA).

Theorem 1.5. Let A,B ∈ L(H). If A is selfadjoint, σ(A) ⊆ [−π, π] and eiA = eB,
then we have

(a) B∗ = −B if B is normal,
(b) A ∈ {B}cc (and so AB = BA), if −π /∈ σp(A) or π /∈ σp(A).

Observe that part (b) of Theorem 1.5 is a generalization of [5, Satz 4 (b)].
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2. Preparations

In order to prove the theorems in Section 1 we need some supplementary results.
Let A ∈ L(H). The map δA : L(H)→ L(H), defined by

δA(C) = CA−AC (C ∈ L(H)),

is called the inner derivation determined by A. It is clear that δA is a bounded
linear operator on L(H) with ‖δA‖ ≤ 2‖A‖. It is shown in [1] that

σ(δA) = {λ− µ : λ, µ ∈ σ(A)} .(2.1)

From [2, Proposition 6.4.8] it follows that

eδA(C) = e−ACeA for all C ∈ L(H) .(2.2)

Throughout this paper let f denote the entire function f : C→ C given by

f(z) =
{
z−1(ez − 1), if z 6= 0 ,
1, if z = 0 .

From zf(z) = f(z)z = ez − 1 and (2.2) we get

f(δA)(δA(C)) = e−ACeA − C for all C ∈ L(H) .(2.3)

Proposition 2.1. Let A ∈ L(H), let n denote the smallest integer with n > r(A)
π

and let

MA = {λ ∈ σ(δA) : f(λ) = 0} .
(a) If σ(A) is 2πi-congruence-free, then MA = ∅.
(b) If MA = ∅, then f(δA) is an invertible operator on L(H).
(c) If λ ∈MA, then λ is a simple zero of f and there is j ∈ Z\{0} with λ = 2jπi.
(d) MA has at most 2(n− 1) elements,

MA ⊆ {±2πi, ±4πi, . . . ,±2(n− 1)πi} .
(e) If MA 6= ∅ and MA = {λ1, . . . , λk} with k ≤ 2(n− 1) and λj 6= λl for j 6= l,

then

N(f(δA)) = N(δA − λ1)⊕ · · · ⊕N(δA − λk)

and Cn = 0 for each C ∈ N(δA − λj).

Proof. (a) clear. (b) is valid, since f(λ) 6= 0 for all λ ∈ σ(δA). (c), (d) and (e) are
shown in [7].

Notation. Let T ∈ L(H) and Ω ⊆ C, Ω 6= ∅. Let S(T ; Ω) be the subset of H defined
by

S(T ; Ω) =
⋂
λ∈Ω

(T − λ)(H) .

The following propositions are of central importance for our investigation.

Proposition 2.2. If A ∈ L(H) is normal and has the spectral resolution (1.1) and
if B ∈ L(H), then

S(A; ρ(B)) = E(σ(A) ∩ σ(B))(H) .

Proof. Theorem 1 in [3].
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Proposition 2.3. Let A ∈ L(H) be normal and let µ ∈ C. Then

(A− µ)(H) = (A∗ − µ)(H) .(2.4)

Proof. Since A is normal, A − µ is normal. Exercise 12.36 in [4] shows that (2.4)
holds.

Proposition 2.4. Let A ∈ L(H) be normal and suppose that A has the spectral
resolution (1.1).

(a) If λ0 ∈ C, C ∈ N(δA − λ0) and D ∈ N(δA + λ0), then

C(H) ⊆ E(σ(A) ∩ σ(A− λ0))(H)

and

D∗(H) ⊆ E(σ(A) ∩ σ(A − λ0))(H) .

(b) If λ0 ∈ C and E(σ(A)∩σ(A−λ0)) = 0, then λ0 and −λ0 are not eigenvalues
of δA.

(c) If σ(A) is generalized 2πi-congruence-free, then N(f(δA)) = {0}.

Proof. (a) Take C ∈ L(H) with CA − AC = λ0C, thus AC = C(A − λ0). Put
B = A− λ0. For µ ∈ ρ(B) we get

(A− µ)C(B − µ)−1 = AC(B − µ)−1 − µC(B − µ)−1

= CB(B − µ)−1 − µC(B − µ)−1

= C(B − µ)(B − µ)−1 = C .

This shows that C(H) ⊆ S(A, ρ(B)). From Proposition 2.2 we get

S(A, ρ(B)) = E(σ(A) ∩ σ(B))(H) ,(2.5)

thus C(H) ⊆ E(σ(A) ∩ σ(A− λ0))(H).
Now take D ∈ N(δA +λ0), hence DA−AD = −λ0D thus DA = (A−λ0)D. As

above let B = A−λ0. Then A∗D∗ = D∗B∗. A similar computation as above gives

(A∗ − µ)D∗(B∗ − µ)−1 = D∗ for all µ ∈ ρ(B∗) .

Thus D∗(H) ⊆ S(A∗, ρ(B∗)). Since ρ(B∗) = {µ ∈ C : µ ∈ ρ(B)}, we get from (2.4)
that

S(A∗, ρ(B∗)) = S(A, ρ(B)) ,

hence, by (2.5), D∗(H) ⊆ E(σ(A) ∩ σ(A − λ0))(H).
(b) follows from (a).
(c) Let n be the smallest integer with n > r(A)

π . Take λ0 ∈MA. Thus λ0 = 2jπi
with j ∈ Z \ {0} and |j| ≤ n− 1.

Case 1. j > 0. Since σ(A) is generalized 2πi-congruence-free,

E(σ(A) ∩ σ(A + λ0)) = 0 .

From (b) we then derive N(δA − λ0) = {0}.
Case 2. j < 0. Then we have

E(σ(A) ∩ σ(A − λ0)) = 0 .

Again use (b) to see that N(δA − λ0) = {0}.
Since λ0 ∈MA was arbitrary, we conclude from Proposition 2.1 (e) thatN(f(δA))

= {0}.
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3. Proofs

Proof of Theorem 1.2. (a) From (2.3) we get

f(δA)(δA(eB)) = e−AeBeA − eB = 0 ,

thus δA(eB) = eBA−AeB ∈ N(f(δA)). Proposition 2.4 (c) gives AeB = eBA.
(b) From (a) and (2.3) we get

f(δB)(δB(A)) = e−BAeB −A = 0 ,

therefore, AB −BA ∈ N(f(δB)). Hence, by Proposition 2.4 (c), AB = BA.

Proof of Theorem 1.3. Use (2.3) to derive

f(δA+B)(δA+B(eA)) = e−(A+B)eAeA+B − eA

= e−Be−AeAeBeA − eA

= 0 .

Proposition 2.4 (c) implies that eA(A + B) = (A + B)eA, therefore, BeA = eAB.
Using (2.3), this gives

f(δA+B)(δA+B(B)) = e−(A+B)BeA+B −B
= e−Be−ABeAeB −B
= 0 .

Since N(f(δA+B)) = {0}, (A+B)B = B(A+B). This shows that AB = BA.

Proof of Theorem 1.4. Let T ∈ {B}c. (2.3) implies that

f(δA)(δA(T )) = e−ATeA − T = e−BTeB − T = 0 .

Since N(f(δA)) = {0} (Proposition 2.4 (c)), we have AT = TA. Since T ∈ {B}c
was arbitrary, it follows that A ∈ {B}cc.

Proof of Theorem 1.5. (a) From eiA = eB we get e−iA = (eiA)−1 = (eB)−1 = e−B

and e−iA = (eiA)∗ = (eB)∗ = eB
∗
, hence eB

∗
= e−B, thus eB+B∗ = I = e0, since

B is normal. Since B +B∗ is selfadjoint, Corollary 2 in [7] gives B +B∗ = 0.
(b) Observe that iA is normal and r(iA) ≤ π. It is easy to see that

σ(iA) ∩ σ(iA+ 2πi) ⊆ {iπ} .
Case 1. π /∈ σp(A). Then iπ /∈ σp(iA). Example (4) in Section 1 gives

E(σ(iA) ∩ σ(iA+ 2πi)) = 0 .

Example (2) in Section 1 shows that σ(iA) is generalized 2πi-congruence-free. Now
use Theorem 1.4 to get A ∈ {B}cc.

Case 2. −π /∈ σp(A). Then π /∈ σp(−A). Since e−iA = e−B, we get A ∈ {B}cc
as in Case 1.
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